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ELEMENTS OF MECHANICS. 



PART FIRST. 



STATICS. 

INTRODUCTORY REMARKS AND DEFINITIONS, 

1. Mechanics is the science which treats of the law<» of 
equilibrium and motion. When applied to solid bodies it is 
divided into Statics and Dynamics ; the former discussing 
the conditions of their equilibrium, and the latter those of 
iheir motion. In the application of Mechanics to the consid- 
eration of fluid substances a similar division is likewise made, 
viz. Hydrostatics, which treats of the equilibrium of fluids, 
and Hydrodynamics, which investigates the circumstances 
resulting from their motions. 

2. The object proposed in Statics being the determination 
of the laws of equilibrium, this state of equilibrium may 
always be regarded as resulting from the mutual destruction 
of several forces. 

3. The term /orcc or power is applied to every cause wliich 
impresses on a body or a material point a motion or tendency 
to motion. 

4. A force may act on a material point either by drawing 
the point towards it, or by pushing the point in advance of 
it. The first hypothesis will alwa]^ be adopted, unless the 
contrary is expressly indicated. 

5. A material point being solicited by a single force wiU 
naturally move in a right line, since there can be no reason 
why it should deviate to the right rather than to the left of 
this line. 



10 STATICS. 

6. The riglit line along which a force acts is called the line 
of direction. 

7. The eflfect of a force depends, 1°. On its intensity ; 2°. 
On its point of application ; 3'^. On its line of direction; and 
4^. On its pushing or pulling along this line. 

8. By the intensity of a force, we understand its greater or 
less capacity to produce motion. 

9. If two forces directly opposed to each other sustain in 
equilibrio a material point or an i nflexible right line , the in- 
tensity of either one of these forces may be assumed arbitra- 
rily, provided we assign an equal intensity to the second force. 
A similar remark is equally applicable to a system composed 
of any number of forces ; and hence it appears that the con- 
ditions of equilibrium will depend simply on the ratios of the 
forces, and not on their absolute intensities. 

10. Having assumed one force as a unit of measure, we 
say that a second force is equal to it, when, if directly op- 
posed to it, an equilibrium would ensue. 

Two^equal forces applied to a material point, acting along 
the same right line, and in the same direction, constitute a 
double force : in like manner a triple force may be regarded 
as resulting from the union of three equal forces, <fec. ; so that 
the number of these equal forces will constantly be propor- 
tional to their joint intensity. It may hence be inferred that 
if several forces solicit the point M [Fig. 1) in the same line 
of direction from M towards B, we can add into one sum all 
these forces, since tlieir joint effect will be precisely the same 
as that of a single force equal to their sum. For the same 
reason we should subtract from this sum, or we should regard 
as negative all the fof ces which tend to solicit the point from 
M towards A. 

11. The unit of force being arbitrary, it may be repre- 
sented by any portion of its line of direction. 

12. When a force is applied to any point of a body whose 
several parts are firmly connected together, this point cannot 

- be put in motion without communicating the motion to the 
other parts of the body ; if, therefore, a force be applied to any 
point A (n^. I), it will have the same effect as though it 
were applied to any other point M, assumed on the line of 
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direction AB. Moreover, if we drop the consideration of a 
body, we may still regard the points in space situated on the 
line of direction as mathematical points, no one of which can 
be moved without imparting its motion to all the others. 

13. It appears from Art. 12, that by interposing a fixed 
obstacle on the line of direction of a force, its effect will be 
entirely overcome. 

14. Two equal forces P and d applied to the points A and 
B of an inflexible right line {F^s. 2 and 3), and acting along 
this line, but in contrary directions, will sustain each other in 
equilibrio : for if the force P tends to draw the point A from 
A towards a, the point B, which is firmly connected with A 
by means of the intermediate points, will have a tendency to 
describe the space Bb, equal to Aa ; but by hypothesis, the 
force a tends to move the point B aver a space B6' equal 
to Aa ; and since B cannot yield to one of these influences 
rather than to the other, it must remain immoveable, and an 
equilibrium will necessarily ensue (Art. 13). In like manner, 
if the forces P and d had been supposed to exert a tendency 
to push A and B, the same consequences might have been 
deduced. 

15. When the right line AB is reduced to a point, the two 
equal forces, being directly opposed, are still in equilibrio ; but 
if the forces are unequal, the point M {Fig, 1) will be moved 
in the direction of the greater, by a force equal to the differ- 
ence of the two unequal forces. 

Of the Composition and Decomposition of Forces applied 

to a Point. 

16. When two forces act upon a moveable point in direc- 
tions forpiing with each other an angle whose summit is the 
point of application, the state of equilibrium cannot subsist. 

For, if we suppose the two forces P and d {Fig* 4) to be 
in equilibrio, we may introduce a third force F equal and 
directly opposed to the force P. The forces P and d being 
supposed to 4estroy each other, the force V must produce its 
entire effect, and must consequently move the point M in a 
direction from M towards F. But P and P, being equal and 
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directly opposite, must likewise destroy each other, and ihe 
force a will therefore act as though it were alone, soliciting 
the point M in a direction from M towards d ; and since it 
is impossible for the point M to more in two directions at 
the same time, we cannot suppose that P and Q, are in equi- 
librio without involving an absurdity. 

17. Since an equilibrium cannot subsist between two forces 
whose lines of direction are not coincident, the point M will 
tend to move in a certain direction MR, as though it were 
solicited by a single force R. This force is called the result- 
ant of the two others, and the original forces are called coffp- 
poTients. 

It may be observed that two forces which have a resultant 
do not always intersect. For example, if two parallel forces 
P and Q be supposed to act on a body, and if a third force R 
be found which shall produce the same effect, R will be the 
resultant of the forces P and d. 

18. Having examined the conditions of equilibrium of two 
equal forces acting on a point, the most simple c^se which 
next presents itself is that of three equal forces applied to the 
same point. Let P, Q, and R represent these forces ; if they 
produce an equilibrium, their directions will divide the cir- 
cumference of a circle whose centre coincides with the point 
of application, into three equal parts {Piff- 5) : for since the 
same reasons may be adduced to prove that the point should 
tend 10 move in the direction of each of these forces, it fol- 
lows that it cannot yield to the influence of either in prefer- 
ence, and must consequently remain at rest. 

19. The equal angles PMO, PMR, and QMR {Fig. 6), 
being measured by one-third of the entire circumference, each 
of them is equal to f of a right angle, or 120^. Hence, if one 
of the three lines PM, CIM, or RM be prolonged through M, it 
will bisect the angle formed hy the other two. If MS, for ex- 
ample, be the prolongation of the line RM, the angles PMS, 
QMS will be equal, being supplements of the equal angles 
PMR and QMR ; whence it appears that MS bisects the angle 
PMQ. 

20. Let us next suppose the two equal forces P and Q 
{Pig> 6) to be applied perpendicularly to the extremities A 
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and B of "ft righc line AB ; the resultant of these forces will 
pass4hrough the point O, the middle of the line AB, ?Qd will 
be equal in intensity to the sum of the intensities ot the two 
forces P and d. Fpr, draw through the points A and B the 
four right lines AC, AD, BC, BD, each forming with AB an 
angle equal to ^ of a right angle : the triangles ACB, ADB 
will be isosceles, and will have the sides AC, CB, AD, DB 
Oqual to each other. 

The right lines AB, CD will intersect each other at right 
angles, and the figure ACBD will be a rhombus : the sides 
of this rhombus and their prolongations determine by their 
intersections the four obtuse angles ACB, ADB, FAC, Q'BO, 
each of which is equal to | of a right angle ; for, the angle 
CAD being by construction equal to | of a right angle, its 
supplement PAC must be equal to f of a right angle ; and 
since the opposite sides of the rhombus are parallel, the angle 
ACB is equal to PAC, and is consequently equal to | of a 
right angle. The same may be proved of the angles CBQ,' 
and ADB. Moreover, since the line CD bisects the angle 
ACB, which was proved equal to | of a right angle, it follows 
(Art. 19) that the three angles ACB, ACS, and BCS are equal 
to each other. In like manner it may be shown that there 
are three equal angles at each of the points A, B, and D. 

21. We will now apply at the points A, B, C, D, which are 
supposed firmly connected together, twelve equal forces, dis- 
tributed as follows : 

At the point A three equal forces P, F, P", 
At the point B three equal forces d, Q', ioi ', 
At the point C three equal forces S, S', S", 
At the point D three equal forces V, V, V" ; 
forming with eiich other angles equal to | of a right angle : 
these twelve forces will sustain each other in equilibrio. 

But the forces P' and V", Q' and V, being equal, and 
directly opposed, will destroy each other, as also will the forces 
F' and S', Q!' and S". If, therefore, an equilibrium is main- 
tained in the system, it must subsist between the four forces 
P, d, S, and V. The two last, acting in the same direction 
along the line DC, are equivalent to a single force equal to 
their sum, which may be applied at O, a point in their line of 

2 
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direction. Thus, an equilibrium will take ]rface between the 
forces P and Q and a force R whose line of direction passes 
through the middle of the line AB, and whose intensity is 
equal to the sum of the intensities of P and Q. 

If we suppress P and Q, the equilibrium will be destrojredi 
but it may again be established by applying at O a single 
force R' equal and directly opposed to the force R. The force 
R' must therefore produce au effect precisely equal to the joint 
effect of P and Q, and will consequently be their resultant. 
We hence infer that the resultant of two eqiud and parallel 
forces is equal to their sum^ is parallel to themy and divides 
equally the line AB, which is drawn perpendictdar to the 
common direction of those forces. 

22. To determine the resultant of two unequal parallel 
forces P and Q, applied to the extremities A and B of a right 
line AB {Piff* 7), we will suppose p to represent the unit of 
force, and make mp=P, np^d. The ratio of m:n will be 
the same as that of the forces P and d. Let the right line 
AB be also divided in the same ratio at the point D, and we 
shall have the proportion 

P:a::AD:DB (a). 

On the prolongations of AB, take AA's^ AD, and BB'=BD ; 
we shall then have, since A'D and DB' are double AD and DB, 

P : Q : : AD : DB' : : m : n. 
If then we divide A'D into m equal parts, DB' will contain n 
such parts, and A'B' will contain one of these parts as many 
times as p is contained in P+d* And since any two of the 
points of division a', a", a"', &c. separate three equal parts, while 
three points separate four parts, &;c.,the number of equal parts 
in the line A'B' will exceed by unity the number of points of 
division. A force being applied at each point of division, 
there will remain one of the number m+n, of which one half 
may be applied at A', and the other at B' ; the several partial 
forces will thus be distributed throughout the line A'B'. But 
the points A' and D being equally distant from the point A, 
the force ^p applied at A' may.be combined with one half of 
the force p applied at D, and their resultant, which is equal to 
their sum, will pass through A. The same remarks will 
apply to the forces p and p applied at a' and a^ to the forces 
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p and f applied at o? and a,,, d&c. ; thus, the total resultant 
of the partial forces distributed along A'D,will be equal to 
their sum P, sund will pass through the point A., In like 
manner it may be shown that the forces applied to D^' may 
be replaced by Q ; and the entire system of partial forces may 
therefore be replaced by the two forces P and d applied at 
the points A and B. 

But these parallel forces may be otherwise compounded, 
by combining them in pairs taken at equal distances from the 
middle point O of the line A'B' ; and it may thus be easily 
shown that the resultant of the whole system will pass 
through the point O, and will be equal to P+Q. 

The position of the point O must now be determined. For 
this purpose, it may be remarked that A'O {Fig^ 7), being one- 
half of A'B', is equal to AB ; and by substituting this value 
in the equation 

AO=A'0-A'A, 
which results immediately from an inspection of the figure, 
we shall obtain AO*=AB— AA', or AO^AB— AD=DB. In 
a similar manner it may be shown that OB=AD ; and by 
substituting these values of DB and AD in the proportion (a), 
tfiere will result 

a:P::AO:0B (ft). 

if P and Ql are incommensurable for the unit p, this pro- 
portion which results from the division of A'B' into m+^ 
equal parts, might seem to fail : but by diminishing indefi- 
nitely the value of the unit p, and increasing in the same 
proportion the number of these divisions, the demonstration 
becomes applicable to all cases, since the equal parts Aa', aV, 
d&c. being indefinitely small, the points of division will then 
become continuous. 

23. This proposition is equally true when the two parallel 
forces P and d are applied to the extremities of an oblique 
line CD {Fig- 8). For, by drawing AB at right angles to 
the common direction' of the two forces, and transferring the 
poipts of application to the points A and B in their lines of 
direction, the proportion (ft) will evidently subsist ; but the 
similar triangles AGO, BDO, give AO : OB : : 00 : OD; 
whence we obtain 
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a:P::OC:OD: 
and we therefore infer that when two parallel and unequal 
forces P and Q are applied to the extremities of a right 
line CD, their resultant tvill divide this line in the inverse 
rcUio of the intensities of the forces, 

24. By the aid of this theorem we can readily demonstrate 
that of the parallelogram of forces, which may be enun- 
ciated as follows : — If any two forces P and Q applied to a 
point A {Pig> 9) be represented in direction and intcfisity by 
the lines AB and AC, their restdtant idll be represented in 
direction and intensity by the diagonal of the parallelogram 
constructed upon the lines AB and AC. 

It is immediately obvious that the resultant will pass 
through the point of application of the forces ; since the 
forces conspire to solicit this point, and their resultant, which 
may replace them, must therefore contain it. 

25. The resultant of the two forces P and Q, will likewise 
be contained in the plane of those forces. For, if it be situ- 
ated above this plane, a position in all respects similar can be 
selected below the plane : the same arguments may then be 
advanced to prove that its direction coincides with either of 
these lines ; and since the resultant cannot have two direc- 
tions, we infer that it coincides with neither. 

26. It may also be proved that the resultant of two equal 
forces {Pigs, 10, 11, 12) will bisect the angle included between 
them. 

For, if we suppose Am to represent the resultant of the two 
forces P and Q, and draw AD bisecting the angle PAQ, a 
line An may always be found, whose position with respect to 
AD, AQ, and AP shall be precisely similar to that of Am 
with respect to AD, AP, and AQ, ; hence, the same reasons 
which would prove Am to be the resultant, become equally 
applicable to An, and it might thence be inferred that there 
are two resultants : this being impossible, we conclude that 
the resultant coincides with AD. 

27. Let the two unequal forces P and Q, be now supposed to 
act upon the point A {Fig. 13), and let the parallelogram ABDC 
bej:;onstructcd, whose sides AB and AC are taken on the lines 
of direction of those forces, and are proportional to their 
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intensities. It has already been shown that the resultant will 
pass tlirough A, and it remains to be proved that it will also 
pass through D, the extremity of the diagonal AD. Having 
taken DE=AB=P,* draw EP parallel to AB, and apply at 
E and F, in contrary directions, the two forces d', d", each 
equal to d. Since these forces will destroy each other, we 
can. substitute for P and d the four forces P, d, d'« and d''. 
But by regarding P and d' as two parallel forces applied to 
the extremities of an inflexible line BE, and having obtained 
by construction the proportion 

P : d' : : DE : BD, 
it follows immediately from the preceding theorem, that the 
resultant R of P and d' will pass through the point D. 
Again, if we transfer the force d, and apply it at F, in its line 
of direction, the two equal forces d and d" will have a re- 
sultant S, which, bisecting the angle dFd", will pass through 
D, the opposite angle of the rhombus CDEF. We thus ob- 
tain two forces R and S which are equivalent to the original 
forces P and d ; and since the forces R and S pass through 
the point D, the resultant of P and d will likewise pass 
through the same point. 

28. It will now be proved that if the intensities of the forces 
be represented by AB and AC, the diagonal AD will repre- 
sent the intensity of the resultant {Mg- 14). 

If at the point A {Pig- 14), and in the direction AD of the 
diagonal of the parallelogram constructed on the sides AB=P, 
AC^d) there be appUed a force X equal and directly op- 
posed to the resultant of P and d, an equilibrium will take 
place between the forces P, d} and X. But we may regard 
d as equal and directly opposed to the resultant of the forces 
P and X ; hence it follows, that if through the extremity B 
of the line AB a line be drawn parallel to X, intersecting at 

* It should be remarked that the expression AB^P is merely intended as 
an abridged method of stating that the line AB represents the relative intensity 
of the force P, whep compared with the unit of force whose intensity is likewise 
represented by a line. In like manner, we speak of the ** force AB,** denoting 
thereby that the line AB represents the line of direction and rela^ire intensity 
of the Ibfce. These abbreviations have been sanctioned by osagei 
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E the prolongation of the line AC, which, as has be^ already 
shown, coincides in diftction with the diagonal of the paral* 
lelogram constructed on P and X, the line BE, being a side of 
this parallelogram, will be equal to the opposite side, which 
must represent X : but BE, being also the side of the paral* 
lelogram ED, is equal to the opposite side AD, which repre- 
sents the diagonal of the parallelogram constructed upon t^ 
and d ; whence Xs AD, and the intensity of the resultant is 
likewise measured by the length of the diagonal. 

29. One of the simplest corollaries which may be deduced 
from the foregoing proposition is the trigonometrical relation 
Ousting between the components P and Q and their resultant 
R (i^. 15). To obtain this relation, we will assume on 
the directions of these forces the parts AB and AC propor- 
tional to their intensities, and constructing the parallelogram 
ABDC, we shall have the proportion 

P : a : R : : AB : AC : AD. 
And from the equality of the sides BD and AC, we shall have 
in the triangle ABD, 

P : a : R : : AB : BD : AD. 
But the proportionality of the sides of the triangle to the sines 
of the opposite angles gives 

AB : BD : AD :: sinBDA : sin BAD : sin ABD. 

Hence we deduce 

P : a : R : : sin BDA : sin BAD : sin ABD. 
llie determination of the relations between P, d, and R is 
thus reduced to the solution of a case in plane trigonometry. 

30. If there be given, for example, the two components 
AB and AC, and the angle BAC contained between them, 
and it be required from these to determine the resultant, we 
shall have> in the triangle ABD, the sides AB, BD, and tlie 
angle B equal to the supplement of BAC. With these data we 
readily obtain the value of the side AD=R, by means of the 
formula 

R« =P« +a« ~2PCl cos B. 
If in this formula we wish to introduce the angle included 
between the two forces, since the angle B is the supplement 
oftheangleBAD, we shall have the relation cos Bs=— cos A; 
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whence by substitution the fellowin? equation is obtedned 
between the resultant, the two componenfS| and the angle 
included between them, 

R«»P«+Cl«+2PacosA (1> 

81. When the angle A becomes equal to 90^, the parallelo- 
gram ABDG [Pig^ 16) becomes a rectangia^ and cos AssO. 
The general relation between the resultant and ilB two com- 
ponents is then reduced to 

The solution of the converse problem, or the resolution of 
a single force R into two components P and Q, having given 
directions, is readily effected by constructing a parallelogram 
upon the line r^resenting the given force as a diagonal, the 
sides of the parallelogram having the directions of the re- 
quired bomp<ment8» 

32. When there are several forces lying in different planes, 
but all meeting in a sing^ point, the resultant of the syBtem 
can always be determined ; for, by combining these forces in 
pairs, and substituting each resultant for its two components, 
the number of forces will be successively reduced, and we 
shall finally obtain but a single resultant. 

33. The method of compounding any number of forces 
which has just been explained gives rise to a remarkable 
graphic constructioii. Thus, let P, F, P", P'", &c. represent 
any forces wiioee directions intersect at the point A {Fig. 
17), and whose intensities are •expressed by the lines Ap, kp'^ 
Ap", t^"\ &c assumed on the respective lines of direciion ; 
through the point p draw the line fr parallel and equal to 
the line Ap', and complete the paralMogram Aprp' ; the di- 
figaaal ^«R will be the resultant of the forces P and P : 
in like manner, by drawing rr' parallel and equal to Ap", and 
forming the parallelogram Arr^p", the diagonal kr' will be the 
resultant of R and F', and therefore the resultant of the three 
forces P, F, and P^. By continuing this process, a polygon 
kpn'r" would be formed, having its sides parallel to the 
directions of the forces, and their lengths representing the 
intensities of those forces, mie distances from the point A 
to the angles of this pol^^n will be 

B3 






>v 



Ar=tb« resultaDt of P and V, 

A/=the resullam of P, P', and P", 
A/'=llie resiiUdnt of P, P', P", and P" . 
And by repeating the coaf iJiiction for any number of forces, 
the distance from the point A to the extremity r"' of the last 
side of the polygon will be equal to the resultant of the en- 
tile system. 

Of Forces situated in the same Plane, aiid applied to 
a single Point. 

34. Lei P, P', P", (fcc. {Fig- 18) represent several forces 
situated in the same plane, their directions mtersej;ting at 
the point A ; through this point let there be drawn the rec- 
tangular axes Ajt and Ay ; then, denoting tiie respective 
intensities of these forces by AP, AP', Al*", i&c, let each be 
decomposed into two components, whose directions shall 
coincjde with the rectangular axes. 

For this purpose we will represent by a, a, ■", ifec. the 
angles included between the forces and the axis of x, and by 
(3, 13', js", »fcc. the angles which they form with the axis of y. 

In the right-angled triangle ABC {Fig. 19), the side AC 
being expressed by AB cos A, and the side BC by AB sin Aj 
the components of the forces P, P', P", &c- in the directions 
of the two axes are readily obtained : for the force P repre- 
sented by AB, forming an angle » with the axis o{ x, and an 
angle fi with the axis of y, wilt hare for its components along 
these axes, 

AC=P cos -, BC=P cos fi. 
In liice manner, the forces P', P", P"', &c. will have for their 
components in the direction of A^, 

P' cos «', P" cos a", P'" cos «'", &C., 

and in the direction of the axis Ay, 

P* cos fi', P" cos /S", P'" cos ^"', dec. 

K the sum of t!ie components acting in the direction of jr be 

taken, as also the sum of those acting in the direction of y, 

we shah have, denoting these sums by X and Y respectivelj^ 

Pcos --fP'cos«'+F'cos»"+&c.=X, 

Pc0S/3-|-P'c0S^' + P" cos |3"+&C. = Y; 
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and the entire system will thus be reduced (Art 10) to two 
forces, of which one X is directed along the line Ar, the other 
Y acting along the line Ay. -Calling R the resultant of these 
two forces, its value may be determined from the equation 

X«+Y«=R«. 

36. For the purpose of rendering the preceding determi- 
nation of the value of the resultant general, we have attrib- 
uted the positive sign to all the cosines which enter into the 
expressions for X and Y ; but it will be necessary in practice 
to regard the essential signs with which these quantities are 
severally affected. The following considerations will serve 
to explain the necessity of this distinction. 'Let a point M 
(Piff* 20) be solicited by a force represented in intensity by 
the line MP. By decomposing this force into two others 
whose directions shall coincide with the rectangular axes 
tUc and My, and calling » the angle which the direction of 
the force makes with the axis Mr, its two components will 
evidently become 

MC:s=MP sin 4*, MD=:MP cos «. 
The forces which are directed in the line Mr, being regarded 
as positive when they act from M towards ir, the component 
MD will obviously be positive. If the force MP should as- 
sume the position MF, the angle a would be increased, and 
its cosine diminished ; and if the angle becomes greater 
than 90^, the direction of the force will fall in the second 
quadrant. In this case it wiU assume the position MP", and 
the cosine of the angle will change its sign. Bu^ it is evident 
that the component MIK' of the force MP' becomes also nega- 
tive, since it solicits the point M in a direction opposite to 
that in which it was urged by the component MD. Thus 
it appears that the signs of these two components result from 
the signs of the cosine of «, and hence the forces MP, MF, 
&c., which solicit a point, may be alwajrs regarded as essen- 
tially positive, provided we attribute the appropriate signs to 
the cosines of the angles which they form with the axes. 

36. If the force under consideration fall below AB, as in 
the position MF'', the an^e a being measured by the arc 
ALBF", will be greater than two ri^t angles. To avoid 
this inconvenience it has been agreed to reckon the angles m 
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imd /} mdis<^pxninately on each side of their respectiye axes. 
Thus when the force Ms beneath AB, the angle « will be 
measured, not by the arc ALBF", but by the arc AF", which 
has the same cosine. By this arrangement all the arcs wmr 
ployed are less than 180®. It is true that when the angle • b 
alone given, the direction of the force would appear inde- 
terminate, since this angle may be counted either fit>m A to 
P, or from A to P"' ; but this ambiguity will immediately dis- 
appear by considering the value of the angle /i, which is evi- 
dently acute for the force MP, but obtuse for the force MP'^ 

37. Whatever may be the direction of the given force, 
fince it must necessarily lie in one of the four right angles 
formed by the axes around the point M, its position must 
correspond to some one of those given in Figs. 21, 22, 23, 24. 

In the fint quiidzMit,«t and fi being acute give cotii positive, cee poeitive, 

Id the second, m obtuee and fi acute give coe«ftDegatiTe, coe ^negative, 

In the third, ^obtuse and obtuse give cos« negative, cos p negative, 

In the Iburth, nacute and jS obtuae give cde« positive, cos fi negative. 

Each of these angles will be less than 180"^. 

38. It may be observed that the signs of these cosines are 
similar to those of the co-ordinates s and y of the point B- 
For example, if the point be situated within the angle ^Ay 
{Fig. 22), X will be negative and y positive, while at the same 
time we shall have cos « negative and cos ^ positive. 

39. For the purpose of making an application of the pre- 
ceding principles, let us determine the resultant of the five 
forces P, P, P', P", P% which are situated as represented 
in Fig. 25, and solicit the point A. By attributing to the 
components of the forces the positive or negative signs cor- 
xesponding to the angles which are acute or obtuse, the con^ 
p(ments of 

+P C08«, +P cos/i, 
-fF cos *', -F cos (I', 
+F'cos«", --P^'cos/i", 
~F" cos itf^'j-P^ cos /I'", 
— F* cos •"',+F' cos jB**. 
Having taken the sum of the components which act in one 
direction, we subtract from it the remaining components 
which act in an opposite direction, and we thus obtain 
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P COS •+F COS »'+P' COS ^"-IF" COS *'"— P' cos •''=X, 
*P COS fi+P" cos /9" — P'cos /a'— P" cos /9"— F" cos |9'"«Y. 

.40. If we defer the detehnination of the signs of the cosines 
until we wish to make an application of the preceding equa- 
tions, the several terms may be written with the positive sign, 
and the general form of the equations will then becom'e 

P cos •+F cos ^+F'cos «"+&c.=X (2), 

P cos /i+F cos ^'4-F'cos |9"+&c.=Y (3). 

41. The xesultant be^ng represented by the diagonal of a 
rectangle, the lengths of whose sides are denoted by X and Y, 
its value will be determined by the equation 

R=:^(X»+Y«) (4). 

The position of the resultant remains to be determined. If 
we .denote by a and b the angles which the resultant forms 
with the oo-ordinate axes, we riiall have 

X=R cos a, Y=sR cos b ; 
whence 

X Y 

cos a=-Trj cos 6 = ' t> (6). 

R' R ^ ' 

The positions and intensities of the forces being given, the 
values of X and Y may be immediately deduced firom the 
equations (2) and (3). These values being substituted in the 
equation (4), make known the value of the intensity of the 
resultant, and its position may be determined from the equa- 
tions (6). 

42. Its line of direction passing through the origin A {Fig. 

26), will have for its equation 

sin a 
y=ar tang a, or y=ar-— -.; 

cos a 

and by substituting cos b for sin a, since a and b are com- 
plements of each other, the equation becomes 

COS b 

y=ar , 

^ cos a 

and by substituting in this equation the values of cos a and 

cos b given in equations (6), we have 

Y 

43. When an equUibrium takes place, the intensity of the 
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resultant becomes etjiial to zero; aiid the formula (4) then 
sfisiimes the form 

^(X^ +Y')=0, or X" + Y" =0. 
But since every square is essentially positive, the preceding 
equation cannot be true, unless each of its terms is separately 
equal to zero ; hence 

X=0, Y=U. 
Such are the equations which express the conditions of equi- 
librium of any number of forces situated in the same plane, 
and acting on a point. 

44. If X alone were equal to zero, we should have 

R=Y, cos a=0, cos ii=±l. 
These equations prove that the resultant is equal to the com 
ponent Y, and is directed along the axis of y. 

In like manner it might be shown that if Y were equal to 
zero, the resultant would be equal lo the component X, and 
would be directed along the axis of x. 

General Remarks on Forces situated in any maimer 
in Space. 

45. If three forces solicit a point, their direclimis not being 
confined to a single plane, a theorem analogous to Ihat of the 
parallelogram offerees wi!i still serve to determine their re- 
sultant. Thus, let any three forces P, P', and P" be applied 
at the point A {Pi§. 27), and let their intensities be repre- 
sented by the lines AB, AC, and AD. If a parallelopiped be 
constructed upon these three lines, the diagonal AE, of the 
base of [his parallelopiped, will evidently represent the re- 
sultant of the forces AB and AC ; and by substituting the 
force AE for its two components, the resultant sought will 
be that of the forces AE and AD ; it will therefore be lenni- 
Bated at the extremity F of the line BF drawn parallel and 
oqual to the line AD ; hence it will be the diagonal of the 
parallelopiped DE. 

46. If the three forces are reclanguJar, the angle ABE will 
be a right angle, and hence we oblain 

AE'=AP."+IiE>; 
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but the triangle AEF being also Hght-angled, we have 

And by substituting for. AE' its value given above, we deduce 

AP«=AB«+BE«+EP«. 
Or by replacing BE and EF by their equals AC and AD, we 
finally obtain 

AF=^(AB» + AC« + AD« ), 

or, 

R=^(P»4.F«+F'«), 

the resultant of the three forces being denoted by R. 

47. It has been shown that any number of forces lying in 
the same plane may always be referred to two rectangular 
axes : in Uke manner, we may refer to three rectangular axes 
those forces which are situated in different planes. Thus, 
having assumed three co-ordinate axes passing through any 
point O {Fig> 28), we draw through A, the point of applica- 
tion of a force P, the three rectangular axes Ar, Ay, and Axj 
parallel respectively to the axes of c(M>rdinates ; and denoting 
by OjfijY the angles formed by AD, the direction of the force 
P, with the three lines Aar, Ay, Az, the direction of the force 
will be determined when these angles become known. 

48. The values of these angles may also be employed to 
determine the components of the force P, which act ift direc- 
tions parallel to the three co-ordinate axes. For, DC being 
perpendicular to the plane yAr, the angle DCA will be a right 
angle, and the triangle ADC, having the angle D=y, will give 

DC=AD cos y (6). 

In like manner, the components parallel to Ar and Ay will 
be expressed by 

AB=AD cos «, BC=AD cos /b (7). 

jsi replacing the line AD by the force P which it repre- 
sents, we obtain for the three rectangular components of P, 

P cos «, P cos /3, P cos y. 

49. It is important to observe that the values of two of the 
angles «, /3, and y will serve to determine that of the third. 
For, since the square of the diagonal AD is equal to the sum 
of the squares of the three edges, we have 

AB« +BC» +DC« =^AD' ; 

and substituting in this equation the values obtained from the 

3 
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equations (6) and (7), suppressing the common factor AD'^ 

Uiere will remain , 

COS««+C0S«|9+CO8*ys=l J 

whence, 

COS ys=±^(l^COS««— COS^jS) (8), 

And since a similar value may be found for each of the other 
cosines, it follows tliat the angle formed by the direction of a 
force with either of the axes will become known, when the 
angles formed with the other two axes have been previously 
determined. 

60. The radical in equation (8) being affected with •^the 
double sign, the cosine of r may be either positive or nega- 
tive. The first value will obtain when the angle is acute, 
wd the second when it is obtuse. 

But the angle y will be acute or obtuse according to the 
position of the force P ; in the first case, the force falls above 
the plane ^Ay, and the co-ordinates z of the points in the line 
representing the force, will therefore be positive; in the 
second, it falls below xAt/y and the co-ordinates z wiU then 
be negative. 

The same observations may be extended to the angles « 
and /s considered with reference to the axes of jt and y ; so that 
in general the cosines will be affected with the same signs as 
the co-ordinates Xj y^ Zy reckoned from A. 

51. The signs of the cosines may also be determined by a 
rule which is founded on Art 10. Thus, if Ax {Pig- 29) 
represent the line of direction of a component, this compo- 
nent will be positive when it acts in the direction from A 
towards x, but negative if it acts from A towards x'. The 
tendency of the force in the first case will be to remove the 
point A from the origin O, but in the second to cause its ap- 
proach. Hence, we derive the foUowing rule : A component 
is positive token it tends to increase the co-ordinate of the 
point of application^ and negative when it tends to diminish 
this co-ordinate. 
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Of Forces situated in Space, and applied to a Point. * 

63. Let P, P', P', &c. represent different forces which so- 
licit a point A, and let there be drawn through this point the 
three rectangular axes Ax, Ay, Az ] represent by 

m^ fij Y^ the angles formed by the force P with the axes of co- 

ordinatesy 
•', ^\ y\ the angles formed by F with the same axes, 
«^ift">y^ the angles formed by P'' with the same axes, 
d&c. &c. Ac. 

By resolving these forces into components acting along the 
three axes, we shall obtain (Art. 48) 

P cos <», P cos iS, P cos y, Components of P, 
F cos •', F cos fl', F cos y', components of F, 
F'cos»",F'cos/8",F',cosy", components of F'. 

If we defer, as in Art. 40, the determination of the signs of 
the cosines of these angles until the formulas are applied to 
a particular example, and denote by X, Y, and Z the com- 
ponents of the resultant, directed along the three axes, we 
shall have 

P cos «+F cos «'+F' cos •"+<fcc.=X (9), 

P cos /9+F cos /a'+F' cos ;S"+&c.= Y (10), 

P cos v+Fcosy'+P" cosV'+&c.=Z (11). 

53. But X, Y, and Z being the projections AB> BC, and 
CD of the right line AD, which represents the resultant R 
(Fig. 28), we shall obtain (by Art. 46) 

AB« +BC« +CD»«=ADS 

and consequently, 

x:«+Y>+z»=R«. 

The intensity of the resultant will thus be determined, being 
expressed by the equation 

R«x/(X»+Y« +Z>) (12). 

Again, if we call a, b, and c the angles formed by the result- 
ant with the co-ordinate axes, the components of R directed 
along the axes will be 

R cos a, R cos ft, R cos c ; 
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and since these components have been represented by the 
qjiiantities X, Y, and Z, we shall have 

X=:R cos o, Y=R cos h^ Z=R cos c ; 
whence, 

cos «="5-j cos i=-p J cosc=«-. .... (13). 

If the forces P, F, F', &c., and the angles «, $, y, «', |3', y\ &c. 
are known, the values of X, Y, and Z will result from the 
equations (9), (10), and (11). These values being substituted 
in formula (12), the intensity of the resultant will be deter- 
mined, and its position will become Imown from the equa- 
tions (13). 

64. If an equilibrium subsists, the resultant becomes equal 
to zero, and the equation (12) then assumes the form 

X«+Y«+Z«=0. 

And since this equation cannot be true unless the terms are 
separately equal to zero, we have 

X==0, Y=rO, Z=0. 

These values reduce the equations (9), (10), (11) to 

Pcos«+Fcos«+F'cos«"+(Sw;.=0 i 

P cos/a+F cos'/8'+P" cos /8''+<kc.=0 > (14). 

P cos y+F cos y +P^ cos y'+fcc^O S 

Such are the conditions of equilibrium of a system of forces 
situated in any manner in space, and applied to a point. 

65. If we determine the resultant of all the forces in the 
system except one, the remaining force will be found equal 
and directly opposed to this resultant. For, let R' represent 
the resultant of all the forces except P ; X', Y', and Z' its 
three components, and a', 6', and c the angles which its direc- 
tion forms with the co-ordinate axes ; we shall have 

X'=F cos • +P" cos «"-fF" cos •'"+&c., 
Y'==F cos /s'-f P" cos ^"+P'" cos i8"+&C., 
Z'=F cos y +P " cos y' +P " cos y'"+&c. , 

and by means of these values the equations (14) may be re- 
duced to 

P cos «+X'=0, 

Pcos/9-f-Y'=:0, 

Pcosy+Z'=0; 
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and eliminatmg X', Y*, Z', by the equations 

y=R'cosa', Y=R'cos6', Z'^KcoscT, 

there results 

P cos «i=--R' cos a' i 

Pcosp=-R'cos6' > (16). 

P cos y = — R' cos c 5 

Taking the sum of the squares of these three equations, we 
obtain 

P«(cos««+cos«/8+co8«y)=R'^(cos«a+cos*6'+cos«c'); 

and since the second factor in eadi member is equal to imity, 
this equation reduces to 

P«=R'«, orP=R'. 

The force P is regarded as essentially positive, its position 
being determined by the rule explained in Art. 35, &c 

If the value of P be substituted in equations (16), the iasMt 
R' being suppressed, those equations will become 

cos •=— cos a (16), 

cos /a=— cos V (17), 

cos y=— cos c (18). 

The relation between the values of cos « and cos d indicates 
that cC and « are supplements of each other. For, if cos d 
be represented by AG {Fig- 30), cos « will be represented by 
AO'=AC ; whence a =DAC, and «=DAa 

But these two angles are supplements of each other ; for, 
AC being equal to AC, gives the angle DACsIKAC'; whenoOi 
by substituting this value in the equation 

D'AC+DA0'=2 right angles, 
we get 

D AC+DA0=2 right angles, 

or the angles d and « are supplements of each other. 

In the same manner may it be proved by the equations 
(17) and (18), that the angles V and /9 are supplements of 
each other, as also are the angles c and y. 

It results from what precedes that the forces P and R' are 
directly opposed ; for, if R' be supposed situated above the 
olane of or, y, having the co-ordinates x and y both positive, 



P will be situated below this plane, and will have the oo-ordi* 
nates x and y both negative. 

66. After reducing all the forces to three rectangular com- 
ponents X| Y, Z, it was shown that the resultant R would 
be represented by the diagonal of a parallelopiped, whose 
contiguous edges were respectively equal to X, Y, and Z 
[Fig, 27). The equation of this resultant, which is repre- 
sented by AP, will therefore be that of a right line passing 
through A, the origin of co-ordinates, and through the point 
F, whose co-ordinates are equal to X, Y, and 2. 

67. The case may be rendered yet more general by sup- 
posing that the point of application of the forces has the 
three co-ordinates x\ y\ and z ; the co-ordinates of the point 
F will then become [Fig^ 31) 

ir'+X, y'+Y, z'-hZ. 

And the equations of the resultant, being that of a right line 
in space, will be of the form 

z^ax-^-h, ;2;=a'y+6' (19) : 

substituting in these equations the co-ordinates of the point 
F, in place of the quantities ar, y, and z^ we find 

z'+Z^ax'+aX+by ^+Z=ay+aY+V (20); 

but the co-ordinates of the point A should also satisfy the 
equations (19), and therefore we obtain 

a'«aa?'-f-6, ^^^ay+V (21). 

SQbtra<sting these last from equations (20), we have 

Z==aX, Z=a'Y; 
whence, 

Z ,_Z 

Again, by eliminating b and b' between the equations (19) 
and (21)^ we find 

z—z^z=La{X'-*x')j z—z^zaXy^y"): 

and by substituting the values of a and a' previously ob- 
tained, the eqnoti(jiis of the resultant finally become 

Z Z 

Z'-z^r^ix^x')^ z-^z^^{y-'i/y 
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Of the CondfUi&ns qf £!quUibriutn of a Point acted upon 
by several Faroes^ and ^uhfBQted to the Condition <(f re- 
maining' upon a Given Surfmoe, 

68. The material point to which the forces P, F, F', &c. 
were applied, has been supposed hitherto to submit freely to 
the action which those forces exert ; but if, on the contrary, 
ibe point were required to remain constantly on a given sur- 
face, the equations (14) would no longer be applicable, and 
the conditioti of the resultant being equal to zero, which was 
then necessary, would, under this supposition, be replaced by 
th^ condition that the resultant must be normal to the given 
surface. For, if the direction of the resultant be oblique 
to the surface, it can be decomposed into two forces, of which 
one shall coincide with the direction of the tangent, and the 
other with the normal : the first would cause the material 
point to slide along the surface, while the second would be 
overeome by the reaction of the surface. Hence, it follow* 
that the resultant of all the forces must act on the point in 
the direction of the normal to the surface, and since the re- 
sultant is destroyed by the resistancie of the surface, we may 
regard this resistance as a force directly opposed to the nor- 
mal force, and denote its intensity by a quantity N. 

If the intensity of the force N and the angles I, ^, i", which 
it forms with the co-ordinate axes, were known, it would bp 
sufficient to add to the equations of equilibrium the compo- 
nents N cos ^, N cos if, N cos ^ of tlie force N ; we should thus 
obtain the equations of equilibrium 

N cos B+F cos »+V cos « +F' cos «''+&c.=0, 
N cos r+P cos |8+F cos fl'+P" cos i9''+&C.=0, 

N cos ^"+P cos y+F cos y'+P" COS y"+&C.=0. 

69. These equations may be simplified by representing, as 
in Art. 53, by X, Y, and Z, the sums of the components par- 
allel to the three axes ; the equations will thus become 

N cos ^+X=0, .N cos l'+Y=0, N cos tf''4-Z=0 .... (22). 

60. To determine the values of the unknown quantities cos 
#, cos ff cos fj and N, we will suppose L=0 to be the equation 
of the given surface, and x\ j^, and z' the co-ordinates of the 
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material point to which the forces are applied, and which by 
hjrpothesis is required to remain on this surface. The nor- 
mal being a right line passing through the point whose co- 
ordinates are af^ y, 2/, its equations will be of the form 

ar— ;p'=a(2?— J2?'), y— y'=6(i?— ar') (23). 

The differences x—-x\ y—f/^ z--z\ which enter into these 
equations, represent the* projections of the right line on the 
axes of co-ordinates. To determine the relations existing 
between these projections and the angles ^, I', 4", let MN (Fig* 
32) represent the right Une in space referred to the co-ordi- 
nate axes whose origin is at the point O, and denote by Xj y, 
z^ x\ i/^ afj the co-ordinates of the points N and M : if a plane 
DF be passed through the co-ordinates MD=2^ and BD=y'9 
and a second plane EG through NE=jr and EC=y, these 
two planes will be parallel to that of y, Zy and the distance 
between them will be measured by the part TiG=x--x inter- 
cepted on the axis of x : but since every parallel to this axis 
is likewise perpendicular to the two planes, it follows that by 
drawing through the point M, the extremity of the co-ordi- 
nate z\ the parallel MP to the axis of or, this parallel will be 
perpendicular to the plane EG, and will intersect it at a dis- 
tance MP=ar— ar'. 

But, by connecting the point P with N, the point at which 
the right line MN intersects the plane EG, a triangle will be 
formed right-angled at P, since MP is perpendicular to the 
plane EG. Hence, 

MP=MN cos M, 
or, 

ar— ir'=MN cos # ; 

but MN being a right line passing through the two points 
whose co-ordinates are x^ y, z^ x\ y', 2/, its length will be ex- 
pressed by 

-v/[(^-^? ^(y-^y +(«-^)"]- 

Substituting this value in the preceding equation, we deduce 

X — sf 

*^' ~^\{x-xy +(y-y')* ^{z-zyX 
In like manner, by drawing planes through the co-ordinates 
or", z^ and x^ z^ parallel to the plane of x^ 2r, and through x\ y\ 
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and Xy y, parallel to the plane of s^ y^ we shall find for cos ^ 
and cos I", the similar expressions 



COSl's 



C0SI^=: 



^[[x^xy '\r[i/''t/Y +(^-^)»r 



^[{x--xy+[3^^yY+{z^zy^ 

by eliminating the values of x — x\ y—y\ by means of equa- 
tions (23)9and suppressing the common factor z—z^ we obtain 

^ '^iT^^yw^' "^ '=•(«« +6- +iy ^ ^^ 

61. These values, which serve to determine the direction 
of the normal, contain the quantities a and 6, which are yet 
unknown. The values of these quantities will now be de- 
termined. Let L=0 be the equation of the surface which 
passes through the point x'^ \/^ si ; if we draw through this 
point a plane tangent to the surface, the equation of this 
plaiie will be of the form 

Aar+By+Cjc+D=6 ; 

and since it must be satisfied by the co-ordinates x\ y', 7i^ we 
shall have 

A4r+By'+C5?'+D=0. 

Eliminating D between these two equations, the equation of 
the tangent plane to the surface becomes 

and dividing by C, it may be put under the form 

^(ar-arO+^(y-yH(^— ^=0 (25). 

Rut if the plane be tangent to the surface whose equation is 

L=0, the values of -j-) and t-; deduced from that equation, 

will be expressed as follows : 

«£«' A rf^r B ^, 

(26). 



.... 



dx— C Ay- C ' 

And from the known principles of analytical geometry, when 
a plane whose equation is Ax+By+Oz+D^O is peipeo* 
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diculartoarightline represented by the equations z— az+«, 
y=bz+fi, the following relstions between the constants 
exist: 

A B . 

C = "' c=^- 

the equations (26) will therefore reduce to 

%—%-' (^- 

62, The values of these coefficients must now be deter- 
mined from the equation of the surface. We obtain by dif- 
ferentiating, 

— rfarf — dtf^- — d==0; 

'Jx dy " dz 

whence we infer that 

dz dz 

and by applying this equation to the point of tang«ncy, for 
which the co-ordinates are ^, ij, z, we find 

dz'_ rfj' rfv ^dy 
dif d[J "5^- rfL' 

rfr-" dz' 

Bufaititating these values in the equations (27), they become 
dL dL 

dU' dL_ 

dz dz 

Replacing a and b m equations (24), by their values found 
above, we obtain, after reduction, 
dL 
dx' 



cos#=±- 



VKS)-+Q'-(S)- 
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dL 

coflr=± 



v/!(£)'+(t)'+(S)-i 

The double sign is here prefixed to the valaes of cos $, cos #', 
cosV, for the purpose of indicating that the resistance op- 
posed by the surface may be exerted either in the direction of 
the normal or along its prolongaticm, according as the body is 
placed on the concave or convex side of the surface. The 
£DTm of these equations being inconvenient for the purposes 

of calculation, they may be simplified by making 

1 

rgJTTi /^v. y^v,.=V (28); 



vmr^($yAm 



which reduces them to 

co8*=T^, co8l'=V^, cosr^vg; 

^bstitutiog these values of the cosines ia equations (22), we 
obtain 

NV^+X=0, NV^+Y^O, Nvg+Z=0 (29). 

63. The value of N remains to be determined If we 
tnmspose X, T, and Z in the equaXions (29)| and take the 
sma of the squares of the threfi equaiions, we shall obtain 

'"'•Kg)'+(t)"+(£)"(=^-+^-+--. 

and reducing by fieans of equ^ioQ (28) theie lesalto 

whence, 

N=^(X»+Y»+Z») (30). 

This value of N is precisely the same as that of the resultant 
of the entire system ; but its components should be afiiscted 
whh signs contrary to those of the eomponents of the result* 
ant, since its action is exerted in an opposite direction. 
Thus, having determined the resultant of all the forces P, F, 
F', dcc^ the reaction of the sur&oe will be equal to this le* 
sultant, but will be exerted in an opposite direction* 

C2 



36 



STATICS. 



»■• 



64. If the directioh of the Jionnal force be parallel to the 
axis 04^, we shall have 

^.1=90% r=90^ r=0, or r=18(r ; 
whence 

cos ^=0, cos ^=0, cos l"= ± 1 : 

and the equations (22) will therefore reduce to * 

X=0,Y=0, N±Z=0; 

which prove that the components in the direction of the tan- 
gent plane destroy each other, and that the reaction of the 
surface in the direction of the normal is equal to the sum of 
the components directed along the axis ofz. 

65. The nature of the problem may also be such that 
having given the forces P, P, P', 6cc. and the equation of the 
surface upon which the material point should rest, it might 
be required to determine x\ p^, and z\ the co-ordinates of the 
point at which the forces should be applied in order that the 
material point should be sustained in equilibrio. 

To resolve this problem, we first eliminate the quantity N, 
by combining the equations (29) ; the factor Y will likewise 
disappear, and we shall then have 

these equations, in conjunction with that of the surface, will 
serve to determine the co-ordinates x\ y\ and z of the point 
of application. 



Of the Conditions of Eqfdlibrium of a Point acted on by 
several Forces^ and stibjected to the Condition of remain- 
ing constantly on two Curved Surfaces^ or on a Curve of 
Double Curvature, 

66. If a material point be retained on two curved surfaces, 
it cannot remain in equilibrio unless the force which solicits 
it can be decomposed into two components which shaQ he 
respectively normal to the given surfaces ; for, if one of these 
components had a different direction, it might be decomposed 
into two forces, of which the first normal to one of the sur- 
faces, should be destroyed by the reaction of the surface, and 
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the second tangent to the same surftoe^wonld move the body 
along the sui&ce. ' 

Let N and M represent the reactions of the two sur&ceS| 
and I, t^ I", 9, «', n the angles formed by their normals with 
three rectangular axes drawn through the point to which the 
forces are appUed : by adopting the same course of reasoning 
as in Art. 69, we shall obtain 

N cos ^ +M cos* +X=0 i 

N cos^ +M cos «'+Y=0 > (31). 

N cos ^'+M cos •''+Z=0 5 

The equations of the surfisices L=0 and K=0 being differ- 
entiated, make known, as in Art. 62, the values of the quan- 
tities cos #, cos I', cos #*, cos 9, cos «', cos 9", and by adopting 
abbreviations similar to those of Art. 62, making 

1 



aad 



^\m<%y^m\ 



^T. 



we shall find 



dK 



dai) 



\' + 



(f )'HS)- ! 



=u, 



C08#=vg, 



C06,=ug, 
C08,=U^, 

da! 



C08« 



which values, being substituted in the equations(31), give 



ax dai 

NV^,+MU^+Y=0 
dy rfy' 

NV^+MD^+Z=0 
dz dz 



(32> 



From these three equations the unknown quantities M and 
N may be readily eliminated ; and since U and Tenter into 
them in the same manner as M and N, they will also disap- 
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pear in the dknination : or, to simplify the case, xre may 
regard MU and NY as the unknown quantities, which, beii^ 
eliminated between the three preceding equations, will give 
aa eqo^tioa of condition including one or more of the three 
variables. This resulting equation being combined with 
ihose of the surfsu^es, viz. L=0, K=0, will determine the co- 
ordinates x', y', 2/, of the point sought. 

It may be proper to remark that the radicals, which would 
serve to complicate the expressions, disappear at the same 
time as the quantities U and Y. 

67. When tha point is subjected to the condition of re- 
maining on a curve of double curvature, such curve may be 
regarded as being formed by the intersection of two curved 
surfaces. The equations of these surfaces being represented 
as above by L=0 and K=0, the co-ordinates of the points in 
which they intersect will necessarily appertain to both sur- 
fices, and the quantities a/> y', and 2f may therefore be re- 
garded as having the same values in each ii these equations ; 
but we have also the equation of condition referred to in 
Art. 66 ; thus by eliminating the values of two of the co- 
ordinates, the third will be expressed in functions of known 
quantities : denoting by A, B, and C the values of the func- 
tions corresponding to each of the co-ordinates x\ y', and je', 
we shall have 

x'=A, y=B, a?'=C. 

68. It may occur that the equation resulting from the elun- 
ination of M and N will not contain either of the variables. 
This case presents itself when the surfaces become planes ; 
their equations L=0 and K=0 may then be put under the 
form Az+By+C;2?+D=0, and the differential coefficients are 
then constant. Under such circumstances the values of the 
intensities M and N determined by the equations (32) become 
independent of the co-ordinates x , y\ and z \ and smce theae 
co-ordinates still apply to any points common to the two planes, 
it follows that the conditions of equilibrium will be fulfilled, 
if the forces be applied to any point whatever in the common 
intersection of the two planes. A simUar remark is appli* 
table to Art. 66. 
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Of Parallel Forces. 

69. The forces which have been considered in tfie pre- 
ceding paragraphs were supposed to have a conunoji point 
of application ; bnt if they were applied to different points 
of a body or system of bodies, the points being retained at 
fixed distances by means of tlxeir connexion with the inter- 
mediate points, we might regard the forces as having their 
points of application united by means of inflexible right 
lines. 

70. Let there be two parallel forces P and d applied to the 
extremities of a right line AB {Fig. 34), which intersects at 
right angles their common direction. It has been proved 
(Art. 22) that the int^isity of the resultant of these forces will 
be equal to the sum of the intensities of the two components, 
and that its point of application O will divide the line AB in 
the inverse ratio of the two forces. This proposition may be 
demonstrated in another manner, provided we admit that of 
the parallelogram of forces, which is susceptible of direct 
proof. 

Let the two parallel forces be represented by the right lines 
AP and Bd proportional to their intensities {Fig. 33) ; we 
can add to the sjrstem, without changing the value of tfie 
resultant, the two equal and opposite forces AM and BN, 
and the four forces AP, AM, BQ, and BN may then be re- 
placed by the two AD and BI, the diagonals of the rectangles 
MP and NQ. But since these diagonals inten^t at the 
point 0, the forces AD and BI may be conceived to be applied 
at that point, and will be represented by CE=AI) and 
CF=BI. If the forces CE and CF be then decomposed into 
rectangular components, by constructing the rectangles GL 
and HK, having their sides respectively equal and parallel to 
those of the rectangles BfP and Nd, we shall replace OE 
and CF by the four forces GL, CK, GO, and OH. But the 
last two are equal, being equivalent to the Ibroes AM and 
BN. which by hypothesis are equal, and being directly op- 
posed, they must mutually destroy each other ; there will 
tber^re remain at the point C, the two forces GL and CK 
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equal respectively to P andQ, and having the common dii 
tion of the line CO. The resultant of these two forces most 
evidently be equal to their sum ; and if it be denoted by R, 
we shall have the relation 

R=P+Q : 

but since the resultant may be applied at any point in its line 
of direction, we will consider it as acting at O, the point in 
which it intersects the line AB ; the position of this point 
may be determined thus : the two similar triangles CAO^ 
"CEL give the proportion 

CO : AO : : CL : EL, 

and the triangles COB, CEF give 

BO:CO::KF:CK; 

whence, by multiplication, suppressing the common &ctor 
CO, we have 

BO : AO : : CLxKP : ELxCK. 

But KF and EL, being equal to BN and AM, which by hy- 
pothesis are equal to each other, the proportion reduces to 

BO : AO : : CL : CK : 

and since CL and CE are equivalent to the lines AP and BQ, 
which represent the intensities of the given forces, the pro- 
portion may be written 

BO : AO : : P : Q (33). 

Hence we conclude that the point of application O of the two 
parallel forces P and Q, divides the line AB into two parts, 
reciprocally proportional to the intensities of those forces. 
71. Prom the above proportion we obtain {Piff» 34) 

BO+AO : AO : : P+d : Q, 
or, 

AB : AO : : R : Q (34). 

And from the equations (33) and (34) combined, we find 

P:Cl:R::BO: AO: AB; 

from which we derive the following rule : The parts AO, 
BO, and AB comprised between any two of the forces P, CI, 
a$ul R, vriU be constantly proportional to the third force. The 
term R, for example, in the above proportion, corresponds to 
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the portion AB, which is included between the forces P 
andQ. 

72. If from the known values of P, Q, and AO, it were 
required to determine that of BQ, the proportion would give 

a : P : : AO : BO ; 

whence, 

73. Beciprocally, if there were given the force R implied at 
O, and we wished to resolve it into two parallel components 
whose points of application should be A and B ; by denoting 
the unknown components by P and Q, the value of the first 
would result from the proportion 

A6:B0::R:P; 

and that of the second would in like manner be obtained by 
means of the proportion 

AB : AO : : R : Q. 

From these two proportions we deduce 

p_RxBO Q_RxAO 
^ AB"' ^ AB^ 

In the preceding demonstration, the forces P afld Q have 
been supposed perpendicular to the line AB ; but if they were 
oblique to the direction of this line, we might draw through 
O, the point of application of the resultant {Pig- 35), the right 
line CD, perpendicular to the direction of the given forces, 
and the force P applied at A would have the same effect as 
though it were applied at the point C. In like manner, the 
point of application of the force Q may be transferred from 
B to D ; and since we have the proportion 

P : Q : : OD : OC, 

wa shall likewise obtain from the similarity of the triangles 
OBD, AOO, 

P : Q : : BO : AO. 

74 When the forces P and d act in opposite directions, the 
resultant is equal to the difference of these forces. For, let 
S {Pig- 36) be the resultant of the forces P and R, which are 
snpposed to act in the same direction, we shall then have 
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S*P+R (35); 

and if we replace S by a force Q equal in intensit/i and 
directly opposed to it, an equilibrium will subsist between the 
tiiree forces P, R, and Q : we may therefore regard R as 
being equal and directly opposite to the resultant of the forces 
P and Q, and the equation (35) will give for the intensity of 
this resultant 

R»S-P; ^ 

but S and Q, being equal in intensityi we have, by substi- 
tuting the value of S, 

R=a-p. 

The point O at which the resultant is apjdied, may he 
found by the proportion 

AB:BO::R:a, 
whenoe we obtain 

R 

or, replacing R by its equal Q,— P, we have 

a-p 

From this value of the distance BO, we infer that the point 
O will be farther reknoved from B in proportion to the dimi- 
nution of the quantity Q,— P ; if therefore Q, and P become 
equal, BO becomes infinite, and R becomes equal to zero : 
hence, if two parallel and equal forces act in contrary direc- 
tions, but are not directly opposed, the equilibrium cannot be 
established except by the application of an infinitely small 
feroe at a point whose distance is infinite ; it is therefore im- 
possible in such cases to find a single finite force which shall 
sustain in equilibrio the , two forces P and Q ; or, in other 
words, the two forces P and d cannot be replaced by a single 
resultant. The effect of these forces will be simply to turn 
the line AB about its middle point C. 

75. These pairs of parallel and equal forces, acting in con- 
trary directions, but not directly opposed, are called couples. 

76. The results obtained in the preceding articles may be 
applied to any number of forces. Thus, let P, F, P', F", P', 
{Fiff. 37) represent parallel forces applied to the points A, B, 
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C^ Dj Ey which are connected together by inflexible ri^t 
lines ; the point of appUcation and the intensity of the result* 
ant may be r^dily found. For, the forces P and F being 
compounded, their resultant will be applied at a point M9 
whose position may be determined by the following proportion, 

AB:AM::P+F:F; 
whence, 

the line MC being then drawn, we can determine the point 
of application N of the resultant of the forces P+F applied 
at M, and of the force F' applied at C ; for we have 

MC:MN::P+F+F':F; 

jrom which the value of MN results, 

^^=P+F+F'- 

By connecting the points N and D, the point of application 
O, of the four forces P, F, F', F", may be found in a manner 
precisely similar, and lastly, by joining the points and E, 
we shall determine the point K at which the resultant of the 
ontire system must be applied. 

77. When sdme of the forces of which the system is com- 
posed exert their efforts in a contrary direction, we reduce the 
components P, F, F', &c., which are supposed to act in the 
same direction, to a single resultant equal to their sum, and 
likewise the components d, d', Q'', d&c, which are supposed 
to act in a contrary direction, to a second resultant equivalent 
to their sum ; then, having determined. the points of applica- 
tion K and L (Pig^ 38) of these two resultants, the system 
will be reduced to two parallel forces, the one applied at 
K, and equal to P+F+F' d&c, the other at L, and equal 
Q.+Q,'+Cl" &c. : the resultant of these two forces may then 
be deteixnined by the method explained in Art. 74. 

78. If the forces P, F, P", F", &c. {Fig. 39), retaining 
their points of application, and continuing parallel, assume 
the positions Ad, Bd, Cd', Dd'',' d&c, the resultant will be 
parallel to the new directions of the forces, but its intensity 
and point of application will remain unchanged ; for, the 
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construction employed to determine this resultant, being 
dependent only on the intensities of the forces and their 
points of application, the data of the problem will remain the 
same. 

79. If, for example, the forces P and P' should assume the 
positions represented by the parallels AQ, and BQ,' ; there 
would be given P, P, and the line AB, to determine the posi- 
tion of the point M ; and this would be determined from the 
same proportion as when the forces were directed along the 
lines AP and BF. 

The point through which the resultant of a system of par- 
aJlel forces constantly passes, whatever may be the direction 
of those forces, is called the centre of parallel forces. 

SO, To determine the co-ordinates of the centre of parallel 
forces, let P, P', P ", ikc. represent the intensities of the several 
forces, and denote by 

Xf y, z, the co-ordinates of the point of application M of 
the force P, 

»*, y*, i' those of M', 

x", y",x" those of M", 

x„ ffi, x„ those of the centre of parallel forces. 

If we represent by N {Pl^- iO) the point of application of 
the resultant of the two forces P and P, we shall have 

MM' : M'N : : P-|-P' : P ; 
and by drawing the line ML' parallel to HH', the projection 
of MM' on the plane of x, y, the similar triangles ML'M', 
NLM' will give 

MM- : M'N : : ML' : NL ; 
whence, by combining the two proportions, 
ML:NL::P+P':P; 
from which results the equation 

{P-FF)NL=PxML': 
adding to each member the product (P+P')LK, we have 

(P+FXNL+LK^=PfML-fLK)+P-xLK; 
and since 

HL-|-LK=NK, -■# 
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ML'+LK=MH, 
' LK=M'H', 

the preceding equation may be reduced to 

(P+F)NK=PxMH+FxM'H'. 

If we denote by d the resultant of the two forces P and F, 
and by Z the co-ordinate of its point of application, this 
equation may be written under the form 

QZ=:Pz+PV; 

in. like manner, representing by CI' the resultant of the paral* 
lei forces d and F', and by Z' the co-ordinate of the point at 
which it is applied, we obtain 

Cl'Z'=ClZ+FV' ; 
and thence, by substitution, 

Cl'Z'=.Pjr+F5;'+FV. 

If the resultant of the entire system be represented by A, 
and the co-ordinate of its point of application, parallel to the 
axis of j2;, by Zij we shall obtain, by continuing the same pro- 
cess, the general relation 

Rzi=P5c+F«'-f FV'+dw5. (36). 

81. The moment of a force with reference to a plane 
is the product of the intensity of this forc^ by the distance 
of its point of applicqiion from the plane. The preceding 
equation therefore expresses that the moment of the resultant 
of the parallel forces P, F, F, 4*c., taken with reference to 
the plane of x^y^is equal to the sum, of the moments of the 
several forces taken with reference to the sams plane. 

The moments being taken with reference to the other two 
co-ordinate planes, we have 

By.=Py+Fy'+Fy"+&c (37). 

ILri=Pa:+Fjr'-|-FV'+&c (38). 

82. When the co-ordinates t, y, %, x\ y\ z', <fcc. of the points 
of application, and the intensities P, F, F', &c. of the forces, 
are given, the intensity of the resultant will become known, 
being equal to the algebraic sum of the several intensities ; 
and the values of the Co-ordinates ^i,.yi, and Zi^ of the centre 
of parallel forces, will be found from the equations (36), (37)} 
and fjSS). 
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83. The forces are affected with the positive or negaliva 
sign according to thedirectionain which they act ; andsinco 
the signs of the co-ordinales are hkewise determiiied by their 
positions with respect to the origin of co-ordinates, the mo- 
ments of the forces must be regarded as positive, when the 
forces and co-ordinates have the same sign, but negative 
when the two have contrary signs. 

84. If the several points of application M, M', M", itc. were 
situated in the same plane MM" (Fig. 41), the plane of x, y 
might then be assumed parallel to that in which the forces 
are applied, and the co-ordinates z, x', z'\ dec, being com- 
prised between two parallel planes, we should have 

s=i'=s"=(!kc. : 
hence, if t, represent the co-ordinate of the centre of parallel 
forces, its value will also be equal to ; ; for, its extremity 
must be found in the plane MM ", being determined by a con- 
struction similar to that in Art. 76. Thus the quantity z 
becomes a common factor in the equation (36) which then 
reduces to 

R=P-)-F-|-P"+A:c. 
65. If the points of apphcation were situated on the right 
line AS (Piff. 42), which we will suppose parallel to the axis 
of X, we should have at the same time 

z=i/=z"=&c., and y=y'=t/"=&,c. ; 
the eqtiatious (36) and (37) would then reduce to 

R=P+F-|-P-+A,c (39), 

and there would remain but the sinj^le equation 

nx,=Vx+F'x'+V"x"+6ic (40). 

In this case, we may dispense with the consideration of the 
three axes, it being only necessary to estimate the co-ordinates 
X, x', x", tkc. along the line AB, to which the forces are 
applied. 

For example, if we had 

x=9, T=X r=-3, x"=~i. 
F=— |P, F'=— |P, F=2Pj 
hy substituting these values in the equations (39) and (40) 
we should deduce 



PARALLBL PORCBS. 4f 

R»P^ JP-. |P+2P»2P, 
Rr,=9xP-3xiP+3x|P— 4x2Ps=lx2P; 
whencoi 

86. For tfie purpose of determining tlie conditions of eqai- 
libiinm of parallel forces, we shall adopt as most convenient 
that position of tbe axes in which one of the ' co-ordinate 
planes is perpendicular to the direction of the forces : let this 
be the irfaae of ir, y. Having reduced all the forces which 
act in the same direction to a single resultant R^ {Pig' 43)| 
and those which act in a contrary direction to a second re- 
SQltaut R^,, an equilibrium will take place in the system when 
die two resnltants are equal and directly opposed. 

The latter condition will be fulfilled when the distance 
(jO' is equal to zero, which requires that the co-ordinates x, 
and iff of the point C should be respectively equal to x^^ and 
](y thoee of the point C. 

Hence, we obtain 

a?/=a?,„ y,^y,^ 
The condition of equality between tfie two resultants will be 
satisfied when we have 

R,=-R„.....(41); 
and we obtain by multiplication 

R^,=-R,/F, (42), 

R4^.=-Ri,y.i (43). 

If we denote by P, F, F', Ax^. the componenta of R^ and 
by V"*^ P^, &0. the components of R,^ the pcdpeity of Urn 
moments will give the two equations 

R/r,=Px+Pap'+FV+&c., 

and substituting these values in equation (42), it reduces to 

Pa:+Fa:'+F'«"+FV"+P^a:^+Pa:'+&c=xO (44> 

,By the same course of reasoning, the equation (43) may be 
reduced to 
Py+Ff'+F'jr+FY''+P'S^+P'y^+*^=0 (45> 
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And finally, the values of R, and B^^ being aubstituted in 
equation (41), give 

P+F+F'+F"+P^+P+&c.=0 (46). 

87. If the equations (44), (45), and (46) are satisfied, the sjrs- 
tern of forces will be in equilibrio. The conditions expressed 
by these equations may be enunciated as follows : An equir 
librium wiU subsist in a system of paraUd forces^ if the sum 
of the moments taken wi$h reference to ecuJiofttoo rectangur 
lor planes parallel to the common direction of the forces^ is 
equal to zero; the sum of the forces being at the same time 
equal to zero. 

88. An equilibrium will also take place if the resultant of 
the system be supposed to pass through a fixed point, since 
the efiisct of this resultant will then be destroyed by the re- 
sistance opposed by the fixed point. 

Of Forces situated in the sam^ Plane, and applied to Points 
coMiected together in an invariable manner. 

89. Let P, F, F', F", &c. {Pig, 44) represent several forces 
situated in the same plane, and applied to the points A, B, G, 
D, &c., which are supposed to be connected in an invariable 
manner. If the system admits of a single resultant, its po- 
sition and intensity may be readily obtained by means of the 
following graphic construction : — Having assumed the por- 
tions Aa, B6, Cc, and Hd proportional to the intensities of 
the respective forces, prolong the lines Aa and Bft until they 
mtersect at the point G, and apply the forces P and F at 
this point. Construct the parallelogram GG', having its 
sides respectively equal to Aa and B6, and its diagonal GG' 
will represent in direction and intensity the resultant of the 
two forces P and F ; again, by prolonging GG' and Cc until 
they intersect, and constructing the parallelogram HH', whose 
sides shall represent the forces GG' and Cc, the diagonal HH' 
will represent the resultant of these forces^ and will therefore 
be the resultant of the three forces P, F, and F'. Lastly, by 
finding the intersection of BHf and Dd, and forming a third 
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parallelogram, its diagonal IF will represent the resultant of 
the entire system. 

90. If by this construction we should find one or more pairs 
of potrallel forces, the resultant may be determined by the 
methods explained in Arts. (71), (72), and (74), and its intensity 
will be equal to the sum or difference of the forces. If the 
system contain two parallel and equal forces, acting in con- 
trary directions, but not directly opposed, we may combine 
one of them with the other forces, and the construction of 
Art. (89) may, then be continued ; but if the entire system . 
can be reduced to two equal resultants acting in parallel 
and contrary directions, but not directly opposed, we con- 
clude, as in Art. 74, that a single resultant cannot be obtained. 

91. If the construction should give a resultant equal, to 
zero, an equilibrium would subsist throughout the system. 

92. The preceding construction is equivalent to supposing 
the forces applied at the point I, in lines parallel to their primi- 
tive directions, and then compounding them into a single result- 
ant. For, by considering the forces P, Q, and S {Fig» 45), 
the resultant DC of the forces P and Q, being applied at the 
poiiit D' in its line of direction, may there be decomposed into 
the two components D'F and D'Q,', parallel and equal to 
PandCl. 

93. To determine the analytical conditions of equilibrium 
in a system of forces disposed like the preceding, we will first 
consider the case of three forces P, P', and F', applied to 
points which are connected in an invariable manner ; and 
we shall then find it necessary that the directions of the forces 
should intersect in a single point. For, since the forces 
P and F {Fig- 46) are supposed to be sustained in equilibrio 
by the third force F', it is necessary that this third force 

should be equal and directly opposed to the resultant of the 
two forces P and F. But P and F intersect in a point 
D ; this point is therefore situated on their resultant, ,and 
consequently in the direction of the third force F'. 

If, on the contrary, the force F were not applied at the 
point of intersection of the other two, it would intersect the 
direction of their resultant R at some point E {Fiff» 47), and 
the right lines RD and F'E being then inclined to each other 

D fi 
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in a certain angle P"ER, the forces R and P" could not main' 
tain an equilibrium (Ait. 16). 

94. Wlien the directions of the three forces P, F, V" inter- 
sect in a point, this point may be considered as their point of 
apphcation, and the conditions of eqtiHibrium will then be 
the same as if the forces had been originally applied at llieir 
point of intersection. 

These conditions are, 

P cos B + P cos «' + P" COSa" + &,C.=0, 

P cos^ + P' cosp' + P" cos^"4-&c.=0. 
To these must be added the equation which expresses the 
condition of their intersecting in a point. 

95. Let P, P", and R (Pig. 48) represent three forces whose 
directions intersect at the point A. If through the point C, 
assumed arbitrarily, a right lino be drawn to the point A, and 
perpendiculars CI, 01', CI" be deniitted on the lines of direc- 
tion of the forces, the right-angled triangles CAI, CAI', CAI" 
will have the same hypotheneuse CA ; this condition of a 
common hypotheneuse will establish that of the forces inter- 
secting at a single point, since it results from ihc triangles 
having a common vertex. Tlirongh the point A draw the 
right line AB, perpendicular to CA, and from the extremities 
of the lines AP, AP', and AR, whicli represent the intensities 
of the forces, demit perpendiculars PD, P'D', RD" on tJie line 
AB ; the right-angled triangles ACI and APD will be similar, 
having the alternate angles CAI and APD equal to each 
other, and the following proportion will therefore obtain : 

AC : CI : : AP : AD, 
and by calling AC=c, Cl=p, this proportion becomes 

c ; p : : P : AD ; 
whence we obtain 

denoting by p' and r tlie perpendiculars CI' and CI", we find, 
in like manner, 



But if R be the resultant of P and P', the component of R 
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k the directkn of AB will be equal to the sum of the com- 
ponents of P and P, directed along the same line ; we con- 
sequently have 

Aiy'=AD+AD'5 

and by substituting in this equation the values found above^ 
it becomes 

or, by suppressing the divisor common to the terms, it 
reduces to 

Rr=Pp+Pp' (47). 

96. If the point C were situated within the angle formed 
by the directions of the forces, or in the opposite angle, the 
product of the resultant by the perpendicular r would then be 
equal to the difference of the products of the two components 
multiplied by their respective peqpendiculaTS ; we should 
Aus have 

Rr=Pp-Fp' (48). 

97. The moment of a force with reference to a plane has 
been defined (Art 81) to be the product of the intensity of 
this force by the perpendicular on the plane from the point 
of application. By analogy, we call the moment of a force 
with reference to a pointy the product of the force by the per- 
pendicular demitted on the direction of the force from the 
assumed point. The equations (47) and (48) will therefore 
express that the moment \>f the resultant of two forces is 
equal to the sum or difference of the moments of its compo- 
nents, according to the position of the point C. This point is 
called the centre of moments ; and if it be situated within the 
angle PAP, or LAL' {Pig- 49), the difference of the momealB 
must be taken, but if it fall without these angles, the moment 
of the resultant will be equal to the sum of the m<Mnents. 

98. These two cases may be comprised in a single enun- 
ciation, by attaching to the word sum its algebraic significa- 
tion, and the moment of the resultant will then be equal to 
the sum of the moments of the two components, in which 
expression the terms may be affected either with the positive 
or negative signs, 1 

D2 
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99. The condition of the forces intersecting in a point 
gives rise to the preceding theorem of the moments : from 
this theorem the third condition of equilibrium may be de- 
duced. 

For, if two forces P and F {Fig> 50) are sustained in equi- 

Ubrio by a third force F', this force must be equal in intensity 

to tlie resultant of the other two, and must act in a direction 

exactly opposite. If, therefore, a perpendicular p" be demitted 

on the line of direction of the force F', which is also that 

of the resultant R, the principle of the moments will furnish 

the equation 

Rp''=Pp+Fp'; 

and replacing R by — F', since the forces are equal, and act 
in contrary directions, the equation becomes 

Pp+Fp'+Fy=0. 

Thus the conditions of equilibrium of three forces situated 
in the same plane, and applied to different points, will be ex- 
pressed by the three following equations : — 

P cos «+F cos«'+F' cos «"=0 (49), 

P C08/8+FcOS/l'+F' COS/9"=:0 (60), 

Pp+Fp'+Fy =0 (61). 

100. If the number of forces be greater than three, we 
may regard P as being the resultant of the two forces F" and 
F' : we shall then have 

P cos «=F" cos «'"il-F' cos •»', 

P cos /B = F" cos ift'" + F' cos fi"j 

Pp=F'y"+F'p'^; 

and by substituting these values in equations (49), (60), (61), 
they become 

F cos «i^+F' cos •"+F" cos «"'+F' cos ^"=0, 

F cos |5'+F' cos /9"+F" cos /9'" + F' cos ^''rrrO. 

Fp' + Fy + F'y + F'p" =0. 

101. The same principle may be extended to any number 
of forces, and we shall therefore obtain for the general equa- 
tions of equilibrium of forces acting in the same plane, and 
applied to different points, 

P cos •H-F cos rf'+F' cos •"+&c.=0 (52), 
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P cos/i+F cos ift'+P' cos /B"+&c.=0 (53), 

Pp+Fp'+Py+&c.=0 : (54). 

102. A more convenient notation is sometimes employed 
to express the existence of these conditions, the equations 
being written in the following form : — 

2(P cos *)=0, s(P cos /B)=0, s(Pp)=0. 

The character £ is here employed to denote the sum of any 
number of quantities of the same form as those included 
within the parentheses. 

103. The process which has led to the equation (47) fur- 
nishes an easy method of recognising the proper signs of the 
moments; For, if the point G, the centre of moments (FHg. 
61), be chosen without the angle formed by the directions of 
the extreme forces, and the forces be supposed to act by push- 
ing, being at the same time firmly connected with the per- 
pendiculars j9,^,j9'', &c., these forces will all tend to turn the 
perpendiculars in the same direction about the point C ; but 
if, on the contrary, the centre C be situated within the angle 
formed by the directions of the extreme forces (i^. 62), or 
witiiin the opposite angle, the forces P, P, F', &c., situated 
on the same side of the point C, will tend to turn the perpen- 
diculars in one direction, while the forces F", F', &c., on the 
opposite side, will tend to turn the perpendiculars in a con- 

Pp F»' F'»" 
trary direction. But the expressions ^ — ^, — t— , &c., rep- 



resented by the lines AD, Aiy, AD", &c., being affected with 
signs contrary to those of AD"', AD'*, &c., it follows that all 
the forces whose moments are positive will tend to turn the 
system in one direction, while those whose moments are 
negative will tend to turn it in a contrary direction.* 

* This demonitiatum is perftcUy ocmclonve when fhe diroeiioiis of tha Mf«nl 
forcM intenect io a point ; but the property of the momenU ii equally trae 
when the forces are not directfd to a aingle poinL For, by prolonging tha 
diiecttona of any two of the foioea P and P" untii they intersect, and joining 
their point of intersection with the centre of moments, it may be proved by the 
reasoning employed in Art. 103, that the moment of their lesoltant is equal to 
the algehiaie som of the moments of the two ibroes P and P, the signsof these 
moments being determined by the directions in which the ibroes P and F tend 
to torn the system about the centre of momenta. We shall thus have 



101 if the gjttem of tones be not io eqailibrio, Ae 

momeni of the resuliant will be equal to the excess of the 
sum of the moments of those forces which tend to produce 
rotation in one direction, over the sum of the moments of 
those which tend to turn the system io a conirsry direction. 

105. It appears bom the preceding remarks, that the 
equation s(Pp) -0, expresses the condition that the sums of 
the moments of the forces which tead to produce rotation in 
tfa« two directions are equal to each other. 

106. If, in the system supposed in equilibrio, we suppress 
one of the componentii, P for example, the remaining forces 
viU hare a resultant R ; and since ttiis resultant should be 
equal in intensity, but directly opposed to the force P, the 
equations (62), (53), and (54) will be replacedby the following: 

Rcoso=Pcosii' + P"co3-" + P" cos-"'+&c., 
Rco8 6=Pco8P' + F'coafl" + P"cos^"' + &c-) 

Rcos o=x(Pcos«)=X, 

RcosA=z(Pcos«)^Y, 

Rr=z(Pp). 



nr^Ff±p-p: 
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Utume arbitrarily lbs sign of oat of the mom 


Dti. Tbe cQonieiil Rr, deduced 


torn Ihii" equalioti, ni»jr have eithtr a positive 


r negative vaiuf ; if potLlive, R 


•ml P will lenil to turn ihi- (yitem in the mar 


diieclion ; if negBlin, in am- 



Inij ilinclitmi. 

The force* F and P, being then repUced bj their reeullant R, ihii remltanl 
MD be combined vrith i third force P", and ue ihall obtain, in a timiltr malum, 

im which eqaalitin Rr, whatever majr be it* CMenllal ugn, maj be replaced bj 
^ PpiP'y- The lign of the moment P"p" will be similar to that of Rr, if P' 

and R tend to produce rotation in the none ilinclion, and diseimilar in Iht con- 
taBi7CaaB. BntlhemODiKntaPpand Rr will have like oroolikc nignis Bccording 
M the fotcea P and R tend to turn tbe syatem ill the snme or in eonlmiy diree- 
lioni. Hence the •tgna of the momrnta Pp and P'p" in tbe equation R'r'=i 
I>± P'p'i P"P"< "'" *« '*" "' unlilf according to the direction) in which the 
biees P and P" tenil to produce rotalion. 

The Eume iea*ODing maj he exlendL'd to a greater number of foreea. 
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lOT. By means of these equations, the position and mag- 
nitude of the resultant may be determined. 
For^ the two first equations give 

R«(cos«a+cos»fc)=X» +Y» ; 

and since the sum of the squases of the two cosines is equal 
to unity, we have 

R* =X« +YK 

The inclinations of the resultant to the co-ordinate axes may 
also be determined from the same equations ; for we have 

X Y 

cosa=:^, COS6=-g. 

108. To establish its position in the sjrstem, we first deter- 
mine the position of a right line AB, passing through the 
origin, and parallel to the resultant. If cos & be affected 
with the positive sign, the line AB must form with the axis 
of y an angle less than 90^ : it will therefore assume one of 
the positions indicated in (FHff. 63). But if, on the contrary, 
this quantity should have the negative sign, the right line AB 
would then be situated in one of the positions represented by 
(FHg' 54). Thus, whatever be the sign of cos &, the line AB 
may assume two positions, one in which, the angle formed 
with As will be obtuse, and another in which this angle will 
be acute. The sign of the cos a will determine which of 
these positions the line AB must assume. 

Having thus established the position of the right line AB, let 
a perpendicular r be drawn to it through the origin A, equal to 

vf '" This perpendicular will be represented {Fig. 66) by 



AO or by ACy, according to the sign of the quantity r ; and 
the line OR or OH', parallel to AB, will represent the true 
position of the resultant 

109. To obtain the equation of this resultant, it may be 
observed that its line of direction will, in jgeneral, intersect 
the axis of y at a certain point B {Fiff. 66), and that the form 
of its equation will therefore be 

y=ir tang D+AB (66) ; ^ 



and since the oitgle which the resultant makes with (he axis 
of JT is denoted by a, we have D=a, and conseijueiitly 
__cos 6 R cos b Y 
cosa~R cos a~ X 
The value of AB may be obtained from the equation 

OA=ABxcosOAB. 
But the angle OAB is equal to the angle D, since they are 
both complements of OAD. The angle OAB can therefore 
be replaced in the preceding equation by D or a ; and since 
the Une AO is the perpendicular from the origin on the direc- 
tion of the resultant, it will represent the quaniiiy denoted 
by r ; we shall thus obtain 

r= AB cos a ; 
and consequently, 

AB=~—. 

cos a 

Substituting the values of AB and tang D in the general 
equation (55), it becomes 

'^~X"^+eos a "X^'^'R cos a~X^~^ X ' 
whence, by transposition and rednction, we fiiid 

yX— zY=Rr; 
or, replacing Rr by its equal e(P^), the equation of the 
resultant finally becomes 

110. When an equilibrium subsists, X and Y are equal to 
zero, and the equation reduces to s[Pp)=0, corresponding 
with the result previously obtained, 

111. The data requisite for the determination of the 
resultant being, 1°. The intensities of the several forces ; 2^. 
The angles on which their directions depend ; and 3''. The 
co-ordinates of their points of application, it will prove con- 
venient to transform the equation (54) into another, in which 
the quantities p, p', ^", itc. shall be replaced by the co-ordi- 
nates of the points of application. To effect this transforma- 
tion, let the origin of co-ordinates be assumed at A {Fiff. 67), 
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and let x, and y denote the co-ordinates of the point M to 
which a force P is applied : the intensity of this force being 
represented by MP, its components parallel to the axes of x 
and y will be respectively 

MN=sP cos «, 

MCl=P cos /9. 

From the point A demit the perpendiculars AO, AP, and AE 
on the prolongations of the force MP and its two components; 
we shidl then have 

OAxMP=the moment of the force P, 

APxMN=the moment of the component P cos «; 

AE X MQ,=the moment of the component P cos /s. 

But if we regard the forces as pushing the point M, the 
resultant MP and the component P cos « will tend to produce 
rotation in the same direction about the point A. Their 
moments may therefore be affected with the positive sign-; 
while the component P cos iS, tending to turn the system in a 
contrary direction, must be affected with the negative sign. 
We shall thus^pbtain the equation 

Pp=yP cos «— arP C09'/8. 
For a similar reason, 

Fp'=3^F cos J-sfY cos 18', 
Fy =3^'F' cos m"—x"V" Cos fl', 
ice. 4dc. &c. ; 

and by substituting these values in the equation of the mo- 
ments (54), it becomes 

P(y cos m—x cos /8) +F(y' cos »'— a/ cos fif) +&c. =0 (66) : 

we shall therefore have for the equation of the resultant, when 
the system is not in equilibrio (Art. 109), 

yX— a:Y=z[P(y cosit— x cos/8)]. 

112. In determining the signs of the moments in equation 
(64), we had recourse to the rule explained in Art. 103, which 
is somewhat foreign to analytical considerations ; but when, 
by a transformation, this equation takes the form indicated 
above (66), the signs of the moments will be immediately 
determined by an application of the rule in Arts. 37 and 38, 
regard being had to the signs of the co-ordinates. Thus, let 



P l)c a force wimsc po.'-itirjii willi rcsi)ecl to llie co-ordmale 
axes is rhat rerire'^-.iLU-d in ^Ft-, 58j. The value of lis mo- 
meni, U'lii^in ^cJitral I'(j/cos«— j- cns3), will become appli- 
caMr to ilie pariicular case, hy iimkiiis j- nesaiive, y iKisitive, 
cnsa negative, cos j3 negative : tiius, wijen tlie si;jns are con- 
sidered, the moment Ijecomes 

P( — y cos <t—x cos p}. 

113. It should be remarked, however, liial we here adopt 
tacitly an hypothesis relative lo the sisns, which consists in 
retfarding a moment as jtosiiive, when the direction of ihe 
forte CD {Pig. ^7] iiilersecta the axis of y positive, and liien 
cuts the axis of J- negative. 

114. The eiiiiatinns of equilibrium (W), (."fH. and i,51j 
jniiily the coiiditiun thai the system may hn reduced to two 
forces ei^u;il in iiilciisity and direcily opposite. For, if we 
denote by P cos «, P' cos «', Ac. tlie eompnnriUs acting in one 
direction parallel to tlie axis of j-, and by P" cos«", P'" cos«"', 
&.C. tlie components which art in a contrary direction, the 
efjnatiun (4',t) niiiy bo put under llio form 

P cos «-f P' COS«'-f &C. ^P"CI1S a"--P"' cos a" -f-Ac. 

Hilt the forces P cos «, P' cos «', Ac Iwing paralli'l, may be 
compounded into a sinu;Ie fiirce X', equal to their sum and 
parall''l lo them : and the forces P" cos «", P"" cos «"'. iie. 
may In like manner be replaced Ity a single fiiree X" : the 
enure system will thus de reduced to the two forces X' and 
X"; parallel and equal, but havine; contrary direclions. 

By a similar coniposilioii, the forces panilkl In the axis of ji 
may lie reduced to two resultaiil.-^ V and V '.equal to each 
other, and having opposite direciions. 

The forces X' and Y' being then Lipplird ai the point M, 
where their directions iulersuct (P/o-. 591. and the forces 
X" ,tnd T" at thi'ir point of mter.seeiion N, we can construct 
the rectangles MA and -\iS, whose sides MC, MP. M',. and 
^V .'^hall represent the forces X'. W X". \" : nnd since the 
homolo^fons sides of thee reclaiiulrs are equal, llioir diago- 
nals MA and NH will also lie equal and parallel. 

The eijuations X-O, Y 0, iherefore, express Uinl fovees 
situated in a plane may lie reduced to two MA and .N I!, equal, 
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parallel, aad acting in contrary directions ; but tliey do not 
express the condition that the two forces are directly opposed 
That this may occur, the equation £(Pp)=:0 is likewise neces- 
sary : fbr, calling R' and R" the twd equal forces AM and BN, 
and /, f* the perpendiculars .OP and Od demitted from the 
point O, since R' and R' act in contrary directions, their mo- 
ments must be taken with different signs, and the equation 
2(Pp) =0 wjjl be replaced by the following : 

Ry— RV=0. 

But the intensfties of R' and R" being equal by hypothesis, the 
common &ctor will disappear from the equation, and it will 
then become 

thus, the difference of the right lines QP and Od will become 
equal to zero, and the points P and CI will therefore coincide : 
hence, the forces MA and NB will be directed along the same 
right line. 

It also appears that when the condition s(Pp)=0 is not 
fulfilled, and we have simply X=0, Y=0,the system may 
be reduced to two parallel forces similarly situated to those 
considered in Art. 74. 

116. If, on the contrary, the condition s(Pp) =0 were alone 
satisfied, an equilibrium could not subsist ; for the .quantities 
X and Y having certain values, a resultant might be found 
whose intensity would be determined by means of the 
equation 

R=^(X«+Y«). 
In this case, the equation £(Pj9)=0, or its equivalent Rr=0, 
can only be satisfied by making the factor r equal to zero ; 
hence, the centre of moments must necessarily be found on 
the line of direction of the resultant R. 

116. If there be a fixed point on the line of direction of the 
resultant, the equSibrium will be still maintained, and the 
centre of moments being placed at this point, the condition 
s(P/>) =0 will be satisfied ; if, for example, the forces P, F, P^, 
&c. be supposed applied to the different points of a solid body, 
and if the point C through which the resultant paases be im- 
moveable, the effect of this resultant will be entirely destroyed 




ty^ the leactioB of the fixed point and the condition 2:(P/>)=^ 
will be alone sufficient to ensure the equilibrium. It will 
ai^iear hereafter that the intensity of this resultant is a 
measure of the pressure sustained by the fixed point. 

117. If the system can be uriuoed to two parallel forces, 
equal in intensity, but not directly opposed, the addition of an 
arbitrary force S will render it susceptible of a single result* 
ant. For the new force S must necessarily be either par- 
allel or inclined to the direction of the forces ; in the first case 
(Pig. 60), it may be decomposed into two paraMel components 
P' and Q,' applied at the points A and B(ArL 73), and the sys- 
tem of three forces P, Q, and S will be replaced by the two 
unequal forces P+P iq>plied at A, and Q— Q' applied at B ; 
these two forces will obviously have a single resultant. 

If the new force S \s not parallel to the other two, its 
direction may be prolonged {Pig. 61) until it intersects the 
direction of one of them at A'. This point being the;i taken 
as the point of application of the forces P and S, they may be 
compounded by constructing a parallelogram on their lines 
of direction, and the direction of their resultant will intersect 
that of the force QL with which force this resultant may be 
combined. . *■ 



Of Porces (icting in any manner in Space. 

118. Let F, F', F", &c. represent different forces situated 
in space; 

^7 yft ^% ^^ co-ordinates of the point of appUcatiqn of F, 

ir", y", 2!\ those of F', 

a^", y"', !xf", those of F", 

^. &c. ^. ; 

«', js', >/, the angles formed by F with the axes of co-ordinateS| 

<»", j9",y'', those formed by P" with the axes, 

-»% B'", y", those formed by P'" with the axes, 

tmz. 6cc. &c. 

Let us investigate the conditions of equilibrium in this sys- 
tem, and endeavour to discover if these conditions cannot be 
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rendered dependent on those which have been obtained in 
the preceding crises. We first attejnpt to decompose all the 
forces of the system into two groups, one of which shall con- 
sist of parallel components, and the second offerees situated in 
the same plane. Since the a^es of co-ordinates may be as- 
sumed arbitrarily, we will endeavour to decompose the forces 
in such manner that a certain number of them may be in 
the plane of a;, y, and the remainder be parallel to the axis 
otz. 

119. If in t^ie given system there be no force parallel to 
the plane of a;, y, the proposed decomposition may be readily 
effected ; for,let one of the forces be represented by P', its 
point of application being at M' {Fig. 62) ; prolong the line 
of direction of this force until it intersects at C the plane of 
Xj y,.and transferring the point of application to C\ decom- 
pose the force P into two others, one CL parallel to the axis 
of z, the other C'N in the plane of ar, y. 

130. But if the force P' is parallel to the plane of x, y, a 
similar decomposition cannot be effected, and some other 
mode of decomposing the forces must therefore be adopted. 

For this purpose, let there be drawn through the point M' 
{Fig. 63) a line parallel to the axis of z, and to^the point M' 
let there be applied along this line, and in contrary directions, 
the two forces M'O and M'O', having intensities equal to g' 
and —g' respectively. The introduction of these forces 
cannot disturb the condition of the system, since the two 
mutually destroy each other ; and we shall then have applied 
at 'the point M' the three forces F, ^, and — g^'. 

The force P may then be compounded with — ^, and by 
calling their resultant R', we can replace in the system the 
force P, by the two forces R' and g'j each of which must ob- 
viously intersect the plane of x, y. 

121. Let the force R' be now applied at (7, the point in 
which its line of direction intersects the plane of x, y, and let 
it be decomposed into two components, one situated in the 
plane of :r, y, and the other parallel to the axis of z. The 
force P will thus be replaced by a force applied at C, and 
lying in the plane of :r«y, and by two others parallel to the 
axis of ;r, one applied at C, and the other at M^ 

122. The co-ordinates of the points of application being 

6 
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(W); 



necessary to express the conditions of equilibrium^ those of 
the point C must be determined. 

l^e equations of the resultant R' which parses thiongfa thd 
point ir', y'; ^r'jhave been found (Art 67) to be of the form 

in which X, T, and Z represent the projections of R' on die 
co-ordinate axes. These projections being equal to the com- 
ponents of R' parallel to the axes, the quantities X^ Y, and Z 
may be replaced by the values of the three components. But 
R' being the resultant of P and— ^, we may substitute for 
P its three components F cos «', P' cos jB', P cos >/; and R' 
will then be the resultant of the four forces 

F cos •', P' cos /}', P cos y'j — g^. 

These forces acting parallel to the axes of co-ordinates, we 
shall have 

X=Pcos-i', Y=:Pcos/J', Z=Pcoey'— ^; 

and by substituting these values in equations (S7), we obtain 
for the equations of the resultant R^ 



Pcos 
. P cos y'— fl^/ -. 



(68). 



123. To obtain the co-ordinates of the point C (FHg. 63)^ 
at which the right line R' intersects the plane of or, y, we 
make z^^O in the equations (68) ; and denoting by a, and b, 
the other two co-ordinates of the point C, we shall have 

Fcosy'-g' 
P COS y'—e',. J, 
from which we deduce 

_ ■ ZV COB m' 

' ^ Fcoi v'—ef 



(89): 
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these are the values of the a>ordmates of the point (7, at 
which the resultaat B' intersects the plane of x, y. 

124 The force R', being represented in intensity by the 
line M'R' {J^* 6^)9 outy be supposed applied at C'^ in its line 
of direction. Then making CD'sM'R', and decomposing 
Ciy into three rectangular forees, implied at C and parallel 
to the co-ordinate axes, these components will be equal to 
those of the force M'R' ; and the point C may therefore be 
oonsidered as solicited by the three forces P cos « , P cos /i', 
and P cos y — ^^ the two former being situated in the plane 
of or, y, and the latter parallel to the aads of jzt. Thus, instead 
of the force P applied at M', we shall have 

the force g' applied at M', parallel to the axis of jt, 
the force P cos y-^g applied at C, parallel to the axis of z^ 
the force P cos « applied at CT, and acting in the plane of Xy y, 
the force P cos /s' applied at C, and acting in the plane of x^ y. 

126. By adopting a similar method of decomposition for 
the forces P', P", d&c., employing the auxiliary forces g"^ g'^^ 
&c., applied at the points M", M''', &c., the system will be 
reduced to two groups of forces, of which one will have its 
components parallel to the axis of z, and the other will be 
situated in the plane of :r, y. 

The forces parallel to the axis of z will be 

5^', 5^", g'% &c., 
applied at the points M', M', M'", &c. ; and 

Pcosy'-g^; P cos y '--«^', P"C0Sy'"-5^,&C., 

applied at the points CT, C, C", d&c. 

And the forces lying in the plane of x, y,^ will be 

P cos »', P' cos »", P" cos #'*, &c., 

applied at the points CT, C", C^, &c. ; and 

Pcos/s', PcosB", P" cos /fl", &c. 

applied at the same points C, C, C'\ &c. 

126. It will now be demonstrated that when an equilibrium 
subsists in the system, it will be necessary, 1^. that the forces 
parallel to the axis of z should be in equilibrio ; 2^. that the 
forces acting in the plane of jr, y, should also destroy each 
other. 



n 



64 8TAT1CS. 

For since the equilibrium is supposed to subsist, the stale 
of the system will not be changed by supposing a line C'C" 
assumed arbitrarily in the plane of x, y {Fig- 65) to become 
immoveable. The forces situated iu this plane will then be 
destroyed by the resistance of the fixed line. For, every 
force ill the plane of x^y must intersect the fixed line, or be 
parallel to it. In the first case, let the force be represented 
by AB, and prolong its line of direction unhl it intersects the 
fixed line at a point O: this point being supposed immove- 
able, the effect of the force AB, which is transmitted to the 
point, must be destroyed. Again, if the force be parallel to 
the line CC", its point of application E cannot be moved 
without communicating a motion to the line CC" which by 
hypothesis is immoveable, Tlie effect of this force must 
therefore be destroyed by the fixed Unc. Thus, the forces 
lying in the plane ot' x, y being destroyed, the system will be 
reduced to the group parallel to the axis of ;:. These latter 
forces would obviously tend to turn the system about (he 
fixed line C'C, unless tho forces should be i» equiiibrio, or 
their resultant should pass through the fixed line. But the 
position of tliis hnehaving been assumed arbitrarily, it cannot 
happen that the resultant of the forces parallel to the axis of 
a will always pass through this line. These parallel forces 
must therefore be in cquilibrio. 

The group parallel to the axis of z being in equilibrio, the 
forces lying in the plane of x, y must mutnally destroy each 
other, since the equilibrium of the entire system could not 
otherwise be preserved. 

137. The problem is thus reduced to finding the conditions 
of wjuilibrium, V. of a system of forces parallel to the axis of 
2- ; 2". of the forces acting in tiie plane of x, y. 



Coiidilions of EqnUibriiim of the Forces paralld to the 

128, These conditions being the same as those enunciated 
u Art. 87, the following quantities must be equal lo zero, — 
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1°. The sum of the forces parallel to the axis of z ; 

2^. The sum of the moments taken vtth reference t6 the 

plane of y, z ) 
Z^. The sum of the moments taken with reference to tba 

plane of ir, 2;. 
The first of these conditions gives 

F cos y-5^'+g^'+F' cos y'-^+g' 
+F" cpsy'"— g-'"+5'"'+&c.=0; 
or, by reduction, 

F cos y +F cos y'+F" cos y"'+&c,=0 (60). 

The second condition requires the consideration of two dif* 
ferent sets of moments. 
V, Those of the forces g\ g^", g-% &c., applied at the points 

m; m", m'", &c. 

2°. Those of the forces F cos y'— g^, F' cos y—g"^ 
F" cosy "— §•'", <kc., applied at the points C, JO", 0", ike. 

The moment of the force ^ applied at M' {Fig* 66), 
taken with reference to the plane of y, jzt, isg^'xHTf': bat 
M'N'=KD'=ar' ; the moment therefore becomes g'x. 

The moment of the force F cos y'—g applied at C, taken 
with reference to the same plane, is evidently (F cos y — g^ 
XE'C, or (F cosy --g-')a, ; and the sum of the moments of 
the two forces will therefore be represented by 

g^a:'+(Fcosy'-g^X 

Substituting in thiii expression the value of a^ (59) deter- 
mined in Art. 123, we obtain 

performing the multiplications indicated, and reducing, we get 

a/F cos •— ^r'F cos •'. 

By a similar process, the moments of the parallel forces 
applied at M", M'", C", C", &c. may be obtained, and being 
collected into one sum, the equation expressing the second 
condition of equilibrium becomes 

F(a;' cos y^si cos J) +F(a/' cos y^-^sf cos O 
-^-Y'^tT cos y *'—;»" cos O +<SW5. =0 (61). 

To obtain the third condition of equilibrium of parallel 

E 
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forces, we fiad the moment of the force ^ applied at M', 
taken with refer^ice to the plane of x, x, and that of the force 
P" cos y — ^ applied at C, taken with reference to the same 
[riane : the first of tiiese will be equal to g-'xM'L'=^xB'G' 
=g'V-y'\ the second will be (P' cosy'— ^')6, ; and their sum 
will be expressed by 

Substituting for h, its value (69) found in Art. 123, and re- 
ducing, we obtain 

yP" cos v' — *'P" cos |8'. 
And by finding the moments of the other parallel forces, 
taken with reference to the plane of x, z, we shall have for 
the third condition of equilibrium, 

Fiy cos y'—z' cos ^) +P"(y" cos y—z" COS |S") 

•V +P"'(y"'c^v"'-2"cosn4-&c.=0 (62). 

Conditions of EqniXxhriuin of Ike Forces situated in the 
Plane of x, y. 

129. These conditions being such as arise when the forces 
act in the same plane, it is necessary, 

1°. That the sum of the components parallel to the axis 
of X should be equal to zero. 

2°. That the sum of the components parallel to the axis 
of y should be equal to zero. 

3°. That the sum of the moments of the forces taken with 
reference to the origin should be equal to zero. 

The first two conditions are expressed by the equations, 

P cos«'4-P' cos ."+P"' co3»"'+4;c.=0 (63), 

P'cos/s'+P"coS(8"+F"cos(S"'+ttc.=0 (64). 

With regard to the third, it may be oh -erved, that the two 
forces F cos •' and P' cos /s' are applied at the point C {Fig. 
67) ; the moment of the first, being taken with reference to 
the origin A, will be 

P' cos -' K AE' =P cos «' X C'F'=P' cos .' . 6, ; 
in like maimer, the moment of the force F cos p', taken with 
ref^ence to the origin A, will be 

P' cos ^' X AF' =P' cos |i' X E'C'=P' cos p' . a . 
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Those momeots should be taken with contrary signu, sinpe 
the two eomppneats P cos « and F cos )i' tend to turn the 
system in contrary directions about the point A. Thus, hy 
regarding that momeni as positive in which the component 
F cos J enters, the sum of the moments may be written 

F cos i»'x6,— F cos ^' Xa, \ 

substitutipg in this expreesion the values of a^ and h, (69]^ 
we get 

V^j(^ zTVcos/' \ p,^^Y. ar'Fcos-'X: 
^ "^"^V-T^^T^Y) -^ ^^^ - Fcosy--g ) ' 

and by performing the multiplications, and reducing, we 

obtain 

j^F cos »— x'F cos ^'. 

The moments of the forces applied at C", C", &c., being found 
in a similar manner, the third condition of equilibrium of the 
forces which lie in the plane of x, y becomes 

FCy' cos «'— «' cos iB') +P"(y" cos «"— ar" cos /•") 
+F"(y"' cosi."— ;r"' cos^'')+4^c.=0 • - • • • (66> 

130. The six equations of equilibrium (60), (61), (68)1 
(63), (64), (65), may be written under the following form : 

s(Pcosii)«0^ 

s(Pco»45iO>.....(66), 

s(Pcosy)=0^ 

3J[P(y cos «— ir cos /a)] =0 i 

' 3fP(« cosy— 2? cos *)]=0 > (67). 

i(P(y cos y — J8? cos 6)] =0 J 

131. If there be a fixed point in the system, the six equa- 
tions will not be requisite to express the conditions of equi- 
librium. For, if the origin be placed at the fixed point, the 
aquilibrimn will subsist between the forces acting in Ae plane 
of x^ y, when the system has no tendency to turn about this 
point This condition will be fiilfilled when we have 

s[P(y cos «— a? cos |8)]=sO. 

It remains to discover the conditions of equilibrium of the 
forces parallel to the axis of z. Let r,, y,^ and be thfs co- 
ordinates of the point at which the resultant of the paralM 
forces intersects the plane oix^y] the moment of this result- 

£2 
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ant taken with reference to the planes of x, z, and y, jt, will be 
equal to the sum of the moments of the several forces taken 
with reference«io the same planes ; whence we have 

Rar,=s[P(^ cos y— 5? cos <»)], 

Ry,=i:[P(y cos yz cos f)]. 

If an equilibrium subsists between the parallel forces, their 
resultant must pass through the fixed point, which, by hy- 
pothesis, coincides with the origin of t^-ordinates, and we 
therefore have 2r^=0, y,^0. The preceding equations will 
thus be reduced to 

2[P(ar cos y — 5? cos «)]=sO, 

5:[P(y cos Y—z cos/s)]=0. 

We therefore conclude that when the system contains a fixed 
point, the equilibrium will subsist, if Uie equations (67) are 
alone satisfied, the origin being taken at the fixed point. 

132. When the system contains two fixed points, one of 
the co-ordinate axes may be drawn through them ; this axis 
will thus become fixed, and the system can only be subject to 
a motion around it A similar case will be examined in the 
succeeding paragraph. 

133. When there exists a fixed axis about which the system 
may turn, this axis may be assumed as the axis of Zj and the 
forces parallel to it will produce no eflfect The remaining 
forces are situated in the plane of ^, y. But the condition of 
equilibrium of these forces require^ that their resultant should 
pass through the point A {fHff. 67), which point is immove- 
able, being on the axis of z ; and the condition of the result- 
ant^ passing through A is expressed, as above, by the equation 

2:[P(y cos,*— ar cos /a)]=0. 

This equation expresses that the system is in equilibrio, 
when the axis of z is supposed fixed. 

134. If we suppose, successively, the axes of y and x to 
become fixed, it may in like manner be demonstrated that 
the system will be in equilibrio, in the first case, when 

5:[P(ar cos y—z cos i»)]=0, 

and in the second, when 

i[P(y cos y—z cos /8)]=0. 

135. When the body is capable of sUding along the fixed 
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t 

axis, sapposed to be that of z, an additional condition of 
equilibrium becomes necessary ; this condition is expressed 
by the equation 

t(Pcosy)=0. ** 

136. By comparing the conditions of equilibrium of a sys- 
tem moveable about a fixed axis, with those which obtain « 
when the sjsftem turns about a fixed point, we infer,^ T%at 
an equilibrium vriU takeplace about the fixed point totn/^ by 
regarding the axes passing through this point as fixed in 
succession^ the equilibrium is maintained toith reference to 
each of them, 

137. If the forces be supposed to act against a fixed plane^ 
which may be assumed as the plane of x, y, the components 
perpendicular to it will be destroyed by the reaction of the 
plane, and the conditions of equilibrium will thus be reduced 
to those of forces acting in a plane ; we consequently have 

£(P cos «)=a, 

s(P cos j8)=0, 

s[P(y cos «— a? cos /9)]=0. 

138. If a body be supposed placed on a fixed plane, being 
at the same time liable to be overturned by the action of the 
forces exerted upon it, we must add to these three equations 
the condition, that the resultant of the perpendicular forces 
shall pass through a point in which the body touches the 
plane, or that it shall intersect the plane within the polygon 
formed by connecting the points of contact. 

139. The discussion of this subject will be terminated by 
the solution of the following problem : To find the analyti- 
cal condition expressive of the existence of a single retmU- 
ant of any number of forces situated in space. The syste^i 
will admit of a single resultant, when the resultant of the 
components parallel to the axis of z intersects the plane of 
jT, y, in a point situated on the resultant of the forces lying 
in that plane. To express this condition, we remark, that in 
case of an equilibrium, the following relations must subsist 
between the forces parallel to the axis of z (Art. 128) : 

P cos y+F cos >'+F cos y''4-&c.=0. 
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P(a- COS y—Z COS «) + P(2-' COS y'-ai COS -l '••f 

+r"{y COS y"-z" COS «")+&C.=0. -' 

P(y cos y-2r COS s)+F(y' cos y'-^ COS ^ 

+P' (y" cos y" —z" cos a")+ifcc. =0, 

If we consider P cos y, the first of these forces, as equal 

and directly opposed to tlie resultant Z of all the others, we 

flboll have Z= — P cos y, and 

•, — Pc08v=Fc0Sy'+P"C08v"+&C. 

— P(a: cosy— s cos «)=P'(i' COSy' — S* C0S«') 

+P'(y cosy"— s" cos ,")+(S!:C. 
— P(y cosy— a cosa)=P(y cosy'— a" cos ^') 
+P"(a:" cosy'— a" cos^")+&c. 
The point of application of the resultant being supposed in 
the pleine of x, y, let x„ y„ and be the co-ordinates of this 
point ; these values, being substituted in tlie first members of 
the preceding equations, give 

P COSy=P' COSy' + P" COS y"-|-»kC., 

— P cos vX, = V'{x' COS y' — Z COS*') 

+ V {x' COS y'—z'' COS «") + &*-, 

— P' COS yy, = P'(y' COS y'—z' COS «") 

+P"(y"cosy" — z" cosfl')+&c. ; 
and denoting by M and N the second members of the two 
last equations, and replacing the factor — P cos y by its value 
Z, we obtain 

Z=P' cos jZ+dlc., 
Zr,=M, 
Zy,=Ni 
whence we deduce 

M N 

Having thus obtained the values of the co-ordinates of the 
point at which the resultant of the parallel forces intersects 
the plane of x, y, it remains to express the condition that this 
point shall be found on the direction of the resultant of those 
forces which are situated in the plane of x,y; the equation 
of the latter resultant (Art. Ill) is 
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Xy— Ya;=s5:[P(y oos m- ^x cos /s)] ; 

and putting, for brevity, 

x[P(y cos •— « coj /})]»L^ 
it becomes 

Xy-Y«=L; 

replacing x and y in this equation by the values of x^j and y^ 
detennined above, the required condition will be expressed, 
and we shall obtain - 

XN YM , 

or, by redaction^ 

XN=LZ+MY (68). 

If this equation be satisfied, the system will admit of a single 
resultant, except in the case when 

X=0, Y=0, Z=0. 

140. When the forces are situated in the same plaUv 
system will in general admit of a single resultant ; for Xu 
quantities M and N which represent the sums of the moments 
taken with reference to the planes of x, Zj and y, z, being 
equal to zero, as also the quantity Z which expresses the 
sum of the components F cos y', F' cos y", &C., the equation 
(68) will be satisfied 

141. It appears from Art. 114 that the equations X=0 
and Y=:0 express the condition that the forces lying in the 
plane of x, y may be reduced to two equal resultants R' and 
R'^, parallel to each other, and acting in contrary directions. 
By a similar process, the forces parallel to the axis of % may 
be reduced to two, Z' and Z'', equal and acting in contrary 
directions. Hence, when we have* simply the conditions 
X=0, Y=0, and Z=0, the system may be reduced to four 
forces R', R", Z', Z". These may be still further reduced to 

two equal forces, having parallel and contrary directions. 

Uieory of the prindpcU Plane, and Analogy existing be- 

tween Projections and Moments. 

142. The theory of the principal plane, which presents 
results so nearly allied to those obtained in the theory of mo- 
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ments, is of such impSrtance in the higher branches of me- 
chanics, as to forbid its omission in an elementary treatise. 
It is founded on a theorem demonstrated in the elemenUiry 
• treatises on the Differentifd Calculus, which may be enun- 
ciated as follows : The projection of a plarii surface upon a 
plane is equal to the area of this surface midtiplicd by the 
cosine of the angle of inclination. 

It follows, from this theorem, that if r represonUlbe angle 
^ formed by two planes, and a the area of a surface siliialed iu 

r the first plane, tlie projection of this area on the s«cohd plane 

I will be expressed by A cos ?>. But the angle (ainbtaded be- 

Itween the two planes MP and EN (Pig- 68) is equal to that 
included between the two perpendiculars demiijleii flom a 
point C on these planes. If one of these planes, EN for ex- 
ample, be supposed that of x, y, the perpendicular AH will 
become parallel to the axis of i. Thus the angle formed by 
the plane MP with that of x, y,\s measured by the angle in- 
cluded between the perpendicular BK and the line AH par- 
allel to the axis of ^. 

In general, if s, p, and y represent the angles formed by 

the perpendicular to a given plane with the three co-ordinate 

axes of ar, y, and z, these angles will measure the inclinations 

of the assumed plane to the planes of y, z, x, z, and x, y, re- 

• spec lively. 

\ 143. Let a, p, y, and ., t, i", represent the angles formwl 

* respectively by any two planes with the three co-ordifta(e 

■ planes, these angles being equal to those formed by tiie pef- 

^ pendicuiars to the given planes with the axes of co-ordinates. 

t • By introducing the cosines of these angles in the formula 

expressing the value of the cosine of the angle included be- 

r • tween two lines, the value of their inclination p may be 

' determined. 

If we draw through the point C (Mg. 69) the lines CA 
and CB perpendicular to the given planes, these lines will 
contain between them the angle ^, and its value will result 
ftom the formula 

' cos ^— cos I cos«-|-cosi'cos^-|-cos»"cos y (71). 

I 144. When the angle ^ is a right angle, its cosine will be 

[ ';(|ual to zero, and the equation becomes 



^^m 
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COS f COS M+COS / COS |3+C0ft t* COS ^=sO. 

146. Prom the formula (71) we deduce a very remarkable 
property of projections. For, let thefe be two planes, the first 
of which forms with the co-ordinate planes the angles a, 6, 
and c, and the second the angles «, /9, y ; the angle ^ included 
between these planes being deduced firom the formula (71), 
we have 

cos f =scos 41 cos «+cos b cos /3+cos c cos y. 

But if we represent by a the area of a plane surface situated 
in the first plane, the preceding equation being multiplied 
by A, gives 
A Cos ^ssA cos a cos «+A cos b cos fi+x cos c cos y (72)» 

The product a cos ^ is equal (Art. 142) to the projection of the 
area a on the second plane, and the products a cos a, a cos bj 
and A cos c are, in like manner, the projections of the same 
area on the co-ordinate planes. 

146. The equation (72) therefore gives rise to the following 
theorem : TTie projection of a plan^ surface on any plane is 
equal to the sum of the products of its projections on each of 
the co-<}rdinate planes, multiplied respectively by the cosines 
of the angles «, /3, and y, which measure the inclinations of 
the plane of projection to the coordinate planes. 

This theorem becomes much more general, if, instead of the 
area a lying in a single plane, we consider several areas 
>, a', a", &c. situated in different planes, and projected on a 
plane whose inclinations to the co-ordinate planes are de- 
noted by «y /», and y : to avoid repetition, let us call the plane 
of projection «, /», y, and denote by 

p and ) the inclinations of the ( to the plane «, j8, y, and 
a, &y c, > area a ( to the co-ordmata planes, 

^ and ) the inclinations of the ( to the plane «, jB, y, and 
a', 6', cff S area a' ? to the co-ordinate planes 

^' and ? the inclinations of the ( to the plane «, /s, y, and 
a", V, c", } area a" ( to the co-ordinate planes, 

6cc, &c. &c. 

By a method similar to that in which equation (72) was 
obtained, we can obtain similar expressions for the projections 
of the different areas; thus, ^ 
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A COS <p =A COS a COS ■ + A COS b COS e 4-A COS C COS V, , 

a' cos jB'— a' cos a' cos.+a' cos b' cos^ + a' cos d cos v, 
a" cos^"=a" cos a" COS «+a" cos ft" cos^+a" cos c" cos j^ 
&c. &c. &c. &c. i 

whence, by addition, 

A cos ^ + a' cos^'+*" cos^" + itc. 1 

=(acos a+A' COS a' + A"cos a" + ifcc,)cos* I „ 

+ (a cos i+V cos A' + A" cos 6"+»kc.)cos ^ [ ^ '' 

+ (A COS c + a' cos c' + a" cos c"+tfcc.)cos y J 
The first member of this equation is the sum of the pro- 
jections of the areas a, a'^ a''^ Jtc. on the plane a, *, y ; and ihe 
terms included within the brackets express the sums of the 
projections of the same areas on the co-ordinate planes. We 
therefore conclude that the enunciation of the theorem in 
Art. 146 will, in the present case, require to be so modified, 
that we may substitute in the place of the plane area », a sur- 
face composed of any number of plane areas », j,', *", »tc, 
situated in different planes : this modification renders the 
theorem much more general. 

147. For the purpose of simplilying the last equation, let 
us denote by P the siim of the projections of the areas 
A, a', a", A;c. on the plane a, 3, y, and by A, 8, and C the re- 
spective sums of the projections of the same areas on the three 
co-ordinate planes ; the equation will thus be reduced to 

P=A cosa + Bcos^-fCcosy (74) 

148. It should be observed, in taking the sums of these pro- 
jections, that the cosines of the angles which enter into the 
expressions are positive or negative,according to the values 
of o, b, c, a', b', c', &.c ; thus, these sums will occasionally be 
changed into differences. For this reason, we should under- 
stand the enunciation of the general theorem as being appli- 
cable to the algebraic sums of the projections. 

149. Let the areas a, a', *", &.c. be now projected on two 
other planes which form with the co-ordinate planes the 
angles a', ^, y', «", fi", ■/' ; and denote by P' and P" the sums 
of the projections of », a', a", &.c. on the planes ■', u', y\ 
■", iJ", y, respectively ; we shall obtain equations similar to 
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(74), and if we represent, as above, by A, B, and C, the snnus 
of the projections of a, x', x", &c. on the co-ordinate planes, 
we shaJl have 

P =Acos« +Bcos^ +Ccosy ^ 

V =Acos*' +B cos^ 4-C cosy' > (76). , 

F =A cos «"+B cos i«"+0 cos y" ) 

150. If the planes upon which the projections P, P', and 
P'' are. made be supposed rectangular, their intersections 
will be perpendicular to each other, and. may therefore be 
regarded as three rectangular axes, which intersect at a 
point O ; consequently, by representing these new axes by Oar' 
Oy', and Ozf^ they will be respectively perpendicular to the 
new planes of co-ordinates ; but the axes of x, y, and z were 
likewise perpendicular to the primitive co-ordinate planes ; 
hence, the angles formed by the primitive axes with the new, 
will be measured by the inclinations of the primitive co- 
ordinate planes to the new. These angles of inclination are^ 
by hypothesis «, ^ y j *', ^', y' ; *", ^', y" ; and since each of 
the primitive axes corresponds to the same letter although 
differently accented, we find that 

The axis of x forms with the new axes the angles «, * , a", 
T1|Q axis of y forms with the new axes the angles js, jB', /8*, 
The axis of z forms witli the new axes the angles y, y', y"' 

The following relations will therefore subsist between the 
cosines of these angles, 

cos" «-|-cos* *4-cos' «"=! i 

COS« +COS" ^+cos« /9"=1 > (76). 

cos* y-f-cos* y'+cos" y'=l y 

Again, since the angle formed by any two of the primitive 
axes is a right angle, we shall obtain (Art. 144) 

cos A cos /8-j-cos * cos /S'-i-cos «' cos /8"=0 ^ 

cos* COSy+COS * cos y'+COS a" COS y"=0 > (77). 

cos /0 cos y-f COS fif COS y +COS /' COS y^ssQ J 

151. If we take the sum of the squares of the equations 
(75), reducing by means of (76) and (77), we shall obtain the 
relation 

pi +Ft +p;t = A" +B« -f C« (78) ; 
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which expresses that the sum of the squares of the projec- 
tions of the areas a, a', a", &-C, on any three rectangular planes 
is a constant quantity. 

152. Several important consequences, may be deduced 
from this theorem : thus, if we resolve the equation [78) with 
reference to P, we tind 

p=^{A"+e=+C=-P"— P">). 
The value of P will evidently be greatest when P' and P" 
are equal to zero. In this case, (he sum of the projections of 
A, a', a", &c. on the plane «, fi, y, will be given by the equation 

P-V'(A'+B'+C') (79). 

But the angles n, «', ■", being the angles formed by the primi- 
tive axis of JT, with the three new axes, we must have the 
relation 

A^P cos .-1-F cos ..'-i-F' cos d" ; 
and by considering the oiher angles, we obtain in like manner, 

B=P cos ^-l-F cos ^-t-P" cos B", 

C = P co3>+P' cosj.'+F' cos/'. 
if we suppose, as above, the quanlities P' and P" lo be equal 
to zerOj the preceding equations reduce lo 

A=P cos ■, B-P cos A C=P cos r (80). 

whence, 

A „ B C 

cos " = 5^1 COS ^= p, COS > = 77, 

and by substituting for P its value given in equation (79), 
we find 



"" v^(A'-|-B'+C^) 

'=°^^ = ^(A'+B=4-C=)" [ ^^'' 

C I 

These angles express the inclinations of the plane of maxi- 
mum projections, which is called the principal plane. 

The determination of this plane being dependent only on 
the angles «, B, y, the same property will be enjoyed by every 
parallel plane. 
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153. It may also be demonstrated that the sum of the pfo- 
jections of the areas a, a', a'', &c., on every plane which is 
equally inclmed to the principal plane, will be equal to a con- 
stant quantity. For, let Ct be the sum of the projeetions«on 
any jdane whose inclinations to the co-ordinate planes are 
denoted by a, b, and c : if we represent, as heretofore, by A, 
By G the projections of these areas on the co-ordinate planes, 
we shall have 

Q=:A cos a+B cos 6-l-C cos c ; 

but if A, ^, y denote the inclinations of the principal plane, 
the equations (80), which are 

A=P cos *, B=P cos /8, C=P cos y, 

will reduce the preceding equation to 

Q.=:P(cos a cos «+cos b cos P+C08 c cos y). 

The quantity within the brackets being equal to the cosine 
of the angle included between the principal plane », ^^y and 
the assumed plane a, &, c, we shall have, by calling this in- 
clination 0j 

Cl=.Pcos#; 

and since P represents the sum of the projections on the prin- 
cipal plane, which, by Art. 152, is equal to v/(A« +B> +C*), 
the substitution of this value gives 

a=-/(A«+B"-FC>)xcos# (82), 

But the projections A, B, and G remaining the same, it follows 
from the equation (82) that the value of d, the sum of the 
projections on any plane, will 'be constantly the same for all 
planes having the same inclination to the principal plane. 

It also appears that this sum will increase or diminish in 
the same ratio as cos 0. 

164. Lastly, it may be remarked that the sum of the pro- 
jections on every plane perpendicular to the principal plane 
is equal to zero ; for 1=90° gives cos #=0, and Q.=0, 

155. The seversd theorems relative to projections which 
have just been demonstrated are likewise applicable to the 
case of moments. For, let the centre of moments be sup- 
posed to coincide with the origin of co-ordinates, and con- 
ceive the plane «, A y to pass through the origin : if from the 
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points of application of the seyeral forces we take upon ib^it 
respective lines of direction, portions which shall be propor- 
tional to the intensities of these forces, these lines may be 
represented by the letters P, P', P", dec. The centre of mo- 
ments may then be regarded as the common vertex of several 
triangles, of which P, P^ P'^ dec represent the bases : the 
projections of these triangles upon the plane «, ji, y, and on 
the co-ordinate planes will likewise be triangles, their bases 
Pj P'j P"» *^-> being the projections of the lines P, F, P', Jfec-, 
and their altitudes A, A', A", d&c., being the perpendiculars d^ 
mitted oh the lines p, p\ p", &c. from the centre of moments. 
These values being substituted in equation (73), which 
may be written under the following form : 

2(the projections on the plane «, jB, v)= 
{ The projections on the co-ordinate planes multiplied ) 
r respectively by the cosines of the angles of inclination ) ^ 

convert it into 

iph + ip'h'+ ip''A"+&c.= 

{The projections on the co-ordinate '\ 
planes multiplied respectively by the > (83). 
cosines of the angles of inclination J 

The second member of this equation will contain similar pro- 
ducts, and the factor ^ will therefore be common to the two 
members; this being suppressed, the first member will re- 
duce to 

Bat p, p', p", &c., being the projections of the right lines P, 
P', Vj dec, the products ph, p'h\ p**h!\ &c. will be the mo- 
ments of the lines p, p\ p*\ dec., taken with reference to the 
origin of co-ordinates. The same remarks being applicable 
te the second member of equation (83), it follows that the 
sum of the moments of the projections of the forces on the 
plane «, /S, v, which passes through the origin of co-ordinates, 
is equal to the sum of the moments of the projections of the 
same forces on tiie three co-ordinate planes, multiplied re- 
spectively by the cosines of the angles of inclination. 

166. By making similar substitutions in equations (78), it 
outy likewise be proved that the sum of the squares of the 






CENTRE or GRAVITY. 79 

mopeots of the different forces^ when projected on three 
rectangular planes, is a constant quantity. 

The equations (80) nuike known the position of the plane 
in which the sum of tixe moments will be the greatest pos- 
Bible* And the equation (79) deHermines the sum of the 
moments on the principal plane. 

Centre of Qravity. 

157. The particles of matter are constantly subjected to the 
action of a force which tends to draw them towards the earth, 
in directions perpendicular to its surface. This force is called 
ths force of gravity . 

The earth being nearly spherical, the lines of direction in 
wliidi material points tend to move, will converge towards 
its centre ; and since the distance of this centre ftom the 8U)^ 
&ce is exceedingly great when compared with die dimen* 
sions of those objects which we u^idly consider, the direo- 
tions of the forces which act on the different particles of the 
same body may, without sensible error, be regarded as 
parallel. 

168. It is known from observation that, as we recede from 
the centre of the earth, the intensity of gravity diminishes in 
the inverse ratio of the square of the distance included Jbe- 
tween the centre and the place of observation. For example, 
if a body be placed at a certain distance from the centre of the 
earth, assumed as unity, and be subsequently transported to 
distances represented l^ 2, 3, 4, d^., the intensity of the force 

of gravity wiU become —,_,—, &c., or -^ ^, ^, <fec., of 

what it was at the distance of unity. 

169. The earth being flattened towards the poles, and pro* 
tuberant at the equator, it follows, that in going from the 
equator towards the poles, we must necessarily approach the 
oentro of the earth, and the intensity of gravity will therefore 
faicrease. It will appear hereafter in discussing the subject of 
oentrifugal forces, that from another cause, the intensity of 
the force of gravity is greater at the poles than at all other 
places x>n the earth's sur&ce. 
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160. Theactionofgravilybeingexertedonall thepartioles 
which compose a body, these panicles may be regarded as 
solicited by forces whose directions are parallel ; the resultant 
of these forces is equal to their sum, and constitules what is 
called the weight of a body. Hence, if the bodies considered 
are homogeneous with each other, their weights will be pro- 
portional lo their volumes. 

161. The term density is used lo expres.s the greater or 
less number of particles contained in a body of a given 
volume, when compared with the number of particles con- 
tained in some other body assumed as a standard. If we 
assume as the unit, the quantity of matter contained in a 
cubic foot of a given substance, distilled water for example, 
and compare this quantity with that contained in a cubic 
foot of any other substance, their ratio will express the density 

t of the second substance. Let tliis nitio be denoted by D, 

1 If the second substance considered were gold, by calling D 

r the density of gold, we should have 

L The quantity af matter in ) ( Dx The quantity of matter 

I a cubic foot of gold ) ( in a cubic foot of water ; 

J whence 

' __ QiiujUlly of matter in a cnhir.foot of gold 

W Quant i/y of matter in a cubic foot of water 

162. In the preceding article we liave considered bodies of 
the same volume ; but if we wish to estimate the quantity of 
matter contauied in a homogeneous body whose volume is V, 
the quantity D must be taken as many limes as there are 

^ units of volume in the volume V ; we shall thus have 

M=DV (84). 

The quantity M is called the mass, and evidently expresses 

t, the relation between the quantity of matter contained in tJie 

body, and tliat contained in the unit of volume of the sub- 
stance assumed as the standard. 

163. If the intensity of gravity were the same at all places, 
the weight of a body would be proportional to its mass, and 
might be represented by the same quantity. For, Hg denote 

• the effect exerted by gravity on the nnit of mass, or the 

\ weight of tile unit of mass, and W the weight of the body, we 
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« 

$inil have, flrom the definition of the weight, W^Mg ; in 
which expression the quantity g will be constant, and may 
be assumed as the miit ; we shall thus obtain the relation 

W=M ^5). 

This equation merely expresses that the number of units of 
weight is equal to the number of units of mass. 

But, if by transporting the mass to different distances from 
,the earth's centre, the intensity of gravity be subject to varia- 
tion, the quantity g will be variable, and the equation ex- 
pressing the relation between the mass, weight, and intensity 
of gravity, must then be written under the general form 

W:=mg (86). 

164. From the equations (84) and (86), we dednce 

W=DTg-; 

which indicateflt that the weight varies proportumally to the 
gravUy g, the volume V, and the density />. 

166. If, for example, two bodies of the s^me volume be 
subjected to the action of the same force of gravity, their 
weights will be in the direct ratio of their densities. 

The intensity of gravity varying only with change- of 
place, it follows that g will be constant for all bodies at the 
same place. 

166. If there be any number of points firmly connected 
tc^ther, and solicited by the weights P, P', P", &c., we may 
regard these weights as parallel forces ; and denoting the 
co-ordinates of the respective points by t, y, Zj a/j y'y si^ 
^\ t/'y «"> &C-J we shall obtain, from Art. (80) and (81), the 
expressions for the co-ordinates of the centre of parallel forces ; 
these co-ordinates being represented by a:/, yy, Zf^ we find 

JPx -h V^xf + Vffxff + &c. 
^' P+F + F'4-4tc. ' 

_ Py + Py + F^y^^ + &e« 
^''^ P+F+F'+&c. ' 

__ Pz-fFg^+F^g^^-f&c. 
^'- P+F+F'+<fcc. • 

167. "When the forces are exerted, as in the present ia< 
stance, by the action of gravity, the centre of parallel forces- 
is called the centre of gravity. Let m^ m', m'\ &c« represent 

P 



■ 



^ 



62 STATICS. ' 

'' the masses corresponding to the weights P, P^ "PPj &c., wit 
shall have 

and by substituting these values in the preceding equatidns, 
omitting the factory, which is common to the numerators 
and denominators of the fractions, we obtain 

whence it appears that the p<^ition of the centre of gravity 
is independent of the intensity of the force of gravity. 

168. If the bodies are composed of a homogeneous sub- 
stance, the density of which is represented by D, we shall 
have, by denoting their volumes by 1;, v\ v'\ &Cp (Art. 162), 

m=:t7D, f7i'=t?'D, m'' =t;"D, &c. ; 

and by a substitution and reduction similar to the preceding, 
we find 

*' f?+t7'+v"+&C. ' 

y^ t;+t7'+v"+&c. ' 

_ t«:+t?z^+t/y+<fcc. ^ 

*' r+i/+v"+<fec. ' 

or calling Y the volume of the entire system, these equations 
become 

ttc+t/x'+t/V+&c. 

*/= y -J 



y/= 



«/= 



t«+t/z' + v"2"+&C- 






169. To determine the centre of gravity experimentally, 
we suspend the body by a thread CA (Fig. 70), and the pro- 
longation AB of the direction of this thread will necessarily 
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• 

{mss through the centre of gravity. The point in the hne ^ 
AB at whioh the centre of gravity is situated, may then be 
found by suspending the body from a second point E ; the 
vertical line EF, passing through this point, must likewise 
pass through the centre of gravity, which will consequently 
be found at the point G, the intersection of the two lines AB 
and EF. 

In this experiment, the body is sustained by that point to 
which the thread is attached : the resultant of all the actions 
of gravity upon the particles of the body must therefore pass 
through this point, and its direction must coincide with that 
of the thread. 

170. The centre of gravity of a right line AB (Pig* 71) is 
situcUed cU its middle point Cf for, by regarding the line as 
composed of heavy material points, each particle m situated 
on one side of the point C will correspond to a particle mf on 
the contrary side, and equally distant from the same point : 
the moments m X Cn^ and m' x Cm' are therefore equal and 
have contrary signs. The same remarks are ap{dicable to 
all the other points of the line AB, taken by pairs ; hence it 
follows, that the algebraic sum of the moments of all the par- 
ticles taken with reference to the point C is equal to zero ; 
the moment of the resultant taken with reference to the same 
point is therefore zero, and the direction of the resultant must 
pass through the point C, situated in the middle of the 
line AR 

171. 3Tl« centre of gravity of a pdraUelogram AD {Fig^ 
72) is at the intersection G of the right lines EF and HK, 
which bisect the parallel sides. 

For, if we conceive the particles which compose the paral- 
lelogram to be situated on lines parallel to AB, the centres of 
gravity of all these lines will be found on the line EF drawn 
through the middle points E and F of the opposite sides AB 
and CD, since EF wSl bisect all these parallels. Hence, the 
centre of gravity of the entire parallelogram will be situated 
on the line EF. In like manner, it may be proved that the 
centre of gravity lies on the line HK which bisects the sides 
AC and BD ; it will therefore be situated at the point G, the 
intersection <^the two lines EF and HK. 

F2 
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172. TTieeentreof gravity Q of the area of a iriangk ABC 
(i%. 73) is found by drawing a line CD from the verteat to 
the middle^of the opposite side, and taking a part DG equal 
to me-third of the whole line CD. For, since tbe lifie CD 
passes through the middle of all the lines parallel to the base 
AB, it contains the centre of gravity of the area of the tri- 
angle : for a simUar reason, this centre must lie on the line 
AE drawn through the middle of the side CB : hence, it is 
found at the point G, the intersection of these two lines. But, 
by connecting the points D and E^ we form the triangle BED, 
which is similar to the triangle BCA, since the two triangles 
have a common angle, and the sides adjacent directly propor- 
tional : the line DE is therefore parallel to AC, and the tri- 
angles ACG and DEG ar^ liliewise similar; hence^ 

CG : GD : : AC : DE : : AB : BD : : 2 : 1 ; 

from which results 

0G=2GD, 
and, consequently, 

CD or CG-fGD=3GD, 

or, 

GD=iCD. 

173. To find the centre of gravity of a triangular pyror 
mid, tee draw through the vertex and the centre of gravity 
of the base, the line AG {Pig^ 74), and take the distance 
GO = JAG ; the point O toUl he the centre of gravity of the 
pyramid. 

For, if we conceive the pyramid divided into an infinite 
number of elements by planes parallel to the base BCD ; the 
line AG will pass through the centres of gravity of all these 
dements, and will therefore contain the centre of gravity of 
the pyramid. In like manner, by drawing the line I>G' 
through the vertex D and tbe centre of gravity G' of the oppo- 
site face, this line will also^ contain the centre of gravity of the 
pyramid. But, since the lines AG and DG' are situated in the 
plane of the triangle AED, and are not parallel, they will 
intersect, and hence the centre of gravity of the pyramid will 
be found at O, their point of intersection. 

The points G and G' being connected, the triwgles EGG 
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and EDA will be Bimilar, sinoe they have a common angle E 
and the sides containing it directly proportional ; hence, GO 
is parallel to AD, and the triangles AOD, GOO' are likewise 
atmilar ; from these we obtain 

GG':AD::GO:OA; 
bat the similar triangles EGG' and EDA give 

GO': AD:: EG: ED; 
whence, by comparing these two proportions^ we have 

GO :OA:: EG: ED:: 1:3; 
and from this proportion we. find 

3GO=siOA ; 
adding GO to each member of the equation, there results 

4G0=0A+G0=AO, 
or, 

GO = JAG. 

174. In general, the centre of gravity of any pyramid {Pig. 
76) is situated on the right line SF, drawn from the vertex 
to the centre of gravity of the base, and at a distance 
P0=JSF. If we draw through the point O thus deter- 
mined, a plane parallel to the base of the pyramid, this plane 
.will contain the centre of gravity of the pyramid. For, if 
through P, the centre of gravity of the polygonal base, the 
lines FA, PB, &;c. be drawn to the several angles of this poly- 
gon, we shall form as many triangles as the figure has sides, 
and these triangles may be regarded as the bases of triangu- 
lar pyramids having a common vertex S. The lines drawn 
fr(Nn the vertex S to the centres of gravity of the several 
triangles will be cut proportionally by the plane parallel to 
the base, and the points of intersection will therefore be sittp- 
ated at distances firom the base, equal to one-fourth of the 
distance firom the base to the vertex of the pyramid. Hence, 
these points of intersection will be the centres of gravity of 
the several triangular pyramids. But the centres of gravity 
of all the partial pyramids being situated in the same plane 
parallel to the base, it follows that the centre of gravity of the 
whole pyramid will likewise be situated in this plane. It 

must also be found on the line SF, which contains the centres 

8 
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of gravity of all the sections parallel to the base, and we 
therefore conclude that the centre of gravity of any pyramid 
is situated on the line drawn from the vertex of the pyramid 
to the centre of gravity of the base, and at a distance from 
the base equal to one-fourth of the entire distance to the vertex, 

175. To find the centre of gravity of the area of apotygon- 
Let the polygon be divided into triangles {Pig- 76), and de- 
note by a, a', a", <fcc., the areas ABC, ACD, ADE, &c. of 
these triangles : let weights proportional to a, a', a", &c. be 
supposed applied at the centres of gravity G, G', G", &c., of 
the several triangles. . The centre of gravity of the area 
ABCDA may then be found by the proportion 

a+a'; a ::GG/:G/0. 

» 

In like manner, the centre of gravity K of the area ABCDEA 
may be found by determining the resultant of a+a" acting 
at O, and a" acting at G'^ Its position will be ascertained 
by the proportion 

a+a'+o" : a" ::OG": OK; 

and the same process may be continued for any number of 
triangles. 

176. This problem may also be solved by means of the 
equations of parallel forces. For let x^ and y^ denote the co- 
ordinates of the centre of gravity of the polygon {Pig. 77) : 
from the theory of parsdlel forces we obtain the equations 

R=P+F+F'+F", 
Rar,=Pir +F2r'+ FV ' + F' V", 

And denoting as above by a, a', a", a'", the areas of the tri- 
angles ABC, ACD, ADE, AEF, we shall have, since the areas 
may be substituted for the weights to which they are pro- 
portionaly 

P=a, F=a', F'=:a", F"=€i''' ; 

and the preceding equations become 

R=:a+a'-t-o"+o'", 

ax+a'x'+a'x^+a'^x^' 



ar.= 



a+a'+a''+a''' 

_ ay+ay+a'Y+a "Y' 
^''^ a+a:+af'+c^'" ' 
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Thus, haying taken the part OP==x^, we draw the Ijne PG 
parallel to the axis of y and equal to y^ ) the point G will be 
the centre of gravity. 

177. To find the centre of gravity of the perimeter of a 
polygon. We proceed in the present case in a manner similar 
to that adopted in the preceding example, merely observing 
that the centre of gravity of each side will be situated at its 
middle point, and that these points may be regarded as 
loaded with weights proportional to the sides. 

178. To find the centre of gravity of the arc of a plane 
curve. If the curve be divided into elementary portions, 
the value of the element mm' (Fig. 78) will be expressed by 
^{dx*+dy*)j and since this element is indefinitely small, its 
centre of gravity may be regarded as coinciding with its 
middle point o, and having the same co-ordinates x and y as 
the point m ; the moment of mm' with reference to the axis 
of a:^will therefore be 

apXmm'=yXy/{dx*+dy')j 

and its moment with reference to the axis of y, will be 

If ir, and y, represent the co*ordinates of the centre of gravity, 
and s the length of the curve MM', the moments of this arc 
supposed concentrated at its centre of gravity, taken with 
reference to the axes, will be respectively sx, and sy, : and 
since these moments must be equal to the sum of the mo- 
ments of the elements, we shall have 

sx,=^fxy/{dx^+dy^), 

and the length of the arc MM' will result from the formula 

«=//(&:' +dy»). 

179. Let it be required, for example, to determine the centre 
of gravity' of the arc BO of a circle (FHg. 79). The co- 
ordinate axes being selected in such a manner that the arc 
shall be bisected by the axis of abscisses passing through the 
centre of the circle, the arc will be divided synunetrically by 
this axis, and the centra of gravity of the arc will then be 
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found on this line; hence, we shall have y,^0* K w3I 
therefore be only necessa^ to determine the absciss AG^s, 
of the centre of gravity of the arc BO. But the value of x, 
results from Art. 178 ; thus, 

*r,e=/i^(A?«+rfy') * (87). 

To integrate the second member of this equation, we elimi- 
nate one of the variables by means of the equation of the 
circle, which is 

jf'=za*--x* (88); 

and by differentiating this equation, we obtain 

ydf/=—xdxi 
whence^ 

lOid by substituting this value in the expression x/idx^+dy'X 
we have 

•(*r-+rfy')=\/(^5^y')' 

which, reduced by nleans of equation (88), gives 

, ^ ady 
^(iir«+rfy»)=-7^; 

this value being substituted in equation (87), we find, by 
integration 

fx^idx' +dy«)=ay +B (89), 

the quantity B representing an arbitrary constant. 

If we denote by c the chord of the arc BO, and wish to 
determine the centre of gravity of the arc which it subtends, 
we must integrate between the limits y=ic, y=— jc. But 
since the arc extends from O to B, this integral will become 
zero at the point O, the ordinate of which is y= — ^c. This 
supposition reduces equation (89) to 

0=— ioc+B; 

by eliminatii^ B between this equation and (89), we find 

fa^(dx»+dy*)^ay+iac] 

and making y=|c, for the purpose of taking the entire 
integral firom the point O to the point B, we obtain 
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which value substituted in equation (87), gives 

9X,^QC, 

rculiusX chord .^^.v 

' arc 

the absciss of the centre of gravity is therefore a fovrthpro- 
portional to the arCy the chord, and the radius. 

180. To find the centre of gravity of a curve of doubh 
curvature^ or, in general, that of any line skuated in space. 

The expression for the element of a curve of double curva- 
ture being 

-v/(Ac«+dy« +dz')..... (91), 

let the moments of this element be taken with reference to 
the co-ordinate planes. The co-ordinates x, y, and z repre- 
sent the distances of this element from the planes of y, z, x, z^ 
and ocy, and the respective moments will therefore be 

x^{dx^+dy*+dz') ' 
yy/{dx» +dy^ +dz») 
Zy/(dx»+dy'+dzi) 

consequently, if we denote by a?„ y,, and z^ the co-ordinates 
of the centre of gravity, and by s the length of the arc, these 
quantities will be determined by means of the equations 

s^ fy/{dx^+dy^+dz') ^ 
sx,=^fxy/{dx»+dy^+dz^) I ,^^^ 

sy,'-fy^(dai'+dy'+dz^) > '-' 
sz,^fzy/{dx* +dy^ +dz*) 

181. Let it be required to apply these formulas to the 
case of a right line situated in space. Assume the origin at 
one extremity of the line ; the equations of the line will then 
be of the form 

«==*«, y=z/iz (94); 

whence, 

dx^udz, dy^pdz. 

These values substituted in the expression (91), give 

^{dx^ +dy^ +dz*)^dz^(l+m* +/9«); 
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an<l putting, for brevity, the radical equal to A, we shall have 

Substituting this value in the equations (93), and likewise 
those of z and y given by equations (94), we find 

«=/Adz=Az, 

sXf=fAMzdz=iA0Z*f 

sy,=/Afizdz=iA0z*, 

szf =fAzdz = ^Ax* . 

Let h represent the ordinate z of the point M (Fig- 80). 
To determine the centre of gravity of AM, we must integrate 
between the limits z=0 and z=A, and we shall thus find 

«=AA, 

5yy=iA^A«, 
M/ss^AA'. 
Eliminating «, and reducing, we obtain 

These values correspond to the co-ordinates of the point O, 
the middle of the right line AM ; for, if AO be the half of AH, 
the similar triangles AOQ, AMP will give 

aO=iMP=iA; 

which value being substituted in equations (94), we find 

a;=f«A, y=ffiA. 

182. To find the centre of gravity of a plane surface, 
bounded by the arc of a curve, and the axis of abscisses. 

Let Xi and y^ be the co-ordinates of the centre of gravity 
of the entire surface, and let G be the centre of gravity of an 
element MP' {F^» 81); the area of this element being equal 
to ydx, its moment with reference to the axis of x will be 
GNxydxy and that with respect to the axis pf y will be 
ANxyeh;. But since the element MP' may be regarded as 
a rectangle whose side PP' is indefinitely small, we shall have 

PM 

AP=AN=a;, and GN=-^~=iy: hence the moments with 

reference to the two axes become ly^dx, and xydx. If we 
represent by a the surface DBMP, its area and the co-ordi- 
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nates of its centre of gravity will be determined by means of 
the equations 

AXy ^/xpdx, V (96), 

183. To apply these formulas, let it be required to find the 
centre of gravity of a circular segment CDE (Pi/s: 82). The 
origin being assumed at the centre of the circle, and the axis 
of abscisses AD a line bisectmg the arc CE, the centre of 
gravity of the segment will evidently he situated upon this 
line ; it will therefore be only necessary to calculate the value 
of the absciss AG— i,. If ff and g" represent the centres of | 

gravity of the semi-segmenls, they will be foiuid at equEil dis- ' 

tances from the axis AD, on a line g'g' perpendicular to this i 

axis, since the entire segment is divided into two symmetri- i 

cal portions ; the line g'g' will therefore intersect the axis of li 

abscisses at a point G, the centre of gravity of the entire ^ 

segment. ^ 

Tiie question is thus reduced to determining the absciss of ' 

the centre of gravity of the semi-segment CDB, and its value 
may be found by integrating the equation (95). I 

For the purpose of eliminating one of the variables in this I 

expression, we assume the differential equation of the circle, i 

yd}/= —xdx ; 
from which, by substitution in equation (95), we obtain 

>^,=f-y'dy (96); 

and by integrating, and introducing a constant A, we have 

/-3/'% = -3y'+A (97). 

To determine the value of this constant, the integral must be 
taken from the point C to the point D ; or, if we denote by 
c the value of the chord CE, the limits of the integral will be 
y=ic and y=0. Thus, if we suppose the integral to become 
zero, when y=\c, thcconstant A will result from the equation 

and the equation (97) will therefore become ^ 
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Putting y=0, to obtain the value of tlie entire integral from 
G to D, we have 

This value substituted in equation (96), gives 

but since a represents in this expression the area CDB, ire 
have 

A=i area CDEB, 
whence^ 

^' 12areaCDEB' 

and we therefore conclude, that the distance from the centre 
of gravity of a drctilar segment to the centre of the circle is 
eqtial to the cube of the chord divided by twelve times the area 
of the segment- 

184. To find the centre of gravity of a (Arcular sector CAE 
{Fig^ 83), The centre of gravity is evidently situated on 
the radius AB which divides the sector into two equal parts ; 
it will therefore be only necessary to determine the value of 
the absciss AG. If we regard the sector CAE as composed 
of an infinite number of elementary sectors, the centre of 
gravity of each will be situated at a distance from the point 
A equal to two-thirds of the radius AC, since these sectors 
may be considered triangular. Hence, if from the centre A, 
with a radius equal to two-thirds of AC, we describe the arc 
HK, the centres of gravity of all the elementary sectors will 
be distributed uniformly along this arc ; and consequently, 
the centre of gravity of this arc will coincide with that of the 
circular sector. But if x/ denote the absciss AG, we have, by 
Art. 179, 

_ AH X chord HK , 
*' arc HK ' 

and from the similarity of the sectors AHK and ACE, 
find 
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AH=|AO, 

chord HK=| chord OE, 

arcHK=:|arcCE; 

which values substituted in the preceding equation give by 
reduction, 



*/-=' 



•AC X chord CE 



arcCE 

185. To find the centre of gravity of an area OBO' 
(i^. 84) comprised between two branches of a curve. 

Let y and j/ represent the two ordinates PM and PM'. cor- 
responding to the same absciss AP=« : the element MN' of 
the surface, being the difference of the areas PN and PN', will 
be expressed by 

and if we represent by a a portjion of the area included 
between the chords MM' and 00', we shall have 

The element MN' being regarded as a rectangle having one 
of its sides indefinitely small, its centre of gravity wiU be 
situated in the middle of the line MM' ; and the ordinate of 
this point will therefore be 

PM'+iMM'=y'+i(y-y')=i(y+yO; 

hence, the moment of this element with reference to the axis 
of £ will be 

and the moment with reference to the axis of y will be * 

r 

Thus, if Xi and yy denote the co-ordinates of the centre ot 
gravity of the entire surface, their values will become known 
from the equations 

AX/==/i(y— y')cfa?, 

Ayy=/j(y«--y'«)rfx. 

186. Th find the centre of gravity of a surface of revolution. 
Let the surface be supposed generated by the revolution of 

tike curve AM {FHg, 86) about the axis of x. The element of 
the surface, or the zone generated by the elementary arc Mm, 
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will be expressed by 2Tyds : hence, by calling a the entire 
surface, we shall obtain 

But since the centre of gravity is evidently situated on the 
axis of revolution, the co-ordinate x^ will be alone necessary. 
To determine its value, we take the sum of the moments 
with reference to the plane yz^ which sum being equal to the 
moment of the whole surface supposed concentrated at its 
centre of gravity, we find 

Aap,=/«x2»ycfa; 
whence, 

_^f2iiryxds 

substituting for a and cb their respective values, and suppress- 
ing the factor 2s* common to both terms of the fraction, we 
obtain for the absciss of the centre of gravity, 

'^fy^^dx^^dy^) ^ ^* 

187. For the purpose of applying this formula, let it be 
required to determine the centre of gravity, of the surface of 
a spheric segment. This surface being generated by the 
revolution of a circular arc BC {Fig. 86) about the axis of 
x^ we may eliminate one of the variables in the preceding 
formula by means of the equation of the circle 

y« =r* — «« ; 
which gives, by differentiation, 

hence, 

This value being substituted in the integrals of equation (98), 
we find 

fayy/idx"" -I fhf ) ^frxdx =^ i rr« + C, 
fy^/{dx^ +dy^ )=/rdx=:rx+Cf. 
Taking the integrals between the limits x=AD=:ay and 
XB:AB=:r} we obtain 
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These values transfonn the equation (98) into 

thus, the centre of gravity is situated at the middle of the 
line DB. 

188. To find the centre qf gravity of a solid pf revduiian 
M^bounded by two planes perpendicular to the axisj {Fig.87). 

The centre of gravity being necessarily situated upon the 
axis of revolution, which is supposed to coincide with the 
axis, of x^ it will be sufficient to determine its absciss s,. 
The element of the solid is expressed by vy*dx^ and we 
therefore have 

U^fry^dx (99). 

The moments being taken with reference to the plane of y,Zf 
we shall obtain 

1ILc,=fry»xdx . (100) ; 

and by dividing this equation by the preceding, we find 

• '.-^ w 

We must eliminate one of the variables in this formula, by 
means of the equation of the curve, and then integrate be^ 
tween the limits xs=AP and ir^ AQ. 

189. This formula being applied to the determination of 
the centre of gravity of a cone, it will be necessary to obtain 
the two integrals ^ 

ff/^dx ^ndfxydx. 

Eliminating y* by the equation of the generatrix y^az^ we 
obtain, after integration, 

fy^ dx^fa^ «» (fa = — ^, 

There are no constants introduced by integration, since the 
volume is equal t6 zero at the origin A {Fig. 88). These 
values, being substituted in the formula (101), give' 
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' a"** • 

from which we conclude that the centre of gramty of a con/e 
is cU a distance from the vertex equal to threefourths of the 
altitude Ax, 

190. As a second example, let the required centre of gravity 
be that of the volume of a paraboloid generated by the revo- 
lution of the parabolic arc AM {Fig- 85) about the axis Ax. 
The equation of the curve being y ■ =px, we have 

ft/'dx =/pxdx = Ipx' , 
fy^xd^^^fpx^dx=^\px^ : 
these values substituted in formula (101), give 

\px^ . 
\px* 

The constants introduced by integration are equal to zero in 
the present instance, for the reasons assigned in the preceding 
paragraph. 

191. Let the solid of revolution be ^neUipsoid^ the equa- 
tion of whose generatrix is 

, a^ ^ 

this value ofy' being substituted in the integrals of equation 
(101), we obtain, since the constants are equal to zero, 

fy-xdx^^Jla-xdx^x^dx)^^^ (?^-^). 
These values reduce equation (101) to 

*'""a« — Ja?« 12a»— 4a;« ' 

and by taking the integral between x=0 a,nd «=a, we find, 
for the absciss of the centre of gravity of the semi-ellipsoid, 

192. Tb find the centre of gravity of a volume generated 
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fty the revohUion of an area efnJbracjed oy a curve BMCM' 
(Fig, 89) abimt the aais of x^ this axis being' sttiuUed entirdy 
without the curve. 

Represent by y and y the ordinates MP and MT : the 
vdume generated by the revolution of the element Mm\ will 
be equal to the difference of the volumes generated by the 
elementary rectangles Mp and M'p ; the expressions for these 
volumes being ^'dx and frj/^dx^ that of the element of the 
solid will be «-(y'— y'?)<2x ; hence, if we denote by M the 
entire volume of the solid generated, we shall have 

By taking the moments with reference to the plane of y^ z, we 
obtain 

'Iillx==irf(i/' —y'')xdx. 

The value of x, wiH be alone necessary, since the centre of 
gravity must be situated on the axis of abscisses. 

Of the Centrobaryc Method. 

193. Let X, and y, represent the co-ordinates of the centre 
of gravity of a plane surface MPFM' {Fig. 90), the area of 
which is represented by a« The moment of tlie element of 
this surface, taken with reference to the axis of Xj is, by 
Art. 182, iyXydx ; and by making the sum of the moments 
of all the elements equal to the moment of the whole body 
supposed concentrated at its centre of gravity, we have 

fly^dx-ypu 

The two. members of this equation being multiplied by the 
quantity 2x, it becomes 

The expression yJry'cb represents the volume generated by 
the revolution of the given surface about the axis of rr, and the 
second member 2Ty^ is the product of the generating surface 
by the circumference described by the centre of gravity ; 
hence, we deduce this general theorem : 7%e volume of every 
solid of revolution is equal to the product of the generating 
area by the circumference described by its centre of gravity* 

194. Let it be required, for example, to determine the' 

G 9 
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Volume of the solid generated by the revolution of an isosceles 
triangle ABC t^^- 91) about the axis of x. Denote CD 
by hj and AB by a ; the generating area will then be ex* 
pressed by \ah. But the centre of gravity of the genemting 
triangle being at a distance from C equal io f CD, the circum- 
ference described by this point will be |Ax2ir. Hence, the 
volume will be expressed by the product |Ax29rXiaA= 

As a second example, let us determine the volume of a 
rjglit cone generated by the revolution of the right-angled 
triangle ABC {Fig. 92) &bout the line AR The area of the 
generatrix will be ^ AB x BC. The line CE being drawn to 
llie middle of the side AB, the centre of gravity G of the 
generating area will be situated upon this line at^ distance 
from the point E equal to |EC (Art. 172) ^ its ordinate GD 
will therefore be determined by the proportion 

3:1::EC:EG::CB:GD; 

whence, 

GD=iCB. 

The path described by the centre of gravity will therefore be 
expressed by |«-xCB; which, multiplied by the area of the 
generating triangle gives the volume of the cone equal to 
firXCB* XiABc=fABx«-xCB». 

196. Again, let the volume be that of a right cylinder : 
the ordinate GE of the centre of gravity of the generating 
rectangle {Fig. 93) being equal to ^AC, the path described 
by this point will be «-AC. This expression being multiplied 
by the generating area which is equal to AB X AC, we have 
»XAC* XAB for the volume of the cylinder. 

196. The area of any surface of revolution may be foimd 
by a rule analogous to the preceding. For, if we consider 
the surface generated by the revolution of any curve MN 
{Fig, 94) about the axis of abscisses, and denote by y, the 
ordinate of its centre of gravity. G, we shall have, by Art. 
178, 

/SfV'(*^'+«^y')=y/X"cMN (102); 

and by multiplying each .member by Sr, this equation be- 
comes 
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S%fy^[dx^ +rfy*) =ary, X arc MN. 

The expression /25ryv'(«^' +rfy') representing the area of 
the surface generated, we conclude, that the area of a surface 
of revolution is equal to the product of the generating arc 
hff the drcumfereTice described by its centre of gravity, 

197. Thus, to determine the surface of a conic frustrunt 
generated by the revolution of the right line CD {Fig, 95) 
about the axis of jt, we have the ordinate EG of the centre of 

gravity equal to — i-^l and ^rX 1" equal to the 

circumference described by this point : hence, the product of 
this expression by the length of the generatrix CD gives 

arX y^ — xCD=2iii.GE. CD for the convex surface of 

the conic frustnu^. 

198. The two preceding theorems may be included in a 
single enunciation, viz. : Every solid or surface of revoltUion 
is equal to the product of its generatrix by the circumference 
descried by the centre of gravity of the generatrix. 

Machines* 

199. Machines serve to transmit the action of forces in 
directions different from those in which the forces are applied, 
and to modify the effects of those forces. 

The force applied to a machine is cidled the power, and 
tliat which tends to oppose the- effect of the power is called 
the resistance. 

The most simple machines are the cord, the lever, and the 
inclined plane* To these are sometimes added the pulley, 
the wheel and axle, the screw, and the wedge, which may 
b^ formed by very simple combinations of the first three. 
These machines are usually called the Mechanical Powers. 

Cords. 

200. We shall adopt the hypothesis that cords are perfectly 
flexible, that they are inextensible, without weight, and re- 
duced to their axes. If the extremities of a cord be solicited 
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by two equal forces P and GL (/^* 96), which tend to stretch 
it, the tension of the cord will be measured by one pf these 
forces ; for, since the equilibrium subsists, we may regard A, 
the middle of the line PGl, as a fixed point, and drop the con- 
sideration of that portion of the cord included between A and 
»Cl ; thus, the force P, acting alone against the fixed point A, 
will measure the tension of the cord PGl. 

201. When the force Gl exceeds P, a portfon of Ql equal to 
P is employed to stretch the cord, while the remaining part 
of the force tends only to move the cord in the direction frdm 
P toVards Q : thus the tension will be measured by the least 
of these forces. 

202. If three cords be united by a knot, the conditions of 
equilibrium are similar to those which obtain when any three 
forces act on a point. The force acting in the direction of 
each cord must be equal and directly opposed to the resultant 
of the other two ; hence, the conditions of equilibrium require 
that the three forces be situated in the same plane,, and bear 
to each other the following relations {Fig. 97), 

P : Q : R : : sinp : sin 9^ : sin r. 

203. This proportion will be insufiicient to establish the 
equilibrium, if the cords are united by a sliding knot. For, 
by regarding P and R as fixed points {Pig. 98), to which the 
cord PCR is attached, if the force dbe supposed to act upon 
this cord by means of a ring or sUding knot, the point C will 
describe an ellipse, the plane of which will pass through the 
points P and R. But the revolution of this ellipse around 
the axis PR will generate an ellipsoid, having its transverse 
axis equal to PC+CR, and the point C will necessarily be 
found upon the surface of the ellipsoid, or, in other words, 
at some point of the moveable ellipse ; but the point C being 
only subject to motion when the force Q, has a component in 
the direction of the elliptical arc, the equilibrium will be 
maintained when the direction of the force Q, is normal to 
the ellipse. If the line Tt be drawn tangent to the curve, 
wn shall have, from the well known property of the ellipse, 

/lTCP=ilRC^; 

and by subtracting these angles from the right angles TCN, 
tCNj there will remain 
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•• /.PCN=^NCR; 

thus the angle PCR must be bisected by the direction of the 

ibrce d, and the pmporiion 

P : R : : sin NCR : sin PCN 
becomes, in the present case, • 

P: R::sinNCR:sinNCR; 
whence,P and Q. are equal to each other. 

204. The funicular machine consists of a number of cords 
united to each other at several knots, and mainlaining an 
eqniJibrium between the forces apphed lo these cords. 

205. When several forces P, R, S, T, &c. {Fig. 99), act 
conjointly at a single knot, their number will be reduoflj 
by unity, if we substitute for any two forces P and R Ihcii 
resultant R'; and by a repetition of the same process the 
entire system may always be reduced to three forces united 
at a single Ldot. 

206. Let there be several forces P, P', F', P'", P", &c. 
(F(>. U)0), acting at the knots A, B, C, &.c. of tlie cord ABO. 
The conditions of equilibrium of these forces may be reduced 
lo those of a system acting on a single point; for, let R 
represent the resultant of the forces P and P'; since its etfect 
must be destroyed by the third force acting in the line AB, 
the direction of this resultant must coincide with the pro- 
longation of AB I but the point of application of a force may 
be assumedany where on its line of direction, and hence we 
may transfer the force R to the poini B. If it be there de- 
composed into two components parallel and equal to P and 
P', the effect will be the same as if the two forces P and P* 
had been transported parallel to Iheir original directions, and 
applied at the point B. In like manner, by transporting the 
forces P, P', P", ifcc, which are supposed lo be applied at B, 
to the point C, the entire system may be considered as acting 
on this point. Thus the conditions of equilibrium are, 
f Art. 54), 

s(P cos«)=0, Z(P cos^)=0, i(P cosv)=0. 
To determine the ratio of the extreme tensions P and Pit, 
we will denote hy ( and I' the tensions of the portions AB and 
BC, and by 
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a the angle PAF, a' the angle ABF', a" the angle BCP", 
6 the angle FAB, i'theangleP^BC, 6" the angle F^CP' ; 

we shall then obtain, Art. 202, 

P: / : : smb isino, 

/ : ^ : : sin 6' : sin a', 

r:F'::8in6":8ina"; 

whence, by multiplication, suppressing the factors which are 
oommon to the two first terms, we have 

P : F' : : sin 6 xsin 6' xsin 6" : sin a Xsin a" Xsin o^. 

We may, in like manner, determine the relations between 
any other two forces. 

«07. If the forces F, F', F", &c. be supposed parallel, we 
shall have 

6+a'=180^ 6'+a'=180^; 

and since the sine of an angle is eaual to the sine of its sup- 
plement, we must have 

sin ft =sin a', sin 6' =sin a" ; 
and the preceding proportion will then reduce to 

P : P" : : sin 6" : sin a. 

If the forces F, F', and F" represent weights {FSff. 101), the 
entire system will be situated in the same vertical plane ; for, 
the right line AF being vertical, the plane of the forces 
P, F, and t will be vertical. For a similar reason* the plane 
of the forces t, P", and f, will be vertical ; but the line AB 
not being vertical, it is impossible to pass more than one ver- 
tical plane through it: hence, the forces P, F, ^,1*", and f 
will be situated in the same vertical plane. The same rea- 
soning may be extended to a greater number of forces. 

208. The extreme forces P and P' being required to sus- 
tain the resultant of all the others, this resultant must be 
directly opposed to that of the forces P and P*, and must 
consequently pass through the point G, at which the direc- 
tions of those forces intersect. Moreover, its direction must 
be vertical, being parallel to the components F, F', and F", 
and it will therefore be represented by the vertical line GH 
drawn through the point G. 

209. If we regard a heavy cord as a funicular polygon, 
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losded vith an infinite number of small veighls, it results 
from what precedes that the effect produced on the fixed points 
by the weight of the cord may be estimated by drawing the 
tangents FG and Q,G {fHg. 102), and applying at G a weight 
equal to that of the cord ; since if we denote this weight by 
G, we shall then liave 

P : Q. : G : : sin LGU : sin LGP : sin PGQ.. 

Of the Catenary. 

210. The catenary is the curve which a perfectly flexible 
cord assumes when it is suspended from two fixed points 
A and B [Fig. 103), and subjected to the action of the force 
of gravity. We wiil suppose that the cord is uniformly 
heavy, and that the force of gravity is exerted on every 
particle : it will readily appear, as in Art. 207, that the curve 
will be situated in a vertical plane. Let the origin of co- 
ordinates be assumed ai A, the fiorizontal line AC being the 
axis of abscisses ; the co-ordinates of a point M will then be 
AP=a:, and PM=y. Through the point M, and through the 
origin A, let tangents AU and Mli be respectively drawn, 
intersecting at the point H, and through this point draw the 
vertical line HL. If we consider the portion of the cord 
MA, we shall have, by Art. 209, 

Itation el A : weight of ihe portion AM : : sin tHM : etn AHM (t03j. 

Let s denote the length of the arc AM ; A the tension of the 
cord at the point A, which is exerted in Ihe direction of the 
tangent AH ; and « the angle included between this tangent 
and the horizontal line AC The quantities A and • will 
remain constant. 

The tension at A, being a quantity of the same kind as that 
contained in the second term of the preceding proporliou, 
will necessarily be expressed by a wpiglit ; and if we repre- 
sent by p the weight of a portion of the cord whose length is 
equal to unity, sp will express the weight of the part AM, 
and the tension at A will be of the form ap. Thus the two 
first terms in the above proportion will be replaced by the 
ratio ap : sp, or by its equal a: s\ hence, 

o : J : : sin LHM : sin AHM (104). 
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211. To determine the anal3^cal expressions for tlie since 
which enter into this proportion, we remark, that in the 
elementary triangle mMnj we have 

Mm X sin mMn =^mnj M*w X cos mMn=Mn ; 
or, 

_, mn -, Mn 

and replacing these elementary lines by their analytical values, 
these equations become 

sin wMn=-r-j cos mMn=-^ (105). 

But the angle mMn included between the vertical and the arc 
of the curve, is equal to the angle LHK formed by the 
vertical with the tangent at M ; hence, 

sin LHK=^ , cos LHK=-^ (106). 

<is as 

The first of these equations may be reduced to 

sinLHM=-^ (107); 

for the angles LHK and LHM being supplements of each 
other, we have 

sin LHK=sin LHM. 

Again, the angles AHK and AHM being supplements of each 
other, we obtain 

sin AHM=sin AHK=sin (LHK-LHA) ; 

and from the well known trigonometrical formula for the mna 
of the difference of two angles, we have 

sin AHM=sin LHK cos LHA—sm LHA cos LHK ; 

eliminating sin LHK and cos LHK by means of the equations 
(106), we find 

sin AHM=^cos LHA-^sinLHA (108). 

as as 

The triangle LAH being right-angled at L, the angles LHA 
and HAL are complements of each other, and the latter hay- 
ing been denoted by «, we obtain 

cos LHA=din «, sin LHA=scos ^ 
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212. These values substituted in equation (108) give 

sin AHM= ^sin «— -^cos « (109) : 

as ds 

and the equations (107) and (109) convert the proportion (104) 

into 

dx dx , dy 
a : « : : -r- : -r-sm* — ^ oo»«. 
as ds ds 

From this proportion we deduce the equation 

szsasiam—a^cosm (HO). 

or 

This equation contains three variables, one of which may 
be eliminated by means of the relation 

cb=^{dx^+dy'). 

For, by differentiating equation (110), regarding dx as con- 
stant, we find 

€W=— acos*-r^ ; 

dx 

and by equating these values of ds, and dividing each mem- 
ber of the equation by dx, we obtain 

v/(.+g)=-ac«.g, 

or, by division, 

— a cos«-?^ 
dx^ 

This equation will become integrable, if we multiply its two 
members by 2dy ; we shall thus obtain 

2rfy=— acos*-__- ; 

whence, by integration, 

y=-acos«^(l+^)+c 

This equation being multiplied by dx gives 

(c — y)rfa?= a cos «^(rf«* +dy*) ; 
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and by reduction 

rfy_ i/[(c-y)'— g« co8«^] .jjjj^ 

dx a cos • 

213. The constant c may be determined by the consider* 
ation that at the point A, 

These values reduce the equation (111) to 

acostf 

from which we deduce 

atang«cos«=^(o»— a« cos**): 

but 

tang* cos«=sin«; 
whencei 

a' sin* *ssc*^a^ cos* «, 
and consequently 

0*3=0* (sin* «+cos* «)=a*. 

Thus the constant c is equal to a, and by substituting its 
ralue in equation (111), we find for the differential equation 
of the catenary, 

dy^ ^/Ka—yy-a* cos* ^ /112). 

dx a cos « 

214. It appears from a comparison of this equation with 
(110), that the catenary curve is rectifiable ; for, if the pre- 
ceding value of ^ be substituted in e(][uation (110), we shall 

obtain 

s=a sin «— v^[(o— y)* — o' cos*«] (113) : 

from this expression the value of s may be readily found in 
terms of y, when the constants a and « have been determined. 

215. To integrate the differential equation of the catenary, 
we make 

a—y=z^ a cos «=6 (114) ; 

and we then obtain 

rfy=— r^^; 

these values substituted in equation (112) give 



""-^^ <"''' 

this expression becomes iiitegrable by making 

v'(.-'-6-)=-.-! (116): 

which by squaring aiid reducing, gives 

By liie dilferpntialion of tliis cr)nation, we obiam 

zdl + /ilz = lti/, 
or, 

dz _ dt 

z—i~ T' 
This relation, in connexion with iliat assumed above (IIG), 
converts the equation (115) into 

, hih 

(IX = —. 

t ■ 

wliich sivcs, hy integration, 

and liy snlislilnlnig for ( its vahie cxj'ressed in terms of ^, we 
oblani 

^-Mog[=-y(--6')]-.; 
or fiiially, by replacing ific (jiiantiiies h and i, by ihuir vahies 
given in eipiatioiis (114), we find 

a-=«.cos-!o^!«-i/-^[(«-y)^-a=cos'-]{+e....(117). 
21fi. To determine the vahie of the constant p, wn observe 
thai at ihe point A, i=0, and y=(l : which conditions reduce 
the equation (117) to 

«=— acns a log j«[l^^(]— cos^i «)j|. 
This value substituted in equation (117) gives 

x^a cos a log \a -y- v/(^ 3^^~~^ ns'V ] 
-^cos-logKl-s/l-.m^.)]; 
or by reduction, 

— -p'^r^^'^-ir-'') '"^'- 

Sttch is the equation of Ihi; catenary. 

yi7, The values of the coustants c and f have Iicon deter- 
mined in functions of a and a ; but these two quantities are 
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still unknown. To determine their values, we will suppose 
that ^ and y' represent the known co-ordinates of the second 
point of suspension B, and / the length of the curve AMB ; 
these values being substituted in the equations (113) and 
(118), we obtain 

l=a sin *— -v/[(a— yO* — «• cos* «]> 

iT-.-a cos - iog ^ 4i_^(i_cos*-)] V • 

218. These equations, in connexion with the relation 

COS* «+sin' *=1, 

determine the values of a, cos «, and sin «, in functions of j/^y^, 
and /. . But another difficulty still presents itself; this consists 
in the proper choice of the signs with which to affect cos », 
and the radicals which in the preceding expressions have not 
received the double sign. To resolve this difficulty, we will 
determine the co-ordinates of that point to which the max- 
imum ordinate appertains. The characteristic property of 

this point is that 4^=0, which reduces equation (112) to 

acosm ' 

and consequently, 

a—p=^a cos * (119)' 

To establish the condition that this equation belongs to a 
maximum, rather than to a minimum value, we attribute the 

proper sign to the second differential co-efficient -j-^. 

But by squaring the equation (112), we obtain 

rfy" _ (g-~y)* — g' COS' <t 

5r» a* cos* « ' 

and by differentiating, and dividing each member by 2c2y, we 
find 

rf«y__^o--y^ 

dx' a*cos"« ' 
substituting in this equation the value of a— y determined in 
equation (119), we obtain 

d'f/_ 1 
dx* a cos« 
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219. This equation indicates that the condition of a maxi- 
mum will be fulfilled by attributing the same sign to a and 
cos m ; but these signs must be positive ; for, if they weie 
negative, the value of y detennined by the equation (119) 
would be also negative, which is evidently inadmissible in 
the hypothesis adopted, that the positive ordinates are reckoned 
from the line AC downwards. From the equation (119) we 
likewise infer, that the quantity a exceeds the maximum 
value of y, and therefore that it exceeds all other values. 
Let EF represent the maximum ordinate {Pig* 103); it is 
evident that between the limits 07=0 and jr=AE, as y in- 
creases, the arc of the catenary will Ukewise increase. But 
it appears firom equation (113) that the increase of y will not 
necessarily involve that of the arc s, unless the radical in that 
formula be affected with the negative sign. For, as y in- 
creases, the quantity a—y will decrease, and the value of the 
radical will therefore decrease ; but the smaller the value of 
this radical, the less it will diminish the positive part of the 
expression a sin «, and the greater will be the value of the 
arc. The equation (113) is therefore in perfect accordance 
with the h3rpothesis that the co-ordinate has not attained its 
maximum value. But from ir=AE to 2;=AD, the arc s 
should increase while y diminishes, and since this decrease 
in the value of y augments the value of the radical expres- 
sion, the required condition can only be fulfilled by affecting 
the radical with the positive sign : thus, between the limits 
x=AE and :p=AD, the sign of the radical must be changed 
in the formula (113). 

Of the Lever. 

220. The lever is a bar of wood or metal moveable around 
a fixed point, which is called the fulcrum. To simplify the 
considerations which relate to this machine, we shall regard 
the lever as destitute of thickness, and will therefore represent 
it by a simple line, either straight or curved. Let a lever AB 
(i^. 104) be soUcited by the two forces P and F ; the effect 
of these forces cannot be destroyed by the resistance of a fixed 

10 
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point C, unless they are situated in a plane passing through 
this point. If this condition be fulfilled, the equilibrium will 
be maintained, when the sum of the moments 1|iken with 
reference to the point C is equal to zero. 

221. If the lever is capable of sliding along its point of 
support, it will also be necessary that the resultant of the 
forces acting on the lever should be perpendicular to the lever 
at the point of support. 

222. When the lever is straight and the two forces parallel 
to each other, if p and p' represent the lengths of the portions 
AC and BC {Pig. 106), we shall have from the theory of 
parallel forces (Art. 73), 

P : F : : p' : p ; 

from which we infer, that when the forces are in equilibnOf 
their intensities wUl be inversely proportional to the arms of 
the lever. 

223. If the lever be curved, and a right line ED {Fig. 105) 
be drawn through the fulcrum C, the forces may be conceived 
to be applied at the points E and D taken on their respective 
directions ; we shall thus obtain 

P : F : : CD : CE. 

224. Lievers are divided into three kinds. In the first kind, 
the fulcrum C {Fig* 106) is situated between the power and 
the resistance : in the second kind, the resistance R {Fig. 
107) is situated between the power and the fiilcrum ; and. in 
the third kind {Fig. 108), the power is between the fulcrum 
and the resistance. 

The balance and steelyard are examples of the first kind 
of lever ; a bar of iron used in raising weights and having 
its fulcrum at one extremity, forms a lever of the second 
kind ; the treddle of a turning lathe is a lever of the third 
kind. 

225. The effect produced by the weight of a lever may be 
readily estimated by regarding it as a force S applied at the 
centre of gravity of the lever. For example, let P and F 
{Fig. 109) be two weights suspended trom the extremities of 
the lever AB, whose centre of gravity is situated at G ; we 
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shall have, by virtue of the principle of the moments, 

FxCB+SxCG=PxAO. 

This equation wiU determine either P or P'; and the weight 
sustained by the fixed point will be 

P+F+S. 

If the power and resistance act in opposite directions, regard 
must be had to the directions in which they tend to turn the 
lever; thus, in Fig. 110, the equation of the moments be- 
comes 

PxOA+SxCG=FxCB (120); 

and the weight sustained by the fulcrum is 

p+S-F. 

226. Let the lever CB (2^. 110) be supposed homogeneous, 
and of uniform weight throughout its length : represent by 
tn the weight of a portion of the lever whose length is one 
foot. If X represent the length of the lever expressed in feet, 
its weight S will be expressed by mx, and should be regarded 
as a force acting at its centre of gravity, which corresponds 
to the middle point G : thus, if we make CA=a, the equation 
(120) will then become 

Pa+Ja?Xma:=Fx«; 

from which we deduce 

'p=?l?+tflMP (121). 

X 

If, therefore, x be assumed arbitrarily, this formula will make 
known the value of F; but it may be.requhred to assign the 
value of X which shall render F the least possible ; we must 
then regard F as a function of x, and make the differential 

co-efficient -r- equal to zero ; we shall thus obtain 



dx 

_=:-.-+im=0; 



-whence, 



«*= 



2Pa , //2Po 



, andT=v/(^). 



m 
By substituting this value in equation (121), we obtain 
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Pa 



p= 



Pa . //aPaX 



or, by reduction, 



v/(l') 



227. The convmon balance is an important application of 
the lever. It consists essentially of a lever having equal arms, 
from the extremities of which are suspended scales of equal 
weight. The lever of the balance, which is called the beam^ 
is sustained by a horizontal axis perpendicular to its length, 
which rests upon a firm Support, and the substance to be 
weighed, being introduced into one of the scales, is counter- 
poised by the addition of known weights in the opposite 
scale. The figure of the beam is so chosen that its centre 
of gravity will be found immediately beneath the axis, or 
centre of motion, when the beam ha;s assumed a horizontal 
position ; and the weights suspended from its two extremities 
are known to be equal when they will retain the beam in 
this situation. If the centre of gravity were found upon the 
axis, the beam would obviously rest in any position, and there 
would be nothing to indicate the equality of the weights in 
the two scales ; and if this centre were situated above the 
axis, the beam would have a tendency to overturn if deranged 
in the slightest degree from the horizontal position. 

228. When the balance has been constructed with such 
accuracy that the lengths of the arms are exactly equal, the 
beam will assume the horizontal position if equal weights be 
introduced into the two scales ; but in the false balance, where 
the lengths of the arms are unequal, the weights necessary to 
maintain the beam in this position are likewise unequal. In 
this case, the weight of the body maybe obtained by counter- 
poising it successively in the two scales : the true weight tmU 
be a geometrical mean between the two apparent weights. 
For let p and p represent the lengths of the two arms, and 
W the true weight of the body. Then, if a weight P, sus- 
pended firom the extremity of the arm />, be supposed to 
sustain the weight W when suspended from |he extremity 
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of the ami f\ the conditions of equilibrium in the lever 
(Art 220) will give 

Pp=Wp'. 
But if the weight W be transferred to the extremity of the 
arm p, it will be necessary to apply a different wei^t F to 
the extremity of the arm p', in order that the equilibrium 
may be preserved. Thus we shall have 

and by multiplying the corresponding members of these two 
equations, we obtain 

or, by reduction, 

W=^(PF); 

hence, the truth of the proposition enunciated becomes appa* 
rent. 

229. It is frequently necessary that the balance employed 
should possess great sensibility, or should be capable of indi- 
cating very minute differences in the weights of the substances 
placed in the two scales. The sensibility of the balance is 
measured by the smallness of the weight necessary to produce 
a given inclination of the beam, when the scales are charged 
with a given load. 

The sensibility depends upon the following particulars 

^1^. The beam should be as light as is consistent with a 
proper degree of strength, in order that the friction at the 
axis, which is proportional to the pressure, may oppose the 
least possible resistance to the motion of th^beam. 

For the same reason the axis is constructed of hardened 
steel, and has the form of a knife^dge, or triangular prism, 
the lower edge of which rests upon polished steel or agate 
planes. 

2°. The lengths of the arms should be as great as possible, 

other things remaining the same, since the moments of the 

weights introduced into the scales, taken with reference to 

the Centre of motion, will be directly proportional to these 

lengths. Thus, the same weight, placed at twice the distance 

fiom the centre of motion, will exert a double effort to turn 

the beam. * 

H 
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3^ The sensibility will be increased by 'diminishing the 
distance between the centre of gravity of the beam and the 
centre of motion. Foi^ when the beam has been deranged 
from the horizontal position through a given angle {FHg. 1 1 1)9 
the weight of the beam W, which acts at its centre of gravity 
G, will exert an effort to restore it to its former position, 
which effort will be directly proportional to the moment of 
the weight W, taken with reference to the centre of motion 
Dj this moment will be expressed by Wxdg. • But the 
derangement of the beam having been made through a given 
angle, the distance dg will evidently be proportional to DG, 
the distance between the centre of gravity of the beam and 
the centre of motion. Thus, in proportion as the distance 
DG is diminished, the tendency of the weight of the beam to 
ooonteract the derangement which would be produced by an 
inequality of the weights in the two scales will likewise be 
diminished, or the sensibility will be increased. 

4°. The line joining the points of suspension of the two 
scales should pass through the centre of motion. For, if the 
centre of motion be found at C above the line AB, and the 
beam be supposed to have assumed the inclined position 
represented in FHg, 111, the effective arm of lever CE' of the 
scale F will evidently be greater than the arm CE of the 
scak P. Thus the beam may have a tendency to return to 
the horizontal position, although the weight F be less than P. 
And if, on the contrary, the oentre of motion be placed at a 
point C below the line AB, the lever-^rm C'F of the scale P 
will exceed that of the scale F, and the beam would therefore 
have a tendency to overturn, although the weights in the 
scales were equal to each other. When the centre of motion 
18 situated at the point D, the equality of the two arms will 
be preserved, whether the beam be in a horizontal or indined 
position. 

6^. The sensibility of the balance will be increased by 
diminishing the load with which the scales are charged, sinoe 
the friction at die axis will be diminished in the same pro- 
portion. 

flSO. A very Accurate balance will be sensibly affected by 
the addition of nnn part of the load with which the soaks 
are charged. 
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231. The steelyard^ represented in Mg. 112| ia a baltiiee 

having unequal arms, and is so oonstructed that a moveable 

weight P, applied successively at di:%i»nt points of the longer 

asm, shall sustain in equilibrio ditferent weights suspended 

from the extremity of the shorter arm. The longer arm 

GB is so gratiuaCed as to indicate the weight which will be 

supported by the moveable weight P, when placed at each 

of these divisione. 

# 

832. "To discover the law aocordiiig to which this -aim 
should be graduated, we will dsnalit by 

W, W, W", &c., the weights suspended successively 

from the extremity of the shorter arm , 
p, f\ p'\ &c., the corresponding distances at which the 
weight P must,be placed tomaintaiBthe equillbriom, 
r, the length of the shorter arm , 
w^ the weight of the beam, 

r', the distance of its centre of gravity from the fulotim. 
Then, if the centre of gravity of the beam be supposed to lie 
on the side of the longer arm, as usually happens, the ccn> 
ditions of equilibrium will give 

Wr=wr'+P;>, 
WV=iw'+Pp', 
W"r=irr'+P/>", 
Ac. &c. dfcc^ "^ 

and by subtracting each of these equations from that which 
follows, we obtain 

(W'-W)r=(p'-.p)P, 
* (W"-W')r=n(p''-p')P, 

If the weights W, W, W", &c. be supposed to increase in 
arithmetical progression, we shall have 

W— W=W"— W'=*W'"— W"=&c. ; 
and therefore 

p'— p=p"— |)'=p'"— p"=&c. ; 

thus the distances pj p\ p"^ &c. will likewise increase in 
arithmetical progression. 

If, for example, the moveable weight P when [daced at a 
point F should be found to support a weight of 10 pounds, 

H2 
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and if when placed at the point E,the weight supported should 
be found equal to 20 pounds, we ought divide the distance EF 
into ten equal parts, and the points of division will cor- 
respond to the weights 11 pounds, 12 pounds, 13 pounds, &c 
The zero of the scale will evidently be found at that point 
from which the weight P is suspended when h merely serves 
to counterpoise the weight of the lever. The steelyard is 
frequently constructed in such a manner that the two arms 
of the lever counterpoise each other : the zero of the scale 
will then coincide with the fulcrum. 

Of the PvUey. 

233. The pulley is a wheel having a groove cut in its cir- 
cumference for the purpose of receiving a cord which par- 
tially envelopes it : when a motion is imparted to this cord it 
is immediately communicated to the pulley, causing it to turn 
about an axis which passes through its centre, and is usually 
supported by a curved piece of iron terminating in a hook 
{Fig. 113). 

Pulleys are distinguished into two kinds, the fixed and the 
moveable. In the fixed pulley, the hook is attached to an 
immovable point, as in {Fig* 113) ; and in the moveable 
pulley the resistance R {Fig. 114) is applied to the hook. 

234. The conditions of equilibrium in the fixed pulley 
require the equality of the power P, and the resistance Q, 
{Fig. 113) ; for, if the intensities of these forces were unequal, 
the greater of the two would prevail. 

This property may also be demonstrated in the following 
manner : we prolong the directions of the two forces which 
act tangentially, until they intersect at the point E ; their 
resultant will pass through this point ; and since the effect of 
this resultant is destroyed by the resistance of the axis of the 
pulley at O, the resultant must likewise pass through this 
point. But the triangles EPO, Ed'O being identical, the 
angle FECI' is bisected by the direction of the resultant; 
whence it follows that the force P is equal in intensity to 
the force d. 

235. Let there be now taken the equal parts Elg- and EA, 



PDLLET. 117 

and construct the parallelogram E^/A ; the forces P and Q, 
being represented by the lines E^ and EA, their resultant R 
will be represented by E/": we shidl thus have the proportion 

and from ihe similarity of the triangles Eg/" and P'OQ,', 
! respectively perpendicular to each other, we 



obtain 
hence, 



FO : Oa' : P'Q,' : : Eg- : EA : E/; 



P:a:R::FO-. Oa':P'Cl': 

from which we conclude, that in the fixed pidley, each of 
the forces is to the resultant, or the pressure upon the point 
of support, as the radhis of the pulley to the chord of the arc 
with which the rope is in contact. 

The equality of the forces P and d having been demon- 
strated, it follows that Ihe advantage of the fixed pulley con- 
sists only in changing the direction of the power. 

236. Let the cord tlABP {Fig. 114) be supposed to em- 
brace the arc AB of a. moveable pulley, one extremity of tlie 
cord being attached to the fixed point Gt ; and let a power P 
be applied to the other extremity, for the purpose of sustain- 
ing a resistance R. The reaction exerted by the fixed point 
Q, will be similar in its effect to a force Q., and the conditions 
of equilibrium between P, Q, and R will be the same as in the 
case of the fixed pulley, except that the resistance which was 
then denoted by Gl.will in the present case be represented by 
R. Thus, the relation between the power and resistance will 
be determined from the proportion. 

P : R : : radius : chord of the arc AB. 
As the intensity of the power may be less than that of the re- 
sistance, the moveable pulley may effect a gain of power. 

When the cords are 'parallel, the preceding proportion be- 
comes 

P ; R : : radius : diameter : i 1 ; 2, 
and the power is then equal to one-half the resistance. 

If the chord of tlie arc be equal to the radius, the power and 
resistance will become equal j and when the radius exceeds 
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the chord, the use of the moveable pulley will induce a loss ol 
power. 

237. By the combination of a number of moveable pulleys 
we may .succeed in raising enormous weights by the applica- 
tion of a very small force ; the pulleys may be arranged in the 
following manner : 

The weight R(7^'^. 115) is suspended from the hook of the 
moveable pulley ABD, aroiuid which a cord is passed having 
one of its extremities attached to tiie fixed point K, and 
the other to the hook of the pulley A'lVD'. This second 
pulley is in like manner supported by a cord, altaclicd at one 
end to the point K', and at the other to the hook of the pulley 
A"U"D" ; and the same arrangemcTil is continued to the last 
pulley, which is embraced by a cord coiniected at one end with 
a fixed point K", the force P being applied to the other. If 
an equilibrinni subsists throughout the system, tlie tensions 
of the cords AE, A'E', &c. being denoted by T, T', ic, we 
shall have, by supposing tliere are three pulleys, 

R : T : : AB : AC, 

T:T'::A'n':AC, 

T' ; P : : A"B" : A"C". 
These proportions being mnlliplied together give 

R: P:: ABxA'H'xA"!!": ,\(-xACxA"C"; 
from wliich we conclude, that the power is to the resistance 
as the continued product of the radii of the pulleys is to the 
contiruied product of the chords of the arcs embraced by the 
ropes. 

Wlien the ropes are parallel these chords Income diameters, 
and the proportion is reduced to 

R : P : : 2' : 1 ; 
and, in general, for a iinml>er of pulleys denoled by w, 
R: P :: 2^: ]., 
23S. This arrangement of pulleys is seldom adopted, on 
account of its requiring too great a spaee. For, if the ropes 
be parallel, as represetiled in i^^, llfi, and the centre of the 
pulley l!Or be niis^'d rhrnuirb a hniL'Iit dcTioied by fi, the 
line nrh.'ingbrnughl iiiln ihn position /.-■, each brmch of the 



cord I>'CBX must be shortened by the quantity B6=Cc=:Ay 
and the whole rppe will therefore be shortened by the quaB« 
tity 2h : consequently, the pulley AE will rise through the 
distance 2& ; for a similar reason, the third pulley will rise 
through a distance 4A, equal to twice that described -by the 
second ; the same may be said of any number of pulleys : 
and the power P applied to the extremity of the last rope 
must rise through twice the distance which the last pulley 
ascends. Thus with a number of pulleys represented Vjr n, 
the power will rise through a distance expressed by 2"A, and 
we therefore lose in the space described, in the same propor- 
tion that we gain in power. 

To estimate the pressures sustained by the fixed points Dj 
]>, D", icc^ we wiU represent them by Q, Q', Q"; then, calling 
S and X the tensions of the cords SA and XB^ we shall have 

P=Q, S=Q', X=a"; 

which values substituted in the proportions 

P : S : : 1 : 2, 
S:X::1:2, 
give 

a'=2P, a"=4P. 

239. The mt^ is a combination of several pulleys, all of 
which are disposed in the same block, and have a common 
cord passing around their respective circumferences. 

To determine the relation between the power and the 
resistance in the muffle, lepresented in Fig, 117, we remark 
that the several branches of the rope must be equaUy stretched, 
and that these tensions acting conjointly must produce 
an equilibrium with the resistance R, which may therefore 
be regarded as solicited by six equal and parallel forces. The 
force Q, will be measured by the intensity of one of these 
equal forces, and will consequently be equal to one-sixth of 
the resistance. Or, in general, the power vMl be to the resist- 
ance Qsuniiy to the number of cords which support the resist- 
ance» 

240. In tlie use of either system of pulleys, a certain force 
will be necessary to overcome the weights of the moveable 
pulleys. The value of this force mav be readily estimated 
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by regarding the weight of each pulley as an additional force 
applied to its hook. Thus, in the system with separate ropes 
represented in Pig. 116, the weight of the pulley BOC may 
be considered as applied to the hook, and will be equally sup* 
ported by the cords BX and CD" : and since the addition of 
every moveable pulley reduces the power one-half, it follows, 
that the power will support one4ialf the weight of the upper 
pulley, one-fourth of the weight of AE, and one-eighth of the 
we%ht of BC. In the muffle {Pig. 117), the weight of the 
moveable block being equally distributed among the cords, 
the power will sustain one-sixth of this weight. 

Of the Wheel and Axle. 

241. This machine is composed of a wheel firmly con- 
nected with a cylindrical axis. To the circumference of the 
wheel a cord is attached, by means of which we can impart 
to it a motion of rotation, the effect of which is immediately 
communicated to the cylinder ; a second cord being wrapped 
around the cylinder in a contrary direction, communicates 
motion to the resistance which is to be overcome. The axis 
is supported at its extremities by two cylindrical pivots which 
are of less diameter than the cylinder itself, and permit it to 
turn freely about the points of support. 

242. To investigate the relation between the power and 
resistance in this machine, let us suppose its axis AB (Pig» 
118) to have a horizontal position, and let a horizontal plane 
be drawn through this axis, intersecting the direction of the 
power P at the point F. Represent the intensity of the force 
P by the portion FP of its line of direction, and decompose it 
into two forces FL=F acting in a horizontal direction, and 
FK=P' acting in a vertical direction. The direction of the 
force F being prolonged will intersect the fixed axis, and the 
effect of this force will be destroyed by the reaction of the axis. 

If motion be communicated by the force P, the point of 
application F of the vertical component F' will descend, and 
the resistance R will ascend, while the point M, the intersec- 
tion of the line HF with the axis of the cylinder, will remain 
immoveable. The point M may therefore be regarded as the 
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fulcrum of a lever HFj to the extremities of which the forcee 

R and P' are applied ; we shall coiisequeiitty have, by the 

property of tlie lever, when an equilibrium subsists, 

P' : R : : MH : MF. 

Again, the planes of the wheel and of the section EOH being 

perpendicular to the axis of the cylinder, the triangles HIU 

MCF are right-angled and similar : hence, 

MH : MF : : HI : CF. ^ 

Prom these proportions we deduce 

P" : R : : HI : CF. 

Let p represent the angle FPK {Pig. 118 and 119), we fihaJI 

have 

FPK^DFC-*J, 

and consequently, 

FK=FPxsm!Z>, DC=CFxsin*>; 

or, 

P"=PsinP, CF=^; 
sin 1^ 

tlieso values being substituted in the preceding proportion, 

give 

Pxsin4:R::HI:^^: 

sui 9> 

whence, 

PxDC=R>:HI: 

and from this we deduce the following proportion, 
P : R : : HI : DC (123). 

It thus appears that the conditions of equilibrium in the 
wheel and axle require that the power shall he to the resist- 
ance as the radius of Ike cylinder to that of the wheel. 

243. The pressures sustained by tlie pivots A and E arise 
from three distinct causes, viz, : the power, the resistance, 
and the weight of the machine. If T represent the value of 
this weight, the centre of gravity of the machine being situ- 
ated at the point G, we may regard the weight T as sus- 
pended from the point G : the machine being symmetrical 
with respect to its axis, this point will be situated upon the 
axis. Then, if the power P be replaced by its components 
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P and F', it will be simply necessary to substitute for the 
&ur forces P', F', R, and T, two others applied at A and B 
respectively. 

The forces R and T having been determined by experi- 
ment, F and F' may be expressed in functions of R. For, 
we have {Hg. 118 and 119) 

F=FL=PcosFPK, F'=FK=PsiiiFPK; 
or, 

F=P cos ^, F'=P sin ^ (123). 

But the angle p being equal to the angle CFD, we obtain 

1 :cos^::CF:DF, 1 : sin^ : : CF : CD; 

whence, 

DF . ^ CD 

cos^=^, sm^=-. 

Substituting these values in equations(123)^ diere results 

CF' . CF' 
and replacing P by its value given in the proportion (122), 
we obtain 

P, R.HI.PF p,, R.HI 
DO.CF ' CF • 

The vertical forces R and F' being regarded as acting at the 
extremities of a lever whose fiilcmm is situated at the point 
M, their resultant will pass through this pointy and its value 
will be expressed by R+F'. 

If Z and Z' denote the effects produced by this lesultenl 
upon the points A and B, their values will be determined by 
the proportions 

AB2BM::R+P":Z, 

AB:AM::R+F';Z'. 
Representing in like manner by U and U', the components of 
T acting on the points of support, we shall have 

AB:BG::T:U, 
AB : AG : : T : U'. 
The forces U and U' being vertical, they must be added to 
Z and Z respectively. The horizontal force F, which acts 
at C, the centre of the wheel, being likewise decomposed into 
two components Y and Y' applied at the points A and B, the 
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'Values of these coniponents T'and Y' will result from the 
proportions 

AB:CB::F:Y, 

AB:AO::F:Y'. 

Thus, having constructed two rectangles, the first of which 
shall have a height Z+U and a base Y, and the second a 
height Z'+U' and a base Y', the diagonals of these rectangles 
will represent the pressures on the points of support ; and the 
angles formed by the diagonals with the sides of the rectangles 
will make known the directions in which these pressures are 
exerted. 

244. K regaurd be had to the thickness of the cords, we must 
consider the effects of the powers as transmitted through the 
axes of the cords : thus, the radius of the cylinder and that 
of the wli^eel must be increased by the semi-diameter of tho 
cord, and we shall then have the proportion : the power is to 
the resistance as the sum of the radii of the cylinder and 
cord to the sum of the radii of the. wheel and cord. 

245. The capstan is a variety of the wheel and axle, in 
which the axis of the cylinder has a vertical position. 

246. Let it now be supposed that we have a system of 
wheels and axles arranged in the following order : 

The power P applied to the circumference of the wheel 
AD {Pig' 120) communicates motion to the cylinder BC» 
from which the motion is transmitted to a second wheel 
AD", by means of the cord BA'. The wheel A'D' turns the 
axle O'BVto which is attached the cord B'A", and a similar 
arrangement is continued to the last axle, from which the 
resistance R is suspended. 

When the system is in equilibrio, if we denote by T, T', T", 
to^ the tensions of the cords BA', B'A'', &c., we shall have 
For the first wheel and axle, P : T : : OB : OA, 
For the second . . . . T : T' : : CB : OA', 

For the third ...... T' : R : : 0"B" : 0"A". 

These proportions being multiplied together, there results 

P : R: : 0Bx0B'x0"B" : OAxOAxO^A"; 

whence, 

P^ OBxO'FxO^'y' . 
R""OAxO'A'xO"A"' 
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from which we conclude that the power is to the resistance '*■ 
03 the continued product of the rculii of the axles to the cotir 
tinned product of the radii of the wheels. 

If the radius of each axle be supposod equal to the n^ part 
of the radius of its wheel, the preceding proportion will 
become 

OA O'A' 0"A" 

p : R : : ^x^^^X^^-^ : OAxO'A'xO'A", 
n n n 

which reduces to 

P:R::l:n». 

247. The different parts of a system of wheel-work are 
frequently caused to act upon each other by means of teeth 
projecting from the several circumferences. These teeth 
perform the same office as the cords in Fig. 120. Each 
toothed-wheel is traversed by an axis bearing a smaller wheel 
which is called a pinion^ and the teeth of this pinion are 
called leaves. The first wheel turns its own pinion, both 
being firmly connected with the same axis, and the leaves of 
the pinion catching into the teeth of the second wheel, com- 
municate a motion to it in a direction contrary to that of the 
first wheel. In a similar manner, the pinion of the second 
wheel transmits a motion to the third wheel, and the same 
arrangement is continued throughout the system. The 
pinions replace the axles of the preceding combination, and 
hence the condition of equilibrium is, that the power shcdl be 
to the resistance as the continued product of the radii of the 
pinions to the continued product of the radii of the wheels. 

248. Let D, D', D", &c. represent the numbers of teeth in 
the wheels A, A', A", <kc. {Fig, 121), and rf, d\ rf", &c. the 
numbers of leaves in the pinions a, a', a", &c. ; and let us 
suppose that while the wheel A makes N turns, the wheels 
A', A", &c. make respectively N', N", &c. turns. At each 
revolution of the wheel A, the pinion a will engage in suc- 
cession all its leaves in the teeth of the wheel A' ; so that in 
N revolutions it will engage with A', a number of teeth ex- 
pressed by Net : in like manner, the wheel A' making N' turns 
must engage with the pinion a, a number of teeth expressed 
by N'D', and since the numbers of teeth and leaves which the 
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wheel A' and the pinion a mutually interlock are equal to 
each other, we must necessarily have • 

N'D'=Nrf; 
for a similar reason^ the other wheels will furnish the 
equatioQS- 

• ' N"D"=N'd', N'"D'"=N"rf", &c. 

These equations being multiplied together, there results 

N'"iyD"D'"=NcWd"; 
^yhence, 

For example, if it were required to determine the number of 
teeth which should be employed in order that the wheel A'^ 
should make one revolution while the wheel A performs 60| 
we should have 

N"'=l, N=6a, 1=60^1, (124). 

The numbers rf, rf' and rf" being assumed arbitrarily, wewill' 
suppose rf=4, rf'=5, d"=7 ; this supposition will reduce the 
last of the equations (124) to 

ly X D" X D'"=60 X 4 X 5 X 7=8400. 

The number S400 being divided into the three factors 12, 25, 
and 28, will evidently furnish a solution to the problem, since 
the quantities ly, D", and T^' may be made respectively 
equal to these factors. The problem obviously admits of an 
indefinite number of solutions. 

The quantity N"' must be assumed less than N, since we 
have supposed d<D', d'<D", d"<D"', and the wheel A'" will 
therefore make a less number of revolutions in a given time 
than the wheel A. 

249. The theory of the jack-screw is likewise to be referred 
to that of the wheel and axle. There are two varieties of 
this machine, the simple and the compound. The simple jack 
is composed of a toothed bar of iron AB {Pig. 122] which 
slides in a case CD, The teeth of this bar work in the leaves 
of the pinion EF, which is put in motion by means of a 
crank Q ; thus, the teeth of the bar being subjected to a 
pressure from ^ the leaves of the pinion, the bar will move in 
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the diiection of its length, and will overcome a resistance at 
A. In this machine, the crank and pinion perform tin 
offices of the wheel and the axle in the common machine, and 
the conditions of equilibrium may therefore be stated thus : 
the power is to the resistance cis the radins ^ the pifvum to the 
radius of the crank. 7 

250. In the compound jack-screw, the motion is commi^- 
nicated by means of a crank to a pinion, the leaves of which 
work into the teeth of a wheel ; the axis of this wheel c^ijies 
a second pinion, which in its turn communicates motion to 
a second wheel, and the same arrangement is continued to 
the last pinion, whose leaves act on the teeth of the fron bar* 

The condition of equilibrium in this machine obviously ii, 
that the power shall be to the resistance as the continued pro- 
duct of the radii of the pinions to the continued product of 
the radii of the wheels and the radium of the crank. 

Of the Inclined Plane. 

851. This machine consists of a plane inclined to the 
horizon : its object is to support in part the weight of a body 
placed upon it. 

Let M represent a body {Fig. 123) the weight of which is 
supposed concentrated at its centre of gravity, and exerted in 
the vertical direction MP. In order that this body may be 
sustained in equilibrio upon the inclined plane by the appli- 
cation of a force Q^ it is necessary that this force Q, and the 
wei^hj of the body represented by P, should have a single 
resultant; this condition can only be fulfilled when die 
directions of the forces intersect at some point M : but the 
line MP being vertical, and passing through the centre of 
gravity, the plane of the forces PMQ must likewise be ver- 
tical, and must contain the centre of gravity. Thus the first 
condition of equilibrium requires that the direction of the re- 
sultant be situated in a vertical plane passing through the 
centre of gravity of the body. The second condition is, that 
the resukant MN of the two forces P and Q shall be destroyed 
by the resistance of the inclined plane, which condition can 
only be satisfied when the direction of this resultant is per« 
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pendicular to the plane, and interaectd it at some point within 
the polygon formed by covmecting the extreme ppints of con- 
tact of the body And the plane. 

262. The preceMng conditions being fulfilled, we will sup- 
pose KL to represent a bddy {Pig- 123) retained in equili- 
brio upon an inclined pland by the application of a force 
Q. Let the lines ME and MF be tiU^en proportional to 
the weight P .and the force Q, and let the parallelogram 
FllSR be constructed : the diagonal MR will represent the 
prestAxe exerted by the body against the plane, and if this 
pre^isure be denoted by R, we shall have 

a ; P : R : : sin PMR : sin OMR : sin PMa (125). 

'the triangles APO and OMN being similar, the angles PMR 
and OAB will be equal to each other, and therefore 

sin PMR=sin A=-— - ; 

AC 

tbis value being substituted in the proportion (125), we o^ v 
iain 

a : P : R : : CB : AOxsinQMR : ACxsinPMd. 

253. If the direction of the power be parallel to the plane 

{Fig- 123), the triangles MER and ACB will be similar, since 

the angles G and E are then equal to each other, and we have 

the proportion 

ER : ME : : OB : AC ; 

from which we conclude that when the power acts parallel 
to the plane, the power Gtistothe weight P (is the height ^f 
the pUme is to its length. 

254. When the power becomes parallel to the base of the 
plane {Fig- 124), tfie similar triangles MER and CAB give ' - 
the proportion 

ER : EM : : CB : AB, 

a:P::CB: AB; 

thus, in this case, the power is to the weight as the height of 
the plane is to the bixse. 

265. The angle Abeing supposed equal to45%and the power 
applied parallel to the base, the weight and power wiU be- 
come equal ; if the angle A be less than 46°, the weight will 
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be greater than the power, and if A be greater than 45°, the 
power will exceed the weight, or the use of the machine yplL 
occasion a loss of power. 

256. If a body be sustained in equilibrio between two in- 
clined planes, the conditions of equilibrium will require that 
the weight of the body be susceptible of being resolved into 
two components which shall be respectively perpendicular to 
these planes, and shall intersect them at points situated within 
the polygons formed by joining the points of contact of the 
body with each plane. The line of direction of the weight 
being vertical, the plane of its components will likewise be 
vertical : and since these components are respectively per- 
pendicular to the inclined planes, their plane will be perpen- 
dicular to the common intersection of the inclined planes * 
hence, this intersection must be a horizontal line. 

The pressures sustained by these planes may be readily 
determined by constructing the parallelogram of forces, whose 
diagonal shall represent the weight of the body, and whose 
%ides shall be perpendicular to the inclined planes. 



Of the Screw. 

257. Let the sides of the rectangle AM' {Fig. 125) he 
divided into equal parts by the parallel lines BB', CC, ifcc., 
and let the diagonals AB', BC, (fee. be drawn. If the rectan- 
gle M'A be then applied to the surface of a right cylinder 
with a circular base, the circumference of which is equal to 
the line AA', in such manner that the right lines MA and M'A' 
shall be caused to coincide, the points A, B, <fec. will ftJl upon 
the points A', B', <fec. respectively, and the diagonals will trace 
upon the surface of the cylinder PCINM (-FYg*. 126) a curve 
PRSTUV &c., which is called a hdix. 

258. The characteristic property of this curve is that the 
tangent at every point is equally inclined to the element of 
the cylinder passing through that point: this is obvious from 
the manner in which the curve is generated. 

The distances mn, w'n', m"n", &c. (Fig. 125) being equal, 
their equality will be preserved when the rectangle is applied 
to the surface of the cylinder : consequently, if we assume 
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mn as the base of an isosceles triangle mno, the plane of which 
passes through iheaxisoftiie cylinder, and cause the triangle 
to move around llie cylinder, in such manner that the points 
m and n shall constanlly remain on two adjacent helices, the 
plane of the triangle continuing to pass through the axis of 
the cylinder, there will be generated by this motion a project- 
ing fillet which will completely envelop the cylinder Md. 
The cylinder and fillet taken conjoindy constitute the screw, 
and the latler is usually called the thread of the screw. This 
thread is sometimes generated by the motion of a rectangle, 
instead of a triangle. 

259. The nut is composed of a hollow piece, having a 
spiral groove cut in its interior, in which the threads of the 
screw work. It may be regarded as forming the mould of a 
portion of the screw. 

The screw can be readily turned within the nut, and at 
each revolution passes over a distance in the direction of its 
length equal to the distance between the threads. 

Since the conditions of the problem are precisely the same, 
whether we regard the nut as turning on the screw, or the 
screw as turning within the nut, we will adopt the first 



260. To determine the conditions of equilibrium in this 
machine, we will suppose the nut to be placed on its screw, 
and the axis of the screw to have a vertical position. Let 
the nut be divided into any number of particles, whose weights 
are denoted by m, tii', m", »kc., each of which rests on some 
point of the screw ; and let us determine tJie force necessary 
to sustain any one particle nt {Pig. 127). 

The particle m, being connected with the axis of the screw 
in snch manner that its distance from the axis shall remain 
invariable, must, if unsupported, descend along a helix, every 
point of which will be at the distance wiC from the axis. 
ThuSjbyregarding this helix as an inclined pJane, the height 
of this plane will be the distance between the threads, and 
its base will be the circumference described with inC as a 
radius. 

Let us suppose a horizontal force P {Pig. 128) to be ap 
plied immediately to the particle m, for the purpose of 
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sustaining it in equiliturio upon the inclined plane. .B7 odd- 
structing the right-angled triangle KUm, whose height shall 
be the distance between the threads, and its base the circum- 
ference described with the radius mC, we shall obtain by the 
principle of the inclined plane (Art 254). 

P*m:: height: EH; 



or, 



P : f» : : mH i circumference Cm ..... (126). 
Bat if the point of application of the power be transferred 
from the point m to the point D, the extremity of the lever 
CD, the force d, which applied at this point will produce the 
same effect as the force P applied at f», can be determined 
from the following proportion, 

a : P : : Cm : CD ; 
or, 

Q : P : : circumference Cm : circumference CD. 

And by comparing this proportion with (126), we obtain 

d : f» : : mH : circumference CD. 

Thus, for the particle m, the power is to the weight as the 
distance between the threads is to the circumference described 
by the power. 

This proportion being true, whatever may be the distance 
of the particle m from the axis of the cylinderi we shall ob. 
tain for the other points in the surface of the screw, which 
support the weights m\ ml\ (fee, by means of the ^oroes 
d', d", &c., applied at the same distance CD, 

QC \m : : ^mH : circumference CD, 

d" : m : : mH : circumference CD, 

QC : m'" : : mH : circumference CD, 

&c. (fee. &c. 

From these proportions and the preceding, we deduce 

^ mXmH Q, m'XmH q"_ m"xmH t-y^yrx 

"circumf. CD' circumf. CD' ""circumf. CD' ' ' ^* 

These values are independent of the distances of the points 
m, m', m'', d&c., from the axis of the cylinder ; and since the 
forces d, d', d", &c, were supposed applied at equal dis- 
tances from the axis, they will communicate to the nut the 
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same motion of rotation as would be imparted by a single 
force equal to their sutn, and acting along the line DCl. 
Thus, by adding the equations (127), we find 

(m+f»^+m-^+&c.)=r(a+(l-+<l"+&c.) ^^^' ^ ; 

and since the sum {m+tn'+m"+&c.) represelits the entire 
weight M of the nut, we shall have, after replacing the sum of 
the forces Q, Qi\ Qi"y &c., by a single force Q./, 

^ drcu^CD^ 

whence, 

Q/ : M : : mH : circumference CD : 

or, the pcwer is to the weight <»s the distance between the 
threads is to the circumference described by the power. 

It thus appears that the machine will be rendered more 
powerful by applying the force at a greater distance from the 
axis, or by diminishing the distance between the threads 
of the screw. 

Of the Wedge, 

261. The wedge is a triangular prism, one of whose edges 
is introduced into the crevice of a body, for the purpose of 
enlarging the opening. 

All cutting instruments, such as knives, scissors, razors, 
&c., may be regarded as wedges. 

262. The power is usually applied by communicating an 
impulse to the back o{ the wedge, in a direction perpendicular 
to it : if the direction of this impulse be oblique, it may 
always be resolved into two components, of which one shall 
be perpendicular to the back of the wedge, and the other shall 
coincide with it. The first will produce its entire effect, the 
second wUl only tend to move the point of application of the 
power along the back of the wedge. 

Let ABC {Fig. 129) represent a profile of the wedge ; 
AC and BC are sections of its ikces, and AB a section of its 
back, upon which the power is applied in a perpendicular 
direction. 

13 
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To determine the relation between the power af^iied to the 
back of the wedge and the pressures exerted at the fjaces^ we 
will suppose the power F to be represented by the line DE, 
and draw DM and DN perpendicular to the faces AC and BC : 
then, by constructing the parallelogram DIEK, the compo- 
nents DI and DK will represent the pressures exerted against 
AC and BC. Denoting these pressures by X and Y, the 
similar triangles ABC and IDE give the proportion 

DE:DI:IE::AB:AC:BC; 

or, 

P : X : Y : : AB : AC : BC ; 

and by multiplying the three last terms in this proportion by 
the line GH {Fig. 130), we have 

P : X : Y : : ABxGH : ACxGH : BCxGH. 

The products AB x GH, AC X GH, and BC x GH express the 
sur&ces of the back and faces of the wedge, and we therefore 
conclude that in this machine, the power F applied to the 
backj and the efforts X and Y exerted by the sides, are respect- 
ively proportional to the surfaces of the back and sides of 
the wedge. 

The power of the wedge will evidently be augmented 
either by decreasing the back of the wedge, or by increasing 
the lengths of its faces. 

FYicHon, 

263. If a body be placed upon a horizontal plane, the action 
of gravity exerted upon it will be entirely counteracted by 
the resistance of the plane, and the least possible impulse 
will communicate a motion to the body, if it be not retained 
by physical causes which oppose motion. The most efficient 
of these causes is friction. This term is applied to the force 
which tends to prevent a body from sliding along the surface 
of a second body, and which arises from the slight inequalities 
in the two surfaces ; the projecting points of one surface en- 
tering the cavities of the second give rise to a passive force 
which tends to assist or oppose the power, accordinfi^ as this 
power is employed to sustain or move the body. 
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The eflbct of friction is found to be sensibly proportional 
to the pressure, so long as this pressure is retained within 
moderate limits. Thus," if we denote by / the friction ex- 
erted by a homogeneous body AB (Pig. 131), the weight of 
.which is equal to unity, and if AB' be supposed equal to twice 
AB, the corresponding friction will be expressed by 2^; if 
AB" be triple AB, the friction will be equal to 3/*, &c.; so that 
if F denote the friction exerted by the body AM, which con- 
tains a niunbej: N of units of weight, we shall have 

P=N/ (128). 

264 The friction may be measured in the following 
manner : 

Lei AB {Fig* 132) represent the body which exerts by its 
weight the unit of pressure on a horizontal plane LK. To 
the body is attached a thread CDE, which passes over a fixed 
pulley, and sustains the weight M : this weight being grad- 
ually increased, its intensity at the moment when it is about 
to overcome the resistance which the body opposes to motion, 
will measure the friction/, corresponding to the unit of pres- 
sure. 

265. There is another method of measuring the friction, 
which results from the follawing theorem : If a body MN be 
placed upon an inclined plane AC {Fiff* 133), and if the 
angle A which this plane farms with the horizon be grad- 
ually augmented until the body is about to commence sliding 
upon the planoy the numerical vaiue of the unit of friction 
will then < be equal to the tangent of the angle which the 
inclined plane forms with the horizon. 

To demonstrate this fact, let the lines GD and GK be 
drawn, respectively perpendicular to AB and AG ; the centre 
of gravity of the body being supposed situated at the point 
O. Represent by GD the weight of the body, and decom- 
pose GD into two forces GH and GK, parallel and perpen- 
dicular to the inclined plane : we shall then have 

6H=DK=GD sin DGK, 

6K:=GDcosDGK; 
12 
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but the angles DGK and CAB are equal to each other ; and 
hence, ihe preceding equations may be written thus, 
GH^GDxsiiiA, 

GK=GDxcosA; * 

or if N expresses the weiglil of the body, J » 

GH=N sin A, 
GK^NcosA. 
Tlie pressure sustained by tiie inclined plane being expressed 
by GK— N cos A, the corresponding friction will be expressed 
by N cos A/; but since the effect of friction is to counteract 
that tendency which the body has to move along the plane 
when there is no friction, it follows, that an equilibrium will 
subsist between the force of friction and the component of 
the force of gravity, GH = N sin A, which acts in the direc- 
tion of the plane ; whence we obtain 

N cos A ./=!V sin A. 
From this equation we deduce 

/=taiigA (139). 

266. The angle thus determined is called the angle of 
friction ; its value will remain constant only when we adopt 
the hypothesis that the friction varies proportionally to tho 
pressure. For. the relation expressed in (129), has been 
deduced by employing (12*^), which expresses this law; and 
the law, as has been already remarked, exists only for mode- 
rate pressures. 

267, Since different substances have pores of very unequal 
magnitudes it happens thai Ihe friction is not the same for all 
bodies ; hence, experiments have been instituted for the pur- 
pose of determining the friction peculiar to each. 

The following results which express the relation between 
the friction and the pressure, have been obtained by Coulomb: 

Iron against iron /=0.28, 

Iron against brass . ., . . /=0.26, 

Oak against oak /=0,43, 

Oak against fir /=0,05, 

Fir against fir /=ll.5fi, 

Elm against elm /=^0.17, 



FRICTION. 136 

These last results were obtained ^en the friction was 
exerted in the direction of the fibres ; but when the direction 
of the fibres formed a riffht angle with that of thtf motion, 
1h^ friction was found to be much less, but still in a constant 
ratio to the pressure ; the results in this case were as follows : 

Oak against fir /=0.158, 

Fir against fir /=0.167, 

Elm against elm /=0.100. 

It also appears firom the experiments of Coulomb, that 
the firiction exerted by a body in motion is very nearly inde- 
pendent of the velocity of the body. 

The polish of the body and the introduction of an imc- 
tuous substance between the rubbing surfaces contribute to 
lessen the effect of the.friction. 

268. When, one body is caused to roll upon another, a cer- 
tain degree of resistance is still offered by friction, but this 
resistance is much less intense than in the case of a sliding 
motion. This result appears to be a consequence of the dis- 
engagement of the inequalities in the surfaces, which the 
motion of rotation tends to effect. 

269. The general laws of friction, as deduced from the 
experiments of Coulomb, may be summed up as follows : 

1°. Friction varies with the polish of the surface : Thus, 
the resistance opposed by friction may be reduced by diminish- 
ing the asperities of the rubbing surfaces. 

2°. The friction between bodies of the same kind is greater 
than between bodies of different kinds. 

3®. FHction does not depend on the extent of surface in 
contact, the entire pressure exerted between the bodies remain^ 
ing the same. 

4°. Friction is proportional to the pressure. 

5^. Friction is diminished by interposing a substance of 
an unctuous nature between two surfaces which slide upon 
each other. 

6°. The friction is greatly diminished by substituting a 
roUingfor a sliding motion, 

270. The adhesion which takes place between the surfaces 
of bodies is another physical oause opposed to their motion. 
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It is difficult to estioaate, in a precise manner, the jHroper 
measure of this effect, in consequence of its being liable to a 
very great increase with time in those machines which are at 
rest ; and, on the contrary, to undergo occasional changes kl 
those which are in motion. 

The law which this force usually follows is that of being 
sensibly proportional to the extent of the adhering surfaces. 
Thus, by denoting the adhesion of a superficial unit by the 
quantity ij/j the adhesion of a sur&ce whose area is a will be 
expreaaei by a^. 

Effects of Friction in certain Machines. 

271. Let P and S {Fig. 134) represent two forces applied 
to a material point which rests in equilibrio on an inclined 
plane AB, and let « and « denote the angles which the direc- 
tions of these forces make with the plane. If we disregard 
the effects of friction and adhesion, the conditions of equi- 
librium will require the relation 

P cos«=S cosi.' (130); 

but if friction and adhesion be considered, since these two 
forces are opposed to the motion which the power P tends to 
impress in a direction from m towards B, it will be necessary 
to add these forces to tlie component of S in the direction of 
the plane, which is expressed by S cos «' . To determine their 
values, we remark that the pressure exerted upon the inclined 
plane is produced by the normal components of the forces 
P and S. These components are expressed respectively by 
P sin « and S sin « ; and their sum will be equal to the entire 
pressure which is denoted by N in equation (128). Thus, the 
force arising from friction is expressed by (P sin «+S sin«')/! 
If we denote by a the area of the sur&ce in contact with the 
plane, the adhesion will be represented, as has been before 
stated, by the quantity a|. Consequently, by adding these 
forces to the second member of the equation (130), we shall 
obtain for the condition of equilibrium 

Pco8«=S cos*'4-Ssintf/+Psin*^+a^; 

from which we deduce 
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p_ S cos <6'+S/sin li^+gt^ gj. 

cos*— /sin «• ^ '* 

272. If, on the contrary, the power be only required to 
retJtin in equilibrio the point m, the friction and adhesion, 
being still opposed to motion, will tend to assist the force P, 
and the algebraic signs of these quantities must therefore be 
changed. Representing by P the force necessary to support 
m, upon this hjrpothesisjwe shall have 

S cos •—S/ sin « — a^^ ,^^. 

cos a+fsilitt ^ ■' 

It is evident that the equilibrium may be preserved by the 
application of any force P" in the direction Pm, provided the 
intensity of this force be intermediate between the intensities 
P and F given by equations (131) and (132). 

273. The effect of friction in modifying the conditions of 
equilibrium in the lever and pulley will now be considered. 

Let the lever be perforated by a circular hole, through 
which is passed a cylinder having a vertical position. Since 
the circumstances will be the same, whether we regard the 
lever as turning about the cylinder, or the cylinder as turning 
within the lever, we shall adopt the first hypothesis, and con* 
aider the - point m, of the lever {Fig- 135), which, being in 
contact with the cylinder, is subjected to the action of the 
force of friction. Let the cylinder be intersected by a hori* 
zontal plane passing through m, and let this plane be assumed 
as the co-ordinate plane of ar, y. For the purpose of simpUfy- 
ing the question, we shall suppose the resultant R of all the 
forces applied to the lever to be situated in the plane of x^ y. 

The intersections of the cylinder and lever by the plane of 
ar, y will be represented respectively by the circle mBE, and 
the plane curve GIL. The cylinder being immoveable, the 
point m can be subject only to a circular motion about the 
point C, at which the axis of the cylinder is intersected by 
the plane of x^ y. If the point m remain immoveable, the 
equilibrium must result from the combined actions of the 
resultant R of the several forces applied to the lever, the fric- 
tion, and the resistance opposed by the axis. The direction 
of this Resistance being normal to the surface of the cylinder, 



138 STATICS. 

we may drop the consideration of the fixed cylinder, and con- 
sider the point as perfectly free, and sustained in equilibrio by 
the three following forces : V. the normal force, which acts in 
the direction from C towards m ; 2°. the friction, which acts 
along the tangent mD ; 3°. the resultant R of all the forces 
in the system. 

274. It should be remarked that although two of the three 
forces are applied at m, the third force may be applied at any 
other point, provided its line of direction passes through fn. 

If we regard the point of application of the third force as 
unknown, the conditions of equilibrium of the three forces 
will be expressed by the equations (62), (53), and (54). 

276. To express these conditions, we will suppose the origin 
of co-ordinates to be placed at C, and represent by N the nor* 
mal force, which forms with the axes angles equal to « and /0: 
denote by F the friction, the direction of which forms with 
the axes the angles « and fi^, and by h t|;ie radius of the cylin- 
der which is supposed to be nearly of the same size as the 
circular hole through which it passes. The components of 
the force R, parallel to the two axes, will be represented by X 
and Y respectively, and the perpendicular distance of this 
force firom the point C by the letter r. 

This being premised, the condition expressed by equation 
(62) requires that the sum of the components parallel to the 
axis of X shall be equal to zero ; hence, 

N cos -t+X+P cos «':=0 (133). 

For a similar reason, the components parallel to the axis of 
y give 

N COS/8+Y+P cos/3'=0 (134). 

And the third equation of equilibrium, which expresses the 
relation between the moments, gives 

Rr+PA=0 (135); 

which becomes, by substituting for P its value deduced from 
equation (128), 

Rr+N/A=0, (136); 

276. Before emplojring equations (133) and (134), it may 
be remarked that any one of the four quantities cos «, cos «', 
cos /0, cos fi'f which appear in those expressions, will serve to 
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determine the remaining three. For, the angle yCs {Pig- 
136) being equal to a right angle, we ^all have 

cos /B=sin «t • 

and if we draw the line FK parallel to Cm (2^. 136), we 
shall obtain 

mFH=mFK+KFH ; 
or, 

consequently, 

cos «'=cos 90° cos *— sin 90° sin *— —sin *, 

cos /s'=sin «'=sin 90° cos «+cos 90° 5x0 *=cos«. 

By means of these values of cos j8, cos «', and cos /s', wc xedu»i« 
the equations (133) and (134) to 

N cos *+X— F sin «=0 
Nsin«+Y+Fcos 

277. These equations admit of a further reduction, from 
the consideration that the friction exerted at the point m is 
proportional to the normal pressure N ; thus, by replacing F 
by its value N/in the equations (137), we find 

X=N/ sin «— N cos « ) .^oq\ 

Y=-N/cos«-Nsin*5 ^ ^' 

But X and Y being rectangular components of the force R, 
we must have the relation 

R«=X«+Y^. 

Substituting in this equation the values of X and Y found 
above, we obtain 

Ra=N»(sin« •+cos"-)+N»/»(sin^ i»+cos« «), 

or, 

R«=N«(1+/") (139). 

From this equation taken in connexion with (136), we find 

r=^±—^!L— (140). 

This value of r will always be less than that of A, since the 
fraction | is less than unity ;• but h represents the 
radius of the cylinder, and hence it follows that the equi 
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llbrium is only possible when the distance r of the point C 
from the direction of th# resultant does not exceed the radius 
of the cylinder. The direction of the resultant will there- 
fore intersect the surface of the cylinder. This condition, 
without which the equilibrium of the lever, maintained by 
the effect of friction, becomes impossible, is not alone suffi- 
cient ; for the value of r must not exceed that determined by 
equation (140) ; otherwise the condition of moments could 
not be fulfilled. 

278. It may be remarked, that the equation of the moments 
expresses the condition that the friction and the resultant of 
all the forces applied to the lever, acting conjointly, will pre- 
vent any tendency to rotation. For since the direction of 
the normal force passes through the origin, it can have no 
tendency to produce rotation. If, therefore, an equilibrium 
subsists, it must be produced in consequence of the forces 
R and P exerting equal efforts to turn the system in con- 
trary directions. But this is precisely the condition expressed 
by liie equation (136), since the moments of the forces are 
equal and have contrary signs. 

279. We can also determine the delation which faiust sub- 
sist between the power and the resistance. For this purpose 
the preceding results must undergo certain modifications. 

Let P and S represent the power and resistance (Fig'. 
137), which form with each other an angle i ; the result- 
ant of these two forces will be determined by the equation 
(Art. 30) 

R»=P«+S»+2PScos^. 

By substituting this value of R' in equation (139), it becomes 
P« +S«+2PS cos^=N»(l+/») (141). 

280. Let the value of N be now expressed in functions of 
the quantities P and S. For this purpose, let the perpen- 
diculars p and 3 be demitted on the directions of the forces 
P and S respectively ; the moment Rr of the resultant can 
then be changed into P/?— Ss, or &— Pp, according to the 
direction in which the resultant tends to turn the system ; 
thus the equation (136) will become 

±(P/i-&)-|.N/A=0 
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whence, 

and by substituting this value in equation (141), we find 

P'+2PS cos#+S«=%:M* x^. 

This result may be simplified by making 

P=Sj^, and ^^^=k^ (142). 

The quantity S' will then disappear, being a common fac- 
tor, and the equation will reduce to 

e*'\-2z cos ^+l=r=--(pz'sy , 

nr 

From this equation we deduce 

z'h^ +2zh' cos $+h* =k^{p*z* '-2pzs+s') ; 

and by transposition, 

(A«p« — A« )z* — 2(p*A:« + A' cos f)z +k*s* — A« =0 ; 

or, by divisio]^, 

The value o{'z deduced from this equation is the ratio of the 
power to the resistance ; and since z has two values, it is 
obvious that the first will apply to the case in which the 
power is about to overcome the resistance, and the second to 
that in which the resistance is about to overcome the power. 
By resolving the equation, we find 

^ . k^p2^h* ' 

and by developing and reducing the terms contained under 
the radical signs, we obtain 

psk*+h'cos$±h^[k^{p*+2pscosi+3»)'-h*{l—cosH)] ^ 

— lcap» _Aa ' 

and finally, by substituting tdi z and 1 — cos' tf their respect- 
ive values, we shall have 
P ^>sk' + A»coe tf ± h^[k* (p^+2pscos$+s') —h' sin' t\ 
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2S1. If the radius of the cylinder be very small, its square 
A> may be neglected, and the preceding ratio will then become 

If the perpendiculars f and s^ demitted from the point C on 
the respective directions of the power and resistance, become 
equal to each other, the results will apply to the case of the 
pulley ; and by still neglecting the quantity A', we shall find 

S kp ^ '' 

282. Finally, when the power and resistance act in par- 
allel directions, the angle ^ becomes equal to zero ; whence, 

sin^=0, costf=l; 

and the equation (143) then reduces to 

S kp 

283. The same principles will serve to determine the con- 
ditions of equilibrium in the other mechanical powers, when 
regard is had to the effects of friction; but the results obtained 
would in general prove much more complicated. 

Of the Stiffness of Cordage. 

284. In employing the cord as a means of transmitting the 
effect of a force to a machine, we have hitherto supposed the 
cord to be perfectly flexible. But as this hypothesis is inad* 
missible in practice, it becomes necessary to estimate the ad- 
ditional force that will be necessary to overcome the rigidity 
of the cord. 

Let P and Q {Fig. 138) represent two weights which are 
applied to the extremities of a cord passing over a fixed pul- 
ley : if the weight P be supposed to prevail, and the cord be 
regarded as perfectly rigid, the extremity Q will evidently be 
brought into a position Q', such that' the vertical line Cl'O 
will intersect the horizontal line CO drawn through C, at a 
distance CO from the centre, greater than the radius CO. 
The extremity P wUl at the same time assume the position P, 
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such that the vertical line drawn through F will intersect 
the radius CF. Hence the arm of the lever to which the 
force d is applied will now be longer than that of tbe forces 
P) and the condition of equilibrium will therefore require that 
the force P shall exceed Q. 

286. If the cord be supposed imperfectly rigid, simUar 
effects will be produced, though in a less degree ; and in 
practice, it is found that the decrease in the arm of lever^ to 
which the preponderating weight is applied, is wholly insen- 
sible. Hence, in estimating the effects produced by the rigid- 
ity of a cord employed in a machine, it will simply be neces* 
sary to increase the arm of the lever to which the resistance 
Q, is applied, by a proper quantity q, 

286. To determine the value of gr, we remark that the re* 
sistance to flexure opposed by a given cord arises from two 
distinct causes, — ^viz. V. The tension of the cord, or the force 
Q, which is employed to stretch it ; and, 2^. The materials 
used in the construction of the cord, and the degree of twist 
which has been given to it. The resistance arising from the 
tension of the cord is found to be proportional to this tension, 
and may therefore be represented by an expression of the 
form Mt, in which b represents an indeterminate constant 
The resistance produced by the second cause may be repre- 
sented by a quantity a. 

Thus, for the 6ame cord bent over the same pulley, the 

expression {a+bd) may be supposed to represent the effort 

necessary to bend it. But if we suppose the diameter of a 

second cord to be greater, the force necessary to bend it will 

become greater, and we can assume tliat this force will 

increase according to some power n of the diameter D. The 

force will also increase as the curvature increases, or as the 

D" 

radius of the pulley is decreased, and hence (a+bGi) may 

r 

be taken as an expression for the force neeessary to overcome 

the rigidity of the cord. This expression represents the 

increment that must be given to the power P, in order that 

it may be on the point of overcoming the resistance Q : but 

we also have 

Vr^Qir+q) , 
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and since the forces P and Q become equal when the cord is 

supposed destitute of rigidity, P— Q or d ^ will also express 

r 

the value of this increment. Bjr making these yalues equal 

to each other, we obtain 

IT (a+bQ)^(lq i 
whence, 

q=^(a+bQ) (143 a). 

287. This equation should only be regarded as furnishing 
an approximate value of the quantity q, since the above rela- 
tion has been obtained by considerations of a very general 
character. It moreover contains certain unknown quantities 
Oj 6, and n, which vary with different cords. 

For the purpo^ of verifying the truth of the preceding 
formula, and at the same time determining the values of Ihe 
unknown constants, we proceed as follows. 

Having selected a cord, we pass it over a fixed pulley, and 
attadi to its extremities two equal weights : we then incjfease 
one of these weights until it is about to prevail over the other, 
and the difference k will give one value of the quantity 

D" 

— {a+fttt). 

By repeating the experiment several times, changing the 
weights, the cord, or the pulley, we can obtain a number of 
similar equations, in which the quantities a, b, and n will be 
the same, and the quantities D, r, and Q, although different, 
will be known by observation. Three such equations will 
serve to determine a, 6, and n, and their values being sub- 
stituted in the general relation expressed by formula (143 a), 
the accuracy of the formula can be tested by comparing it 
with the results furnished by other experiments. 

The quantity n was found by Coulomb to be usually about 
1.7 or 1.8 ; and tht resistance to flexure must therefore vary 
nearly as the square of the diameter of the cord^ but the 
quantity n is itself subject to some variation, becoming nearly 
1.4 when the cord has been long used. 

The following results, expressed in French pounds, were 
obtained in the experiments of Coulomb. 
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Qn'^Ad Resistance of Solids, 

288. The partides of every solid body are found to oppose 
a certain resistance to any force which tends to separate them. 
This resistance arises from the mutual actions exerted by the 
particles upon each other ; and if the nature of these actions, 
as well as the arrangement of the particles which compose 
the body, were accurately known, it might be possible to 
estimate the force necessary to separate the particles, or to 
produce a given change in the figure of the body. But as we 
are entirely ignorant of these particulars, it becomes neces^ 
sary to adopt some hypothesis relative to the manner in which 
bodies are constituted, and the nature of the actions exerted 
by the particles upon each other. Then, by reasoning upon 
such hypothesis, we can obtain results which, compared with 
those derived from experiment, will serve to test the accuracy 
of the supposition. 

289. The hypotheses most generally adopted are — 1^. That 
of Q€Uileo, which supposes all solid bodies to be made up of 
fibres, disposed parallel to the length of the body, and sus- 
ceptible of beifig ruptured without undergoing flexure, ex- 
tension, or coQipression ; or, 2°. That of Leibnitz^ modified 
by Bemmlli and others, which regards the fibres of all bodies 
as elastic ; being susceptible of extension and compression, and 
capable of opposing a resistance directly prbportional to their 
extensions or compressions. The force required to produce 
a given extension is, moreover, supposed to be equal to that 
which is capable of producing an equal compression, 

290. It is very certain that neither of these hypotheses is 
strictly correct ; but as the results given by the latter differ but 

K 13 
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little fiom the truth, when the extensions or compressions are 
inconsiderable, we shall adopt it, and apply it to the investiga- 
tion of the resistance which a solid will oppose under different 
circamstances. 

291. The kind of resistance which the body offers will de- 
pend in a great measure upon the manner in which the force is 
applied. Thus, the force may exert an effort to extend or 
compress the solid in the direction of its length, or it may 
tend to produce a flexure of the solid, or it may operate as 
a Iprce of torsion ; and in each of these cases it may be 
required to determine the force necessary to produce a rupture 
or separation of the particles, or simply that necessary to 
eflbet a given change in the figure of the solid. 

The cases which more generally occur are, 1^. That in 
which the solid sustains an extension or compression in the 
direction of its length, without undergoing sensible flexure ; 
and, 2^, That in which flexure is produced by the applica- 
tion of a force perpendicular to the length of the solid. 

As it is the object of the present article merely to exhibit 
th« general methods in which the hypothesis assumed may 
be applied to the determination of the strength of bodies, or 
the resistance which they are capable of opposing, we shall 
confine our investigations to the consideration of these two 
cases. 

392. The resistance of a body to a change of figure de- 
pends upon its force of elasticity^ which is measured by the 
ellbrt necessary to compress or extend the body by a given 
quantity. Its resistance to rupture depends upon its force of 
tenacity^ or upon tlie effort necessary to rupture or crush the 
body. 

The values of these forces having been determined experi- 
mentally for a body composed of a given substance, and 
having a simple form, we can calculate the i^mpression, ex- 
tettsion, or flexure produced in another body, of the same 
substance, by the application of a given force. The methods 
of effecting this calculation will now be explained. 
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Of the Resistance to Compression ot Extension* 

293, Wbea a solid is stretched or compressed in the direc- 
tion of its length, being at the same lime prevented from 
experiencing flexure, tiie lengths of its fibres are found vM^ 
undergo very slight variations, and we can therefore assume, 
in conformity with the hypothesis adopted, V. That the 
extensions or compressions of all the fibres will be equal tq 
each other, and uniform throughout the extent of each fibre ; 
and that the force necessary to produce a given extension will 
be capable of producing an equal compression. 2°, That 
the variations in the lengths, and the resistances opposed by 
the fibres, are constantly proportional to the forces which 
produce them ; and that this proportion obtains even for those 
forces which rupture or crush the body. 

294. Let a cubical mass of any substance be placed upon 
a horizontal plane, and subjected to the action of a weight 
which rests upon its upper surface, compressing the substance 
in the vertical direction. Denote by 

a, the length of one of the edges of the cube ; 

a'f the quantity by which its vertical dinaension* is com- 
pressed, and which is alwajrs extremely small in 
comparison with a ; 

P, the force which produces the compression. 

Then, since the compression of each fibre is supposed uni- 
form throughout, or since the particles which compose any 
one fibre are supposed to approach each other equally at every 
point of such fibre ; it is obvious that the entire compression 
a', sustained by any fibre, will be directly proportional to its 
length cu For example, if the length of another solid be 
supposed equal to 2a, its transverse section remaining the 
same, and if the same force P be applied to its upper surface, 
the number of particles in the length 2a will be twice as great 
as the number contained in a ; and each pair of consecutive 
particles being caused to approach each other to within the 
same distance, in order that the resistance of the ibm may* 
be uniform throughout, the whole variation in the length 2a 
will evidently be twice as gseat as that which was produced 

K2 
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in tli^itngth ^ and will therefore be expressed by 2af. And, 
generally, the compression of the solid, whose length is no, 
and whose transverse section remains the same, will be ex- 
pressed by na', when the same force P is applied to its upper 
surface. Let the quantity a be supposed equal to the linear 
unit, — one foot, for example ; then n will express the number 
of feet contained in the length of the second solid, and na' 
will express the variation produced in the length of a solid 
l^hose transverse section is equal to one square foot, and 
whose length is equal to n feet. 

295. The preceding remarks have been confined to the 
case in which the solid suffers compression, but from the 
nature of the hypothesis,they must apply with equal force to 
tfie case in which the effort is exerted to extend the body. 

296. If the transverse section of a second solid, whose 
length is likewise equal to n, be supposed greater than that 
of the first, the number of its fibres will be increased in the 
same proportion, and the total effort exerted by these fibres 
when compressed to the same degree will evidently be pro- 
portional to their number : thus, if P' represent the force 
necessary to compress a prism whose length is n, and whose 
transverse section contains m square feet, by a quantity equal 
to nd, we shall have the proportion 

section 1 : section w : : P : P ; 
whence, 

297. If the force P be increased, the solid will undergo a 
greater compression, and the quantity by which the length n 
of the fibre is compressed will no longer be represented by 
na\ but by an unknown quantity na". To determine this 
quantity, we recur to the hypothesis which assumes that the 
compressions are proportional to the forces which produce 
them ; hence, by calling P" the value of the force which pro- 
duces the compression na"^ we shall have 

naf : wa" 2 : F : P", 
and therefore! 
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oFj replacing P' by its value mP, we have 

P"=^X^^' (list). 



ticily : its value will depend only on the elastic force of the 
substance of which the prism is composed, and will therefore 
be independent of tlie dimensions of the particular prisiA- 
under consideration. If we denote this coefficient by A, we 
shall obtaui, for the entire compression of the prism, 

» »P" ' . 

— *■ 

This expression will determine the quantity by which a given 
prism will be compressed under the influence of a given force, 
when the coefficient of the elasticity has been previously 
ascertained. It should be remembered, however, that this 
formula is only applicable when the compressions are exceed- 
ingly small ; and that the solid is ruptured or crushed before 
its length tmdergoes a very sensible change. 

899. The preceding expression is equally applicable when 
the force P" lends to stretch the solid. 

300. To determine the force necessary to ruptnre a given 
prism, when exerted in the direction of the length of the 
prism, we shall denote by B the force nece.ssary to rupture 
a prism of the given substance whose transverse section is a 
square foot. Then, if the transverse section of the given 
pri.sm be supposed to contain m. square feet, the number of 
its fibres will be m limes greater than the number contained 
in the prism whose section is equal to one S(]uare foot; and 
since each fibre in the two prisms must oppose the same 
resistance at the instant of rupture, we shall determine the 
force P" necessary to rupture the given prism, by the propor- 
tion 

section 1 : section wt : ; B : P' ; 



301. The quantity B is called the coefficient of the tenacity, 

and depends only on the nature of the substance under consid- 
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eration. Having determined this quantity by experiment, ve 
can readily calculate the force necessary to rupture a given 
prism of the same substance. This investic^ation is equally 
applicable whether the force be exerted to compressor extend 
ike solid. The methods of determining experimentally the 
coefficients of the elasticity and tenacity will be explained 
hereafter. 

Ofiheliesistafice of a Solid to Flexure and Fraciure produced 
by a Force acting cU right anglee to the direction of the 
Fibres. 

302. When the length of a solid body bears a certain pro- 
portion to its thickness, the body is found to undergo a ceW 
lain degree of flexure before breaking. This flexure becomes 
more perceptible as the length of the solid is increased : thus 
a bar of wrought iron whose length does not exceed twelve 
or fifteen times its thickness gives very slight indications of 
flexibility ; but when its length is increased to forty or fifty 
times its thickness, it yields readily to an effort exerted to 
bend it, and becomes susceptible of taking a very consider- 
able flexure before breaking. 

303. If a force P be applied in a direction perpendicular 
to the length of the solid AB {Fig. 139), which is supported 
at its two extremities, and if this force be supposed to produce 
a certain degree of flexure in the solid, causing it to assume 
the form represented in Fig. 139 a, the fibres aaj dbc. situated 
on the convex side will be extended, their lengths being in- 
creased, and those situated on the concave side will suffer a 
compression, and will undergo a diminution in length. This 
effect is readily observed: for, if the force P be gradually. 
increased until it become capable of breaking the solid, the 
rupture will be found to commence at a point D on the con- 
vex side, thereby indicating that the fibres aa on that side 
have been most extended ; and if some of the fibres situated 
on the convex side be previously senarated by cutting them 
through transversely, it will be found that a smaller force 
than P will be required to fracture the solid. But if, on the 
contrary, the fibres bb situated near the opposite side of the 
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solid be cat transversely to a certain depth EF {Fiff. 139), 
and if a thin plate of some unyielding substance be intro- 
duced into the cut EF, so as to fiU it totirely, it will be found, 
ttpon subjecting the solid to the action of the force P, that 
the thin plate will be retained by a strong pressure tending to 
compress it, and that the strength of the solid will not be 
diminished, the rupture commencing at the convex side, 
when the force P has been increased in the same degree as 
was necessary to rupture the solid before severing any of its 
fibres. 

As we proceed from 'th« convex towards the concave side 
of the solid, the extensions of the fibres will gradually dhnin- 
jsh, and at a certain distance from the surface, their lengths 
will undergo no variation ; beyond this distance the exten- 
sions will be changed into compressions, and these will again 
increase imtil we arrive at the concave side. 

304. The flexure of the fibres being supposed to take place 
entirely in planes parallel to the axis of the solid and the 
direction of the force applied, it is evident that the change of 
figure eiperienoed by the solid will require that those fibres 
whose lengths undergo no variation should be contained, 
previous to the flexure, in a plane perpendicular to the direc- 
tion of the force which produces the flexure ; and that, after 
the flexure, these fibres will form a cylindrical surface, 
whose elements will be pavallel to the same plane* More- 
over, the fibres situated at equaJ distances from this plane 
will undergo equal extensions or compressions. 

305. Let us now conceive a right prism AB to be firmly 
fixed at its extremity A, in such manner that its axis shall be 
horizontal, and that a vertical plane passing through the axis 
shall divide tlie solid into two symmetrical parts. Let a 
weight P be applied at the other extremity of the solid, 
causing it to undergo a certain degree of flexure, and to 
assume the form represented in Piff. 140. If two planes, 
aanfj aVv', be drawn infinitely near to each other, and normal 
to the curve Auu'B assumed by the fibres whose lengths re- 
main invaiiable, such pianes will include between them an 
elementary portion of the solid, and if the system be sup- 
posed in equilibrio, the state of equilibrium will not be dis- 
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turbed by regarding the portion of the solid included between 
the sections ACD and uav as absointely immoveable, and 
the portion of the solid included between the sections BEF 
and uav as constituting a distinct system. The conditions 
« of equilibrium in this system will evidently require that the 
force P, together with the force necessary to retain the part 
jyCAuav in its position, shall be just capable of sustaining 
the efforts arising from the compressions and extensions of 
the fibres, or, in other words, that all these forces should reduce 
to two that are equal to each other and directly opposite. 

306. If we assume any two rectangular axes Ax and Ay 
situated in the vertical plane passing through the axis of the 
solid, we can resolve each of the several forces into two com- 
ponents respectively parallel to these axes ; since these forces 
are all situated in planes parallel to the plane of the axes. 
Moreover, since the solid has been supposed to be symmetri- 
cally divided by the vertical plane passing through the axis, 
the forces of elasticity arising from the extensions or com- 
pressions of the different fibres will be symmetrically disposed 
with respect to this plane, and the conditions of equilibrium, 
will therefore be the same as though the forces were all situ- 
ated in this plane. These conditions are, 1^. That the sum 
of the components parallel to each axis shall be equal Uyzero; 
and, 2^. That the sum of the moments of all the forces taken 
with respect to any line perpendicular to the plane of the 
forces shall be equal to zero. 

307. We shall assume the origin of coordinates at the fixed 
extremity A of the solid, and refer the points in the curve 
Auu' Bto the axes of x and y, which are respectively hori- 
zontal and vertical. 

308. The normal plane auv intersects the cylindrical sur- 
&ce which contains the fibres of an invariable length, and the 
vertical plane passing through the axis of the solid, in two 
lines au and uv, at right angles to each other ; and the points 
in the section auv will be referred to two rectangular axes, 
one of which au will be called the axis of u, and the other, 
parallel to uv, and passing through the origin a, will be desig- 
nated as the axis of v. Thus the two co-ordinates of the 
point tn will be ao=u, and om=v. The moments of the sev- 
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ecal forces will b6 referred to the line au, which is frequently 
called the axis of equilibrium. 

309. This being premised, we shall denote by 
A and K, the coefficients of elasticity and tenacity (Arts. 

298 and 301), 
R, the radius of curvature ur, of the curve of flexure, at 

the point ?i, 
Sf the length of the arc Ati of the curve of flexure, 
X and y, the co-ordinates Ap anci pu of the point u re- 
ferred to the origin A, 
x^ and ]/, the co-ordinates of the point B, referred to the 

same origin, 
U and U', functions of the absciss ao=ti, expressing the 
values of the corresponding ordinates ol and ol' of 
the curve of intersection, reckoned from the axis 
of equilibrium auy towards the convex and concave 
sides of the solid, 
a, the dimension of the solid estimated along the axis 

of equilibrium, 
V, the greatest value of U or U', or the distance from the 
axis of equilibrium to that fibre which is most 
stretched or compressed at the instant of rupture. 
Then, if we consider an elementary portion of the solid, in- 
cluded between the consecutive normal planes, whose base is 
represented by the element nmi" =du.dvjO{ihe normal section 
auvj its original length will be equal to uu'=sds; and after 
the flexure, this length will be increased or diminished, 
according to its p^ition with reference to the axis of equili- 
brium, and will be represented by mmf or nnf {Pig. 141). 
But from similarity of the figures rmm', nm^y rmi^ we have 
the proportion 



ruirmim:: uu' : mm' : nn' \ 



or, 



R : R+v : R — v : : uu' : tmn' : nn' ; 
and therefore, 

R : V : V : : tiw' : nwril — mi! : uvf^nn' : 

wliencei 

, , , , vAJty! v.ds 

K K 



[ 



164 STATICS. 

This expression will represent tlie variatlAn in ihe length of 
tile element whose base is equal to du.dv (f^- 140} and 
whose orignial length was equal to ds. To determine the 
resistance opposed by this element wlieu lliiis esteodi-d or 
compressed, we employ the expression (143 6) in which we 
replacena", the variation in length, by Mtn'— US', or vh' — nn'j 
the transverse section m, by du.dr ; and the length n, by 
ds : we sbalt thus obtain an ezpre^on for the resistance P" 
opposed by ilie element, 

n, rds rfurfrA Avdrdu ,,,„ , 

'^--K''"5r = -R— '"^'>^ 

and the moment of this resistance taken with reference to the 
axis of equilibrium aw, will be 

^rrfrrfu X i=^r'dniu (U3 d). 

310, The other eleraemarr portions of the solid included 
betweeji the consecutive normal planes will give similar 
expressions for the resistances and their motnenls ; and b)' 
talfiug tile sums of tliese expressions, we shall obtain the 
value of Ihe entire resistance, and that of its moment with 
reterence u> the axis oh. To detennine Ihe valae of these 
sums, we must inie^ale the expressions (143 r) and (143 i^ 
throughout the hmiis of the seoiion our. This inteentioQ 
is eflecled. 6rst witli reierenoe to on« of the variables, r for 
example ; and its value beins then substituted in terms of u, 
we integrate a second Hme with reference to the other raris- 
Ue. The limits of ibe first iuietmiion will ertdeoily be 
v=Ol aud r=L~. for those fibres which snSer exieostoo : and 
r=0. r=U , for those which sud^ compression. The limits 
of the !«cood iniegrauon will be m=Ol and m=a. 

311. TTiis hetu^ premiwd, the sum of the icnstmnces 
ahsiug from the extensious of the s>?TeraI fit res wiU he ex- 
pressed by 

* "* ,{1430.' 



^/■-/'- 



•«•• 
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and the sum ofthd resistances arising fiomthecompressions of 
the fibres will be 

The sum of the moments of these resistances, taken with 
reference to the axis au, will be 

312. For the purpose of resolving the resistances (143 e) 
and (143/) into components parallel to the axes of or and y, 

we must multiply them respectively by -^ and--^, the cosines 

of the angles which their directions form with the axes : but 
as the curvature assumed by the solid is always found to be 
exceedingly small even at the instant when the rupture takes 

dx 

place, the expression -r- will be very nearly equal to unity, 

as 

and the components in the direction of the axis of x may there- 
fore be assumed equal to the entire resistances. These being 
the only forces in the system which have components par- 
allel to the axis of :r, the condition of equilibrium which 
requires that the sum of the components parallel to this axis 
shall be equal to zero, will be expressed by the equation 

dul vdv-— I dul vdv=0 (143 A). 

The negative sign is given to the resistances oflfered by those 
fibres winch suffer compression, because they are exerted in a 
direction contrary to the resistances of the extended fibres. 

This equation will determine the position of the axis of 
equilibrium au when the figure of the transverse section is 
known. 

313. A similar condition may be obtained for the com- 
ponents parallel to the axis of y ; but as it will not l)e required 
in the succeeding steps of this investigation, it will be unne- 
cessary to express it analytically. 

314. The moment of the force P taken with reference to 
the axis au will be expressed by P(2r'— jr), and since this 
force tends to turn the system about the axis au, in a diree- 
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tion contrary to that in which the resistances of the fibres 
would cause it to turn, the condition that the algebraic sum 
of the moments of all the forces taken with reference to the 
axis of equilibrium shall be equal to zero, will be expressed 
by the equation 

^{,f'diJ*Jv*dv+J*Jdur^v'dv\ -P(:r'-x)=0 .(143t). 

315. When the radius of curvature becomes equal to unity 
the expression (143^) becomes 

a a /•U /•a /•©' \ 
duf v^dv+J dill v'dv) (143 k). 

This quantity is called the moment of elasticity of the solid, 
and will depend upon the elasticity of the substance, and the 
figure of the transverse section. Its value will evidently 
determine that of the force P, which, acting at the extremity 
of a given arm of lever, will be necessary to produce a 
given curvature in the solid ; thus, the moment of elasticity 
becomes a proper measure of the resistance to flexure opposed 
by the solid. 

316. If the flexure of the soh'd be supposed such that the 
extreme fibre, or that which undergoes the greatest extension 
or compression, is about to be ruptured or crushed, the resist- 
ance opposed by this fibre will be that due to the tenacity of 
the substance : hence, if dtidv denote, as in Art. 309, the base 
of an elementary portion of the solid included between the 
consecutive normal sections, and if the distance of this ele* 
ment of the solid from axis of equilibrium au be equal to y, 
that of the fibre which is most extended or compressed, the 
resistance opposed by such element will be expressed by 

Bdtidv] 

B denoting the coefficient of the tenacity. 

This element being at the distance Y from the axis of 
equilibrium, its original length ds will undergo a variation 
represented (Art. 309) by 

Yds 
and the corresponding variation in the length ds of the ele< 
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meat, whose distance bom the same axis is denoted by v, 
wiUba 

vda 

1i' 

But the resistanfies opposed by the two elements being by 
hypothesis (Art.293), proporlional to their extensions or com- 
pressions, we shall have the proportion 
Yds vds „ 

P" denoting the resistance opposed by the element at the 
distance v from the axis of equilibrium. From this propor- 
tion we deduce 

P"=^Bdudv. 

317. Similar expressions may be obtained for the resistances 
offered by the other elements; and by taking tlieir momenta 
with reference to the axis of equilibrium, and adding them 
uito one sum, we shall obtain for the moment of the entire 
resistance, at the instant when a fracture commences, 



^si{£'^'fr''^^+f?"fo^'^') ■ 



.(143/)- 



This expression is called the inometU of riipturp, and will 
depend upon the tenacity of the substance, and the figure of 
the transverse section. This moment must evidently be 
equal to the moment P{x'— j:) of the force P, which is just 
capable of causing rupture. Thus, we shall have 

j{fd,f\-d,->rfj,,f\'d,)=V{r-a:)...{mm). 

The value of the moment of rupture will serve to determine 
that of the force P, which, acting at the extremity of a given 
arm of lever, will be just capable of producing fracture. 
Thus, the moment of rupUire becomes a proper measure of 
the resistance to fracture opposed by the solid. 

318. By comparing the expression {143 k), for the moment 
of elasticity, with (143 /), which represents the moment of 
rupture, we shalJ perceive that the latter may be deduced from 

the former by merely substituting — for A. 
41 ^ 
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319. When the transverse section ean be diTided synfr- 
metrically by a horizontal line, that line will be the axis of 
equilibrium, since the equation (143 A) will evidently be satis- 
fied by regarding that line as the axis of u. The moment 
of elasticity will then be expressed by 

and the moment of rupture by 

Vt/ V 

320. In other cases, it will be necessary to determine the 

position of the axis of equilibrium by the condition (143 A), 
and then to calculate separately the two integrals which enter 
into the expressions for the moments of elasticity and rup- 
ture. 

321. To apply these principles, we shall determine the 
moments of elasticity and rupture for those solids whose 
transverse sections are such as are more commonly adopted 
in practice. 

322. Let the transverse section be a rectangle {Fig* 142), 
whose breadth and height are denoted respectively by a and h. 
The value of the moment of elasticity will then become 

t/o •/ » 
and by integrating with reference to t7=ow, between the limits 
17=0, and T;=o^=^ft, we shall obtain double the sum of the 
moments of all the elements, whose bases constitute the ele» 
mentary rectangle oy. Performing the integration, we have 

2A/**rfw x^*=2A/*"dw X ^ijl' = A A6»/**rfw. 
«/o 3t/« 3 «/o 

Integrating a second time, with reference to u, between the 
limits i<=0 and ti=a, we shall obtain for the moment of 
elasticity •^ 

m^^Aab^ (143 »). 

Hence it follows that the resistance to flexQre opposed by a 
solid whose transverse sextion is rectangular, will be prc^r* 
tional to the breadth and the cube of the depck 

323 If we replace A in this expnsaion by ^, wv shall 
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obtain the moment of rupture /b of the rectangle ; and sixwe 
y is in the present case equal to i(, V^e shall have 

/8=#Ba6« (143 o). 

Thus the resistance to fracture is proportional to the breadth 
and the square of the depth. 

324 If the solid be disposed in such manner that 'the 
dimension a shall become vertical, and the dimension b hori* 
zontal, the expressions for the moments of elasticity and rup- 
ture will become respectively 

and by comparing these expressions with those obtained^ 
when the dimension a was supposed horizontal, we shall 
deduce the proportions 

»:»':: ab* : 6a' : : b\: a", 
/S : /s' : : ab^ : ba^ :: bia* 

It thus appears that the resistance to flexure when the broader 
face 6 is placed vertically, will be to that exerted when the 
narrower face a is vertical, as the square of the broader face to 
the square of the narrower. But that the resistances to frac- 
ture in similar cases are proportional simply to the first powers 
of the same quantities. 

326. If in the expressions (143 n) and (143 o), we make 
a=s&, we shall obtain for the moments of elasticity and rup- 
ture of a prism with a square base, 

«=.^AaS ^=iBa» (143;?). 

326. Let the transverse section of the solid be a rhombus, 
(Fig. 143), whose diagonals are represented by 2p and 2^ 
and let the diagonal 2q be placed vertically. If we first 
determine the moment of elasticity of the triangle aBC, that 
of the rhombus can be immediately deduced by simply multi- 
plying by the number 2. The limits between which the first 
integration with reference to the variable v^am^should be 
eflfected, are i7=0, and v^ot But from the similarity of tri- 
angles, we have the proportion 

ao: ot:; oD : DC, 
or, 

tt: otiipx q] 
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whence, 

P 
and the Umits of the first integration will therefore be v^o^ 

and 17=^. Making these substitutions in the general for- 

P 
mula for the moment of elasticity, we shall obtain 

Integrating a second time, with reference to the variable «, 
between the limits t£=o, and t^=/7, the moment of elasticity 
of the triangle aBC becomes.- 

\tX- nu^du^\tX- x2!= 1 Aoflr* ; 

' pVo p' 4 • ^^ ' 

and by doubling this expression, we find for the moment of 
elasticity « of the rhombus, 

Q 

327. If jp this expression we replace A by =r,we shall ob^ 

tain the value of the moment of rupture /s, which, since 
V=y, will become 

328. If we make p=y, the rhombus will become a square, 
and the values of » and /s will reduce to 

ii=iAp*, i8=iBp': 

or if the side of the square be denoted by a, we shall have 
the relation a*=2p^, and therefore 

and by comparing these expressions with those obtained 
(Art. 325) for the moments of elasticity and rupture of a 
prism with a square base, when the sides of the base are 
respectively vertical and horizontal, we shall find that the 
resistance to flexure will be the same whether the diago 
nal or side of the square be disposed vertically ; but that 
the resistance to fracture when the side is vertical, will be 
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greater than when the diagonal is vertical, in the ratio of 
^(2)tol. 

329. When the section is a circle whose radius is equal to 
r, the integration with reference to the variable v must bo 
effected between the limits ^=^0, and v=^(2ru — u»); and 
the second integration, with reference to h, between tlio limits 
w=0, and K=2r. Thus, the expression for the moment of 
elasticity will be 

-=2^7^ dij^ V(/i7=iy^ (2rw-«')'d«..(143j). 

For the purpose of effecting the second integration, we 
make r — u=x, which gives 

Siibsiituting these values in the expression for a, and obserr- 
ing that the limits u=0, and u=2r, correspond to the values 
z = +r, and s=— r, we shall obtain 

f^ (^ru~vr)^du=~f^{r' -z')^dz= 



-/: 



if -z')(r- -z')hz 



y''(2ru-u')^du=J'^z'(r' -z')^dz 

-J^r'(i--~z')idz (143 r). 

The 6rst term of the second member, being integrated by 

parts, gives 

f^' (r« -z')^dz=f'4j,r' -z'y'2zdz= 

.{r'~z')^.'^ + ^Jr'-zn^dz (143 4 

The quantity (r' — a')'3 will reduce to zero, when z=-^r, 
or z=~r, thia term will therefore disappear; and the last 
term being resolved into factors will reduce equation {143 a) 
to 

y V(r" -z')^dz=^jT' -«»)V -\f^(r' ~z')^x'dxi 

whenccj by transposition and reduction, we obtain 
L 
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Thi8¥ftliis boing substiimad in (143r)|[ke9 

J^(2ru—u*ydu:i:^''ir*r^{r* —z^fdz. 

But the integrBij (r* —z^ydz represents the area of a 

semicircle whose radius is equal to r. This area being «e- 
pressed by |«r', we shall have 

and by substituting this value in the expression (143 f) Sat 
the moment of elasticity «) it will beeome 

:3M. To detennine the moment of rupture /B^ we fei^aee 

B B 

A by =^ or — , and thus obtain 
V r 

331. By comparing these values \tith the expressions 
(143 p), we shall find that the moments oT elasticity and rup- 
ture of a square are to those of the inscribed circle rts 

1^16- 

882. The moaaent of elasticity of a tube or hollow cylin- 
dor whose exterior and interior diameters are represented by 
r' and r", will be determined by taking the difference of the 
moments of the eccterior and interior sections. Thus we 
shall have 

-=iAr(r'*-r"0, 
and the moment of rupture ^ will be* found by-se^aoiog A by 



B B , 
-or-; hence, 






333. If the section of the hollow cylinder be supposed 
equal tothat of a solid cylinder, the.iadius of the latter being 
4bfl6led by r, ^e shall hafve Ihe-rtiatian 
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ud the resistances to fracture opposed by the two will be to 
each other as 

^ J I (r'«^r"«)%oras^l-i!l-. : {r^^^^'^y-^ 
r f 

r 

lepladng r'' — r"' by its value r', this ratio will be z^uced to - 

f* 
The first term of this ratio must alwajrs exceed the second : 
thus the resistance to fracture opposed by the hollow cylinder 
will always be greater than that offered by the solid cylinder ; 
•ttd since the value of the first term may be increased indefi- 
nitely, without affecting that of the second, it follows that 
the resistance of the hollow cylinder may likewise be in- 
Creased indefinitely without changing the area of its section 

334. Let a and 6 repres^it the breadth and height of a 
itetangle inscribed in a circle whose diameter is denoted by 
D : we shall have the relation a' -{-(' =D' ; and thereforep 

But the moment of rupture of a rectangle being proportional 
to the breadth and the square of the depth (Art« 323), if we 
wish the resistance to fracture to be a maximum, we must 
differentiate the jMrecediug expression with r^erence to a, and 
place the first differential coefficient equal to s^ro : we shall 
thus obtain 

i(?*l)=D>^3*»=0; 
and therefore, 

Bience> the strongest rectangular solid which can be cut^m 
a given cylinder wiU be that in which the diamet» of the 
cylinder, the depth of the rectangular section^ aiul Ms Imadth, 
shall be to each oth^ as the square roots of the numbeis 3, 
Standi. 

L3 
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Of the Figure of the Solid after Flexure. 

335. We will now consider the form of the cunre AtmS 
{Fig, 140) assumed by the fibres whose lengths remain inra- 
liable. For this purpose, let AM {Fig. 144) represent the 
solid which is firmly fixed at its extremity A, and subjected 
to the action of the weight P, applied at the other extremity, 
in a direction perpendicular to the original direction of the 
axis of the solid. Then denoting by « the moment of elas- 
ticity, the equation (143 t), which expresses a condition ci 
equilibrium, when the solid merely undergoes flexure^ with- 
out being ruptured, will become 

^=P(ar'-a:); 
or by substituting for the radius of curvature R its general 

value J ^ , this equation will reduce to 

d*y 



dx* 



d^ 

=V(x'-x) (143 0. 



336. In like manner, when the solid is about to be rup- 
tured, if we substitute fi for the moment of rupture, in equa- 
tion (143 m), we sliall obtain 

|8=P(3:'— ar) (143 m). 

337. Let c denote the horizontal distance AB between the 

extremities of the solid, 
/, the ordinate BM, 
e, the length of the arc AmM, 

•r, the angle included between the tangent to the curve 
at the point M and the horizontal line. 
Then, since the curvature is supposed to be extremely small| 
even at the instant when fracture takes place, the expression 

^ which represents the tangent of the angle formed by the 
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element of the curve with the axis of s^ will also be extremely 
small, and its square may therefore be neglected in compari- 
son with unity. Thus the equation (143 i) will be reduced to 

Multipl3ring by c£r, we obtain 

•gcir=P(c-ar)dr; 
and by integration, we have 

The arbitrary constant introduced by integration is equal to 

^ro; since, when x=^Oy --^, which represents the tangent of the 

ax 

angle included between the element of the curve and the axis 

of abscisses, is Ukewise equal to zero. 

Multiplying again by els we have 

dx \ 2) ' 

and perfoiming a second integration, there results 

the constant will be equal to zero, since x=0 gives y=0. 

338. If in this expression we make 2r=c, the ordinate y 
win become equal to/-, hence we shall have 

In like manner, by making x=c in equation (143 t?), we shall 

have -r^= tang 0, and therefore 
dx 



tang-.=-(c«~)=-X^, 



c 



preceding 



equation, we have 

*«>g*=^ (143*). 



1 



339! To' detennine the length 3 ot the ai'c Amtij we take 
the general expression for the element ds of this arc, 

whidb, being developed, rejecting all* but the two first terms 
as inconiriderable, gives 

and by replacing -J^ by its value (143 «), this equation 
becomes 

Integrating, we obtain 

and by making x=e, the value of thd entirc arc AmM. beoMiM 

j^P«/c* c*.c*\ ^P*^c* 

ps 

or, replacing —by its value deduced from equation (143 u), 

this expression reduces to 

s=c+^ ..... (143 y). 

340. When the weight P is just sufficient to fracture the 
solid, the rupture will take place at the supported end ; since 
the moment T{e—x) of the force P will ))e the greatest when 
9=0 : the equation (143 u) will then become 

/B=Pc (143 jr); 

or, if the curvature be still supposed so small that -/-- may be 

cur* 

neglected in comparison with unity, the equation of the curve 

will be the same as when the flexure was extremely slight, 

and we shall therefore have 

P=- 



3r 



6c 
ipposed tha 




^ 
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weights distributed unifonnly throughout its length. Denote 

by js; the absciss of any point between M and m, and by p the 

weight supported by a portion of the solid whidi correqionds 

•to a unit of length of the absciss : then since the distribution 

of the weights is suf^osed uniform, we shall hare the 

proportion 

li pi:dz :pdz^ 

(he weight supported by tihe element of the solid whose pro- 
jection on the axis of or is represented by dz. The moment 
of this weight, with reference to the point m, will be 
pdz(z—x\ and the sum of the moments of all the weights 
supported between M and m^ taken with reference to the 
same point m^ will be 

Jp{z — x)dz. 

This integral should be taken between the limits z=c and 
0=^^ the quantity x being regarded as invariable : thus we 
shall have 

/•• ^fl ^ 

I p{z—x)dz==p — 5 px{c--x) (143 of). 

But the condition of equilibrium requires thi^ the snin of 
these moments shall be equal to «-t4) the sum of the mo- 

ments of the resistances offered by the several fibres. Hmoe^ 
we obtain 

Multiplying by dx, and int^radng, we obtain 

•^=jp(ic»jf— ica;' + Jar') ; 

and multiplying a second time by dx, and integrating, there 
results 

ly =p(jc««« — |C2:» +iic«). 

Making fl?=c, y=/i and ^=stang «, we tnd 

/=^(lc*-ic*+ic*)=^.^ . . . . . (143 60, 
ang ^=Z(^3-ic»+}c»)=^. 
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342. When the weights distributed along the solid are jtMt 
capable of producing rupture, the fracture will take place at 
the supported end, since the expression (143 a') which repre- 
sents Uie sum of the moments of these weights will evidoitly 
be the greatest when x=0. This sum being then equal to 
the moment of rupture /s, we shall have 

^-4pc>, cp^^ (143 0? 

c 

the expression pe represents the entire weight distributed 
along the solid 

343. If we make cp=:P, and compare the values (1436^ 
and (143 w) of the ordinate /, it will appear that the depres- 
sion of the point M below the horizontal line Air, produced 
by the action of the weight P applied at the point M, will be 
greater than the depression produced by an equal weight 
distributed uniformly along the solid, in the ratio of 8 to 3. 

And by comparing the values of ^ in equations (143 cf) and 

(143 z) we shall perceive that the weight necessary to frac- 
ture the solid, when distributed uniformly, will be double thait 
required when it is applied at the extremity M. 

344. It frequently occurs that the weight of the solid forms 
an important part of the load which it is required to sustain. 
The effect produced by this weight is readily calculated by 
regarding it as uniformly distributed throughout the solid. 
Thus, if the solid be loaded with its own weight P=pc, and 
a weight P applied at its extremity. M, the sum of the 
moments of the weight P, and the weight of that portion of 
the solid which lies to the right of the point m, taken with 
reference to that point, will, by Arts. 337 and 341, be 

P(c— ar) +p(i c* — car + iar*) ; 

and in case of equiUbrium, we shall have 

-T^=P(c— ir)+p(ic«— car+Jar*) (143 cf); 

or, if the solid be supposed on the point of being ruptured, 
the fracture taking place at the point A, for which «=0y the 
condition of equilibrium will be 

/9=Pc+ipc«, 



345. The expression {143 d} gives, by two successive 
integrations, 

*y=P(lcT'-iz»)+p(|c'i'-icx'+iz'); ( 

and by making x~c, y=/, and -^~ tang *, we obtain 1 

c» _ , , , 3P+P' if 

p=c{P+ipc)=c(P+iP') 

346. When the solid is supported in a horizontal position 
at its two extremities M and M' (P>^- 145), and loaded with 
weights at its middle point A, the results obtained Arts. 337- 
340 will apply to each half of the curve assumed by the 
solid ; for we may regard either half as perfectly immoveable, 
and suppose the other portion to be solicited by a force acting 
at its extremity and equal lo the resistance offered by one of 
the points of support. Hence, if we denote by 

2P, the weight su.spended at the middle point, 

2c, the distance between the points of support, 

2s, the length of the curve, 

/, the sagitta CA, 

•, the angle included between the line MM' and the 
tangent to the curve at M or M' ; 
the resistance exerted by each fixed point in the vertical 
direction will be eqnal to P, one-half the weight applied at 
A, and the formulas (143 jr), {143 t), (143 if), and (143 z) wiU 
become immediately applical)le to the present case. Hence, 
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The Tftlue of/ indicates that the depression of ffae solid at 
the middle point, or the sagitta AC, will be proportwwl to the 
weight 2P, and the cube of the distance between the points 
of support. 

347. The expressions deduced in the preceding article have 
been obtained upon the supposition that the resistances op- 
posed by the fixed points were exerted in a vertical* direction ; 
whereas, the resistance is actually exerted in the direction 
of the normal to the curve at the point, M or M'; and in 
some instances the inclination of this normal to the vertical 
line is too great to be neglected. This circumstance will 
seldom occur except in the case of fracture, the curvature 
of the solid being then greater than in the case of a mere 
flexure. If we represent the resistance exerted- at M' by the 
Kne MT, and resolve this fofoe into two components which 
sbfeill be respectively vertical and horizontal, the latter com- 
ponent ME will be equal and opposite to the sunUar eempd^ 
Bent of the resistance at the point. M, and the vertical 
eomponent M'D will be equal to P, or to one^half the weight 
supported at the middle point of the solid. The value oi 
the horizontal component M'E may be readily found ; for we 

have 

M'E=DF=M'D xtang DM'F=P . tang 0. 

When the equilibrium subsists, and the sotid w on tlie point 
of being ruptured, the moment of rupture must be eqnal to 
the sum of the moments of the vertical and horisontal com- 
ponents. The moment of tlie former, with reference to the 
point A, has been found equal to oP ; that of the latter wiU 
obviously be P tang xAC^P tang« ./^ thus, the con- 
ditions of equilibrium will become 

|i=Pc+Ptang-i./; 
or, if we suppose the curve to be represented by the same 

equation as in Art 337, in which case tang<ir=^, this rela- 
tion may be written 

348. If the weight be uniformly distributed throughout the 
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length of the solid, wo may frgard i^acli Italf as firmly fixed 

at (lie ptriat A, and soliciied eU the same time liy n system of 

parallel forces applied at every jmint of the solid, and iiotiiig 

downwards : and by a single force equal to their sum, or to 

the resistance offered by the point of siipimrl, applied at the 

extremity of the solid, and acting upwards. Thus, the case 

will be the same as that considered in Art. 344, with the ex- ^ 

ceptioii that the forces arising from the weights uniformly 

distributed along the solid are exerted in contrary directions. 

The equations obtained in that case will therefore become 

applicable to the present one by simply changing the signs 

of the moments of these forces, and replacing P by pc ; i*fe ' 

shall thus obtain 

^^=cp{a:-ix')-p{ic'x~ic^' + ix*) (143^)-; 

0lf=cp{ic3;' -~ix')-pHc'x'-icx'+j}tX*) (143 AO, 

fi~cp-c — cp-lc {143 i'); 

makins j;=c, y=f, — = tansai, we obtain 

fi=cp.ic (143^-0. 

By comparing this value of/ with that obtained in eqn6- 
tion (143 e'), it will appear that the depression of the solid at 
its middle point produced by a weight 3/*c uniformly dis- 
■ tributed throughout the solid, will be less than that produced 
by the same weight suspended at the middle point, in the 

ratio of 5 to 8. And by comparing the values of — given by 

equations (143 k') and (143/") we shall perceive that the solid 
will be equally liable to fracture by the action of the weight 
2pc distributed uniformly, or by half thai weight applied at 
its middle point. 

349. The preceding expressions, like those in Art. 346, 
have been obtained upon the supposition that the resistances 
offered by the fixed points are exerted in vertical directions. 
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In the case of rupture, the line of direction of the resist* 
ance may deviate so far from the vertical as to nender the 
above supposition inadmissible. We then resolve this resist- 
ance, as in Art. 347, into two components respectively vertical 
and horizontal ; the former will be represented by pc, and tho 
latter by pc • tang 0. In case of equilibrium, it will simply 
be necessary to add to the second member of equation (143 V) 
the moment pc . tang x/, of the horizontal component; thus, 
we shall have 

fi=cp .C'-cp. Ic+cp . tang # ./=:cp(ic+/tang*), 

6f 
or, by replacing tang « by its value ^, we have 

%}C 



^=cp.ic(l+^), 



and therefore, 



8q.= ** 



{^-'m 



we here suppose that the equation of the curve remains the 
same as in Art. 337. 

360. If the solid be loaded at the same time with a weight 
2P at its middle point, and its own weight 2pc==2P' uni- 
formly distributed, the case will be similar to that considered 
fai the two preceding articles, with the exception that the 
force applied at the extremity of the solid will now be repre- 
sen ted by P+pc=P+P': thus, when we suppose the resist- 
ances exerted by the fixed points to act vertically, we shall 
obtain, by substituting P+pc for pc in the first terms of the 
second members of equations (143 A') and (143 1'), 

«y=(P+i?c)(Jc3r« — ix')— p(ic«ar» — icar' + ,V^*), 

/8=(P+pc)c-(y .ic (143 ZO ; 

which give, by making x=c, i/=ff and pc=P, 

351. Bnt, if regard be had to the oblique direction of 
the resistance, as may be necessary in the case of rupture, 
we must add the moment of the horizontal component 
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to the second member of equation (143 f), which thus 
becomes 

^=(P+pc)c-cp . ic+(P+pc) tang ../; 
and therefore, 

■jp- 2^-^0+2/ tang-) 

c+/lang. ^ t 

The equation (143 g") likewise gives, by replacing pc in the 
first term of the second member by P+joc, aiid making 

3P + 2P' if 

and this value of tang- « may be regarded as sensibly equal 
to that employed in the preceding expression for the value 
of2P. 

352. To apply the several results which have been ob- 
tained to particular cases, it will be necessary to substitute 
the values of the moments of rupture and elasticity apjxir- 
taining to the figure of the transverse section. We must 
likewise assign to A and B the coefficients of elasticity and 
tenacity, their particular values which depend upon the nature 
of the substance, and which are supposed to have been pre- 
viously determined by experiment. 

353. The best method of determining the values of A and 
B consists in supporting a prismatic solid at its two ex- 
tremities in a horizontal position, loading it with weights at 
its middle point, and observing the sagittje which correspond 
to diiTerent weights ; or simply, the weight and sagitta at the 
instant when the fracture is about to take place. 

If the transverse section of the solid be a rectangle, 
whose breadth and height are denoted respectively by a and 
4, we shall have (Arts. 322 and 323), 

«=T'jAa&*, (a=^jBa&' ; 
and if we neglect the weight of the solid (Arts, 346 and 347), 



=cP 



and by eliminating < and (S, we obtain, for the case of simple 
flexure, 
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and for that of fractuie 

2c being the interval between the supports, and 2P the weight 
with which the solid is loaded. 

Tbe yalues of A and B ajrethus azpiMsed in fimctions o^ 
quantities which are readily determined by observation* 

354 If the weight of the solid 2F be likewise taken inl» 
consideration, it will simply he necessary (Art 350) to add 
|.2Fto2P in equation (143.m'), and to replace equation 
(143.nO byrtbe formulas of Art, 361 : :pnB,shall»thii8 have, in 
the case of jSeiniise, 

/=(2P+f.2P)^, A=(aP+t.2P0^ 
and for that ol 



60 _ («P-h2FXc+/. tang ,>)-Pc 
^^ iab' 

. ^ _3P+2F 4f 

366. If the solid be loaded with a. weight 90,. and if this 
Qorre9ponding sagitta be jisaQted by f, .^e shall obtain a 
value for/ similar ito t)^ ff / Jn the,prei»Mling article ; thus 
we shall have, 



/=C2a+t.J«>0^; 



and by taking the difference between/ and /, the weight of 
the sdid 2F will di8a}^)ear, and we shall obtain 

y»_/=(2a-2P) j^, A^(aCl-2P)-jJ^. 

Thus, it will only be necessary to observe the increase /— / 
in the sagitta^ which corresponds to a given increase 2Q,— W 
in the weights suspended at^the middle, point* 
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Of Solids of equal Resistance. 

356, When a solid having the prismatic form is subjected 
to an effort which tends to break it, there will always be a 
particular point at which the fracture will be most likely to 
»ke place. For, the moment of rupture will be the same at 
every point, whilst the moment of the force applied will de- 
pend upon its distance from the point with reference to which 
the moments are token. Hence, if tfie strength of the solid 
be sufficient at that point where a rupture is most likely to 
.occur, it will be unnecessarily great at other points, 

357. It becomes an object, therefore, to determine the 
figure of the solid which shall be uniformly strong througli- 
out, since the adoption of such a figure may frequently effect 
a material reduction in the quantity of materials employed. 
Solids having such figures are called solids of equal resist- 
wiee. 

353. As an example, let a body ABM {Fig- 146), whose 
upper surface AB is horizontal, and whose two lateral faces 
are vertical, be firmly fixed at its extremity A, and subjected 
to the action of a weight P suspended from its other extrem- 
ity. It is required to determine the form of the under surface 
BmM such that the solid may be equally strong throughout, 
or that the moment of tiie weight P taken with reference to 
any point in the length of the solid, shall be equal to the mo- 
ment of rupture of the transverse section at the same point. 

Denote by a the breadth of the solid, b the lieight AJVI, c 
ihe length AB, x the variable absciss Bp, and v the corre- 
sponding ordinate pm, : tlie moment of rupture of the section 

AM will be (Art. 323) B— -; and since this must be equal to 

the moment of the force P, we shall have 



^. 6=v/(f-"^. 



' In like manner, the moment of rupture of the section pm 
will be B-^, and the moment of the force P with reference 
to a point in this section will be Par. These momenta heir • 
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equal by the conditions of the problem, the general lelatioa 
between the quantities v and s will become 

6 c 

This equation evidently appertains to a parabola, the axis of 
which will be the line AB. 

359. To determine the figure of the curve assumed by the 
solid when bent, we observe that the moment of elasticity of 

the section pm will be (Art. 382) A-—- = A . Hence, if 

^^ 12c* 
y denote the ordinate of the curve of flexure corresponding to 
the absciss Ap=:C— ^r, the conditions of equilibrium in case 
of flexure will be (Art 337) 

12c* ^' 
Performing two successive integrations, and remarking that 

when x=Cy -^=^^i and y=0, we obtain 

and by making ir=0, and y=/, we find, for the depression of 
the extreme point B, 

^_P 8c» 

By comparing this expression with that obtained in equa- 
tion (143 ul)y it will appear that the depression / is twice as 
great in the present instance as when the solid had the pris- 
matic form. 

360. If the weight supported by the solid be distributed 
uniformly along its length, each unit of length being sup- 
posed to support a weight p, the sum of the moments of 
these weights, taken with reference to the point A, will be 
(Art. 342) jpc.^c; and the amdition of equilibrium will 
therefore be 

B-g-=jpc.ic 



! 
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In Uke manner^ the sum of the moments of the weights sup- 
ported between the points p and B, taken with reference to 
the point j9, will be px • ^x. Hence^ we shall haW 

„av* , bx 

B-TT- =P^ • 4a:, or v= — , 
6 c 

the equation of a right line. 

361. The preceding examples will be sufficient to illus- 
trate the manner in which the form of the solid of equal re- 
sistance may be determined when the distribution of the load * 
is previously known. 



Of the Principle of Virtual Velociiies. 

362. The principle oT virtual velociti^, which was dis- 
coyered by Galileo^ and very fully developed by John 
Bernouilli and Lagrange, may frequently prove of greal 
utility in stating th^ analytical conditions of statical problems. 
Indeed, it is regarded by Lagrange, who has adopted it as the 
basis of his " Mecanique Analytique," as ao essential, that he 
considers all the general methods which can be employed in 
the solution of questions relating to equilibrium, as being 
nothing more than applications more or less direct of this 
general principle. 

363. A virtual velocity is the path described by the point 
of application of a force, when the equilibrium is disturbed 
in an infinitely small degree. Thus, by supposing that the 
point of application m of a force P {Pig. 147) is, by an 
instantaneous derangement of the Sjrstem, transferred to n, 
the small line mn which it describes is called the virtual 
velocity of the point m. 

364. If this virtual velocity be projected upon the direction 
of the force, it will occupy thereon the small space ma, and 
the product of the force P by this projection ma is called the 
moment of this virtual velocity, or, sometimes, t)ie moment 
of the force ; it should however be observed, that the term 
moment is here employed with a very different signification 
from that usually implied. 

The principle of virtual velocities, as will be demonstrated, 

M 
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consists in this, that when the system is in equiiibrioi the sum 
of these moments is equal to zero ; thus, if P, P, P', &c^ 
represent different forces applied to a sjfstem, and p, p', p'\ 
&c., the projections of the virtual velocities on the directions 
of these forces, we must have in case of equilibrium, 

Pp+Pp'+F'p''+&c.=0 (144). 

It is necessary to remark that when any one of these pro- 
jections p^ p\ p'\ &C., fedls upon the prolongation mb 
{Fig* 148) of the force P, applied at m, this projection must 
be regarded as negative ; and since the forces P, P, P', &Ai.^ 
are all considered as having the positive sign, the moment 
corresponding to this negative projection, must likewise be 
affected with the negative sign ; thus, the equation (144) will 
express that the algebraic sum of the moments is equal to zero* 
366. This principle will first be demonstrated for that case 
in which the forces are applied to a single point. Let P, P', 
P', &c., represent any number of forces applied to the point 
m {Pig' 149), and sustaining it in equilibrio ; if, by the effect 
of an infinitely small derangement, the point m be trans- 
ported to ft, the line mn being infinitely small, may be 
regarded as a right line. Let the axis of :r be supposed to 
coincide in direction with the line m% and denote by «, «', «", 
^., the angles formed by the several forces with this axis ; 
we shall have, since an equilibrium subsists in the system, 

P cos «+P cos *'+P' cos «''+&c.=0 : 
multiplying the several terms of this equation by the line mn^ 
which will be denoted by z^ we shall obtain 

Vz cos *+P'^ cos «'+PV cos *"+&c. =0 (145). 

But it is evident that z cos «, or mn.cos nml^ is equal to the 
small line nd^ the projection of mn on the direction of the 
force P. Thus 2r cos « represents the same quantity as the 
letter p in equation (144). The same remarks being appli- 
cable to the other forces, the several products z . cos « , z cos «", 
dbc., may be replaced by p\ p"y d»x, the projections of the 
virtual velocity of the point m upon the directions of these 
forces, and the equation (146) will then become 

Pjp-f.F/-f.Py'+&c.=0 ; 
firom which we conclude that the principle of virtual velocities 
is true when die forces are applied to a single point 
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966. The most general case of this principle which usually 
presents itself, is that in which the several forces P, F, P', 
&c., are applied to different points of a body or system of 
bodies: these points preserving their distances invariable, 
may be regarded as connected with each other by inflexible 
right lines. Before examining the general state of the system 
when the equilibrium has been slightly disturbed, we will 
consider singly one of these inflexible right lines fnm\ at the 
instant when the point m has been brought into the position 
denoted by n. The other extremity m' of this right line 
will at the same time change its position, and may be situated 
either above mm' {Fig, 150), or beneath it {Fig. 151) : let 
it be first supposed above mm%\ and the line mni will then 
assume the position nn' {Fig, 152) : the lines mn and m'n' 
may be regarded as infinitely small when compared with the 
lines- mm' and ivn!, since the derangement of the system is 
supposed infinitely small. If the points m and n' be con- 
nected by a right line we shall form a triangle man!n\ in which 
the side mV being infinitely small, the angle vSmmii! will like- 
wise be infinitely small, and the arc v!a^ whidi measures this 
angle, may therefore be regarded as a right line. But this 
arc being described with a radius ma, if we assume mb=ma 
{Fig. 153), the angle bn'a being an angle in a semicircle, will 
be equal to a right angle, and may be considered equal to the 
angle mnfti* For, since the angle n'ma is infinitely small, the 
ai^le mnfb must be so likewise, and the angles ftn'o, mn'€ty will 
therefore differ by an infinitely small quantity. Thus, the 
triangles mn'a and n'la {Fig. 152) being right-angled and 
having a common angle a, will be similar, and we shall there- 
fore have the proportion 

ma : n^ai: nfa : la. 
But n!a being infinitely small with respect to ma^ la must be 
infinitely small with respect to n'a ; and since n'a is an in- 
finitely small quantity of the first order, la will be one of the 
second order. Hence, the quantity la may be neglected, and 
mn may be rq;arded as equal to mi ; thus we shall have 

Ie a similar manner may it be proved that if with the point n' 

M2 
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as a centre, and radius n'm, we describe the arc mo'; we shall 
obtain 

and by placing these venues of mnf equal to each other, w<e fiod 

mmf+fn'l^nn'+nh] 

but the right line mm' being supposed inextensible, it must 
preserve its length invariable in its new position; hence, 
mm'=nn' ; and by suppressing these equal terms in the pre- 
ceding equation, we obtain 

Again, the lines m/m' and nv! form with each other an infi- 
nitely small angle ; for, if they intersect at a point o {Fig. 154), 
we shall have a triangle m'on\ two of whose sides are of finite 
extent, the third side m'n' being infinitely small ; thus, the 
angle o will likewise be infinitely small. It results from the 
preceding remarks, that if the perpendicular nk be demitted 
on the side mm' (Fig, 152) we shall have 

nh=^mk] 

and by substituting this value of nh in the preceding equation, 
we find 

m^'l^mkj 

which proves that the projections mk and m'l of the virtual 
velocities mn and m'n! of the points m sind m' are equal to 
each other, 

367. Let us now suppose that the point m (Pig. 165) is 
transported to n, and that the extremity m' falls at n' below 
mm'. It may be proved as in the former case, that the angle 
is infinitely small, and consequently that the projections ol 
and oh may be regarded as equal to on' and on ; whence, 

onf=om'+m'l, on=om — mh] 

by the addition of these equations, we obtain 

on'+onz=:om'+om+m'l'-mh ; 
or, 

nn' =^mm'+m'l — mh ; 

but nn' and wmf are equal to each Other, and therefore 

m'l=mhj 
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which proves that the projectkxna of the virtual velodties are 
fltill equal, 

368.. In this demonstration it has been supposed that the 
derangement of the system is such as to preserve the hnes 
mm' and nn' in the same plane. This restriction is however 
entirely unnecessary. For,if we suppose that nmil and /m'are 
not contained in the same plane, we can draw through the 
points n and n! (Fig. 162) planes perpendicular to the line 
fnm\ intersecting this line at the points k and /^ the projections 
of n and n\ Then, if a line be drawn through any point of 
tnm* parallel to nn!^ and terminated by the perpendicular 
planes, such line will evidently be equal to nn\ and its ex- 
tremities will likewise be projected on the line w/m'^ at the 
same points k and L Hence, if the property be true for the 
parallel line which intersects mm* ^it will likewise be true for 
the line nrl. 

369. It should be observed, that in each of these cases, the 
projections will be affected with contrary signs, one falling 
upon the line vfwn\ the other upon its prolongation. 

This appears from an inspection of the figures 152 and 
155, and it likewise results from the consideration that if the 
two projections fell upon the line or upon its prolongations, 
the length of rmL would necessarily be greater or less than 
that ojf imn*^ which by hypothesis, is impossible. 

370; It follows from the preceding remarks, that if we sup- 
pose two equal and opposite forces to act in the direction of 
the line mm' on the points m and m', and denote by v and i/ 
the projections of the virtual velocities mny and.mV on the 
line of direction of the forces, we shall have 

and consequently, that if we represent by {mm') each of 
these equal forces, we shall obtain 

{m/m^v + (fnm')t/=0 ; 

which proves that the forces represented by {mm^ being 
applied at the extremities of the right line, and being regarded 
as sustaining those points in equilibrio, the sum of tlie 
moments of the virtual velocities of these points will be equal 
to zero. 
371. By the aid of this proposition it will )t easy to 

16 
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establish the principle of yiitual velocities in the case of any 
number of forces applied to different points* For, let P, P, 
F', &c. (Fiff. 166), be several forces iq^lied to the points 
m, m\ m", &c If we regard these points as firmly con- 
nected by inflexible right lines, these lines may be considered 
as the directions of equal and opposite forces acting on the 
points nij fn\ fn"y &c., and if we denote these forces by {mm^ 
(m'm'Oi dx., the equilibrium will be maintained - 

at the point iti, by the forces (mm^j {mm"), {mm'"), and P, 
at the point m', by the forces (m'fn)j (m'fw"), (mW), and P, 
at the point m", by the forces {m"fn)j (m"m% (m"m"^ and P', 
at the point i?»% by the forces (m'"m), {m'"m% {m"'fn'% and P", 
&C. See. See. 

Since the equilibrium subsists at each of these points, the 
equation of the moments obtained in Art. 365, will manifestly 
be satisfied. Let the following notation then be adopted, viz : 
«=projection of the virtual velocity of one of the points m^ 
m', m", d&c, the point to which this velocity refers being 
designated by the manner in which v is written in the ex- 
pression for its moment ; thus, v{mm^ represents that v in 
this moment applies to the point m, while v{tn'tn) denotes 
that V applies to m\ 

The character v will thus represent quantities ofpfaich may 
be equal or unequal, according as thp projecitons of the 
virtual velocities fall upon the same or upon different lines. 

372* Having adoptied this notation, the equations of the 
moments as given by Art. 365, may be expressed as follows : 

for the point m, Fp+v{mm^+v{mm") +v(mm'")=Oy 
for the point m', F'p'+v{m'm)+v{mW)+v(m'm'")=0, 
for the point m", F'y+v{m"m)+v{m"m')^v{m"fn"')=Oj 
for the point m'", P'y"+t?(w'"w)+t7(m"'m')+t?(m"V)=0. 

The sum of these four equations being taken, we remark 
that the moments appertaining to the same right line mutu- 
ally destroy each other ; thus, the term v{mm^ will cancel 
the term v{fnfm), Sec., and by continuing the.process, the sum 
will be reduced to 

Pp+py +py + F'y"=o. 
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The same demsiutration is evidently iq)plicable to a greater 

number of forces. 

373. As an example of the manner in which the conditions 
of equihbrium in any machine may be inferred from the 
principle of virtual velocities, we will suppose the relation 
between the power and resistance in the lever to be unknown. 
The forces exerted upon the lever are the power P, the 
resistance P', and the reaction of the point of support. If a 
slight motion be communicated to the lever, causing it to turn 
about its fulcrum, this fulcrum will remain immoveable, and 
the moment of the reaction exerted by this point will there- 
fore be equal to zero. HencBj the principle of virtual velo- 
cities will give 

Pp+P'/»'=0; 
or, 

Pp^-Fy (146). 

This being premised, let the values of the quantities p and^' 
be now determined. Let C represent the fulcrum of a lever 
mm' {Piff. 157), which being slightly removed from its po- 
sition of equilibrium has assumed the position jik'; the angles 
at C being equal to each other, the arcs mn, m'n' will bo pro- 
portional to the radii with which ihey are described, and we 
shall therefore have 

mn : m'n' : : Cm : Cm' (147). 

But if through the points n and n' perpendiculars be drawn 
to the directions of the forces P and P, we shall have 

mr=—p, my=p; 
thd negative sign being prefixed to p, because it falls on the 
piolongation of the force P. The arcs being regarded as in- 
definitely small right hues, the right-angled triangles mm, 
mVn' will be similar; for the isosceles triangles mCn, m'Cn' 
give 

angle wnC=angle n'm'C : 
and by subtracting these equal angles from the right angles 
rmC, r'm'C, there will remain 

angle rm7i=angle r'm'n'. 
nuis, the triangles nnn, r'm'n' will be similar, and will give 
the proportion 
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mn : m'n' ::mr: mY ; 



or, 



mn : w!vl :: — /> ;j>'; 

and thdtefoie the proportion (147) may be converted into 

Om : Cm' :: — jb :/>'. 

But the equation (146) which expresses the principle of ra- 
tual velocities gives rise to the proportion 

P:P:: -;>:/>'; 

whence, by the equality of ratios, 

Ci» : Cm' : : F : P, 

or the forces are in the inverse ratio of the arms of the lever. 

« 

Of the Position of the Centre of Gravity of a System when 

in EquUibrio. 

374. Let m, m\ wi" &c., be the centres of gravity of differ^it 
bodies which are connected together in an invariable manner ; 
let perpendiculars z^ z^^ 2^', &c., be demitted from these points 
on the plane of xy^ supposed to be horizontal ; the weights 
P, P', P', &c., of the several bodies, which may be regarded 
as suspended from the points m, m\ m"^ &c., will act along the 
directions of these perpendiculars. If z^ denote the co- 
ordinate of the centre of gravity of the whole system, we 
shall have (Art. 166) 

P;g+y^-fl^V'4-&c> 

When the system of bodies changes its position, the ordi- 
nate z becoming z-\^h,ox z — h^ the increment of z will affect 
the yalnes of ir', z"^ jer", d&c., since the points m, m', m", dec., 
being connected in an invariable manner, the value of z 
cannot change without the values of si^ z% d&c, undergoing 
a corresponding alteration. Although we are generally unac* 
quainted with the law of dependence which exists between 
the positions of the different bodies composing the sjrstenif 
the preceding equation may nevertheless be written under 
the form 

J^z^Vipz + F'Fg+&c. 

in which ^, F, &c. denote certain indeterminate functions. 
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If the value of z^ be a maximum or a minimum, the dif 
ferential of the second member will be equal to zero, hence 

Pdz+F'dpz+P''dFz+&c.=0 ; 

or, 

Prfz+Frf^+P'd;3"+&c.=0. 

But this equation is necessarily satisfied when the system 
receives an infinitely small derangement from its position of 
equilibrium. For, when the centres of gravity m, m', m", (fcc, 
change their positions and are transferred to n, n, n\ &c., 
the paths described will be the lines mn, mfn, mn\ d&c. If 
therefore, these paths be projected on the primitive directions 
z^ z\ 2?^ &c., of the forces P, F, F', &c., we shall obtain the 
values of the projections of the virtual velocities. Thus, 
fnh {JPig^ 168) the projection of mn upon the co-ordinate jzt, 
is equal to tiAt, the increment which the value of z has re- 
ceived in consequence of the derangement sustained by the 
system : the sign of this increment may be either positive or 
negative. We shall therefore have, without reference to the 
signs, p=^z ] and by applying the same considerations to the 
other co-ordinates, it appears that the difierential Fdz+ 
'Pdz'+fdz^'+icCf will represent the same quantity as the 
expression P/>+F/>'+Fy -h&c. ; and since the latter quan- 
tity becomes equal to zero when the system is in equilibrio, 
according to the principle of virtual velocities, we must like- 
wise have 

Pd;r+Fd;2?'+F'd2^'-f-&c.=0 ; 

hence, dz,=0, which proves that the centre of gravity is in 
general situated at the highest or lowest point, when the 
system is in a state of equilibrium. But this proposition 
will not always be true, since dz^^^ will not always indicate 
the existence of a maximum or minimum. 

375. The converse of this proposition is always true, viz : 
If the centre of gravity of the system be situated at the 
highest or lowest pointy the system will necessarily be in equir 
librio ; for, dZt will then be equal to zero, and the sum of the 
moments of the virtual velocities will also be equal to zero. 
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DYNAMICS. 

OF THE LAW OF INERTIA. 

376. Dynamics has been defined to be that part of Me- 
chanics which treats of the laws of motion of solid bodies. 
We shall, in the first place', establish as a principle the general 
law of nature, that every body will continue in the state of 
rest or motion in which it may be placed, unless it be acted 
upon by some external force. This indifference of matter to 
a state of motion or rest is called inertia. It is a conse- 
quence of this principle of inertia that one body when struck 
by another, exerts an effort of resistance to the impulsion, 
whilst acquiring a portion of the motion of the striking body. 
By this same principle, a body haying received an impulse, 
must move uniformly in a right line, if not opposed by any 
obstacle : for there can be no reason why the body should 
deviate to one side rather than to the other, nor that its 
motion should be accelerated rather than retarded. It is 
true, that the nature of the force being unknown to us, we 
cannot foresee whether its effect will be such as to preserve 
the motion of the body invariable : thus, the law of inertia 
should be regarded as a simple result of experience and 
analogy. 

If we do not perceive the motions of bodies to continue 
imchanged, it is merely because these motions are constantly 
affected by the resistance of media, by the action of gravity, 
or by other similar causes. The most simple kind of motion 
which can be conceived is that which takes place uniformly^ 
and in a right line. 
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Of Uniform, Rectilinear Motion. 

377« A body is said to have a uniform motion when it 
passes over equal spaces in successive equal portions of time : 
thus, if Y denote the space which it describes in a unit of 
time, it will have described a space 2y at the end of two 
units of time, SV at the end of three units of time, &c. Con- 
sequently, if we represent by t the number of units of time 
necessary for the body to describe a space s, this space will 
be equal to ^ X Y ; we shall thus have 

s=Yt. 

Such is the equation of uniform motion. The coefficient Y, 
or the space passed over in a unit of time, is called the 
velodtf/, and it evidently expresses the rate of a body^ 
motion. For, if a body M move n times as rapidly as 
another M', the space Y described by the first in a unit of 
time, will obviously be n times greater than the space Y', 
described by the second in the same time. 

378. For the purpose of comparing the circumstances of 

motion of two bodies which depart at the same instant from a 

point A, with velocities represented by Y' and Y", we will 

denote by ^ and s" the respective spaces passed over by these 

bodies, at the expiration of the times f and f : we shall then 

have 

j/-=Yr, y'=Y'r; 

whenco we deduce 

which proves that the spaces passed over are proportional to 
the products of the times and velocities. When the times are 
equal, this equation reduces to 

and the spaces described are then proportional to the ve« 
locities. 

379. The body may have already passed over a space S, 
previous to the instant from which the time t is reckoned: 
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we shall then have the more general equation of uniform 
motion 

in which s represents the distance of the body from the 
origin of spaces. The quantity S is called the initial space, 
and evidently represents the distance of the body from the 
origin, at the commencement of the time t, 

380. By the aid of this equation we can readily solve all 
the problems of uniform rectilinear motion. 

For example, if the distance of a body from the origin of 
spaces at the end of the time fj be supposed equal to ^ ; and 
if this distance become s"" at the end of the time r, we can 
thence determine the velocity Y, and the initial space ; for 
we shaU have the equations 

from which we obtain 



381. As a second example, let it be required to determine 
the time of meeting of two bodies M' and M {FHg. 169), 
which depart at the same instant from the two points A and B^ 
having the respective velocities V and Y. Let C be their 
point of meeting : the spaces actually passed over by the two 
bodies will be 

BC=V^, and AC=V7. 

If we denote by b the distance AB between the bodies at the 
commencement of the motion, and reckon their distances at 
the end of the time t from the point A as an origin, we shall 
have theequations 

s=:b+Yt, y=Y7. 

Each of the spaces s and ^ will then be represented by the 
line AC ; and by placing the second members of the above 
equations equal to each other, we deduce 

'==V^— Y" 
382» Since the space s constantly varies with the time ij 
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we can differentiate the* equation «=S+Y/ with reference to 
theee two variables, and we shall thus obtain 

dt 

Hence it appears, that in uniform motion the velocity is the 
differential coefficient of the space, regarded as a function 
of the time : it will presently appear that the same is true in 
varied motion. 



Of Varied Motiofu 

363. When the motion of a body is such that it passes over 
unequal spaces in equal successive portions of time, the body 
is said to have a varied motion. This kind of motion cannot 
be produced by the action of a single force of impulsion, 
since by the law of inertia the velocity imparted by a single 
impulse should constantly remain unchanged ; and hence the 
motion would continue uniform : whereas, we have in the 
present instance supposed it variable. It therefore becomes 
necessary to suppose that the body, having received the first 
impulsion, is subsequently subjected to the action of a second 
impulse, a third, &c., which, by constantly changing its 
velocity, produce a variable motion. If the force acts without 
intermission,the impulses will be communicated at intervals 
which are indefinitely small, and the force is then called an 
incessant force. If the force tends to increase the velocity 
of the body, it is called an accelerating force^ and when it 
tends to diminish the velocity, a retarding force. 

384. The velocity of the body being supposed constantly 
variable, we can only estimate its value at any particular 
point of the path described, by supposing it to become con- 
stant at this point. Thus, to measure the velocity of a body 
which has arrived at B {Fig, 159), at the end of the time /, 
we suppose the action of the incessant force to be suddenly 
arrested, and the body will then move uniformly with the 
velocity which it has acquired at the point B. The space 
BC described in a unit of time, with this uniform motion, b 
the measure of the velocity at the point R 
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385. The seccnd id usually adopted as the unit of time. 
Hence, the velocity of the body at the exjHration of the time t 
wil> be the space vtiich this body would describe in the second 
which succeeds the time t^ if, at the end of the time /, the 
incessant force should cease to communicate new impulses to 
the bo3y. 

386. To determine the analytical expression for the ve- 
lodty, we will suppose the body to have arxiyed at the point 
B, at the expiration of the time t ; the space AB which it has 
already passed over being dependent on the length of time 
which has elapsed, the former will evidently be a function 
of the latter. Thus, we may regard the space « as the ordi- 
nate of a curve whose absciss is equal to t ; consequently, 
when t becomes i-Vdt^ s will become s+d9] hence, the space 
passed over in the time df will be represented by ds. This 
being premised, let it be supposed that when the body has 
arrived at the point B, the incessant force ceases to act ; the 
body will assume a uniform motion with the velocity ac- 
quired at the point B, and will describe in the instant dt 
succeeding the time ^ the indefinitely small space ds : in the 
next succeeding instant dt it will describe a second space cb, 
and the same will continue until the body has described-^a 
space BG, which will correspond to the unit of time. This 
space BC will therefore contain ds as many times as eft is 

contained in unity ; but -r will express the number of times 

whidi the unit of time contains {he quantity dt ; hence, the 

1 



space BC will be expressed by ds X -j-, or by -y, since the dif- 

€U at 

ferential is taken with reference to the variable t; but the 

space BC represents the quantity v ; we shall therefore have» 

for the expression of the velocity in varied motion 

ds 
dt 

387. It may also be observed that the space passed ovei^ 
after the expiration of the time tf will be (Piff. 169), 

Bb^ds at the end of the time dt, 
B6'=2cb at the end of the time 2c&, 
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Bb"=3ds at th^ end of the time 3di. 

BC=fub at the end of the tigie n.di. • 

And since the time elapsed during the passage of the body 
from B to C is by hTpothesis eqnal to unity, ve may suppose 

ndt=l] whence n^-j- This value being substituted in 

the expression rtds^v, the space described in a nnit et time, 
we shall obtain, as above, 

v=± ....(148> 

388. Before investigating the expression for the value of 
the incessant, force, it will be necessary to discover the iclar 
tion which exists between the force and the velocity. 

. If a force F be supposed to communicate a velocity • to 
any body, a force n times as great will communicate to the 
body a velocity equal to nv. The truth of this proposition 
might well be questioned, since the nature of forces being 
entirely unknown, we cannot affirm that a double force. vTill 
necessarily produce a double velocity ; or, in general, that a 
single force equal to the sum of two others, will necessarily 
prodOce a velocity equal to the sum of the velocities which 
the two forces would separately produce. But the foct being 
confirmed by universal experience, we adopt it asaprinci]de« 
Thus, by supposing different forces applied to the same body 
or material point, their relative intensities can be estimated 
by comparing the velocities which they would severally com> 
municate. 

The proper measure of an incessant force will be the 
velocity which it can generate in a given time ; but the in- 
tensity of the force being constantly variable, we must sup- 
pose the force to become constant at the instant when we 
wish to estimate its value, and the measure of the force will 
then be the velocity generated in the unit of time succeeding 
this instant The velocity communicated by this incessant 
force during the imit of time, when it is supposed to retain a 
constant value, will obviously be unequal to that which 
would have been communicated by the variable incessant 
force, in the same time. 

389. The preceding remarks indicate the method of meas 
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uriDg the incessant force ; since they determine the ratio in 
which the intensity of the force varies in different times. 

^1 for example^ at the expiration of the times / and t^ the 
incessant force, having become constant; can generate in a 
second of time velocities represented by the numbers 60 and 
20, we infer that the intensity of the force at the end of the 
time t is triple its intensity at the end of the time t. 

390. To deduce from the above^definition the analytical 
expression for the incessant force, let v represent the velocity 
acquired by the body at the end of the time i ; then, at the 
expiration of the time t-\-dt^ the velocity will become V'\-dv ; 
consequently, dv will be the velocity communicated during 
the time dt \ but if at the end of the time^ the intensity of 
the force be supposed to become constant, there will be com- 
municated to the body in the instant dt which succeeds the 
time i^ a velocity represented by dv ; and the same effect will 
be repeated during any number of succeeding instants ; so 
that the velocities communicated after the expiration of the 
time /, in the instants dty2cU, 3di, &c., will be expressed by dv^ 
2dvj 3dv, &c. : and consequently, the velocity communicated 
in the unit of time which succeeds the time /, will be equal to 
dv repeated as many times as cb is contained in unity. This 

1 1 dv 

number being expressed by — , it follows that _. xrfr, or -— , 

dt di dt 

will express the effect of the force or the velocity generated in 

a unit of time. If, therefore, we denote this force by ^,we 

shall obtain for the second equation of varied motion, 

,4'..... (149). 

The character p will hereafter be used t > c'tsignate the inten- 
sity of the force ; the force being represented by the effect 
which it produces. 

391. fSrom the preceding equation we obtain 

'■; p€U:i=:dV'y 

thus, if the incessant force be given, the increment to the 
velocity in the time dt can be readily calculated. 

392. By eliminating dt between the equations (148) and 
(149), we obtain a third equation of varied motion, 

pds=zvdv, 

N 17 
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Of Umformly Varied Motion. 

393, The incessant force imparting at each instant a new 
impulse to the body, if these impulses are equal in intensity, 
the body will acquire the same velocity in a unit of time after 
the expiration of the time /, as it would after a time t. Let 
this velocity which is constantly generated in a unit of time, 
be denoted by g ; we shall then have 

SubslitutiDg this value in the equation 

do 

we ahall obtain 

dv^gdt\ 

and by integrating and denoting by a the constant which will 
thus be introduced, we find 

f7=a +gt (ISO)/ 

We have likewise obtained for the value of the velocity 

ds 

hence, if we eliminate v between these two equations, we 
shall have 

ds^{a+gt)dt, 

firom which, by integration, we find 

«=ft+a/+i5t« (161), 

the quantity b being an arbitrary constant 



* Tbw •qoatioii might alio lurra been obCioBed from the CiUowinf 
i: Lei il be mppoeed that a body in motiMi baa ae^airad a velocity « : if it 
then be aolietted bj a oonatant force which commonicatea to it a yelodtj g in 
each aeconid of time, the telocity of the body will become 

c-f-j", at the end of one aeoond« 
•-|-^» ^ ^® ^"^ of tiro aeco n da, 



•-f^ * ^ ^0 ^^ ^^ ' aeoonda : 
thni, If we lepraaflDt bj « the Telocity of the body at llie eipintloii of Am 
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Iff be supposed positive in this equation, the motion will 
bs vmfwmUy aeederaitd^ but if negatire, the motion will be 
wdfarmlff retarded. 

. 394. If we make ^=€, we find b^ss ; thus, b will represent 
the initial space, or the distance of the body from the origiBi 
at the ins^nt from which the time is reckoned. 

The constant a is equal to the initial velocity jof the body, 
as appears by making ^=0 in equation (150). 

395* When the initial space and initial velocity are each 
equal to aero, the equations (150) and (151) become 

t—gt (162), 

*=iS^" (153), 

and the body th^i moves from rest, under the action of the 
iaeessant force* 

396. Let 4 and ^ vepresent the spaces described in the 
times t and f^ under the action of a force g ; the equation 
(163) gives 

s^ig^\ and y=lf ^« (164) ; 

whence we obtain the proportion 

* : y ::/•:<'» - (156). 

Consequentiy, the spaces described by a body in different 
times J when it moves from rest^ being solicited by a constant 
accelerating foreCf are proportwnai to the squares of those 
times. 

397. The equation (152) gives 

^—g^9 9ndff=gf^ 
whence, 

anl by comparing this proportion with (15S)j vm hsrve 

« : t/ : : ^s : ^/. 

Hence it appears that the times elapsed are constantly pro- 
portional to the velocities^ or to the square roots of the spaces 
described in those times*. 

398. If we make ^=1, the equation (153) becomes 

In this case, s represents the space described by the' body 
in the first unit of time, and it apjpears dMC this spatie is 

N2 



196 



DYNAMICS. 



equal to one-half the quantity gy which represents the mea- 
sure of the accelerating force. It has been found, for example) 
tha( a body subjected to the action of gravity, woulcl describe 
in the first second of time, in the latitude of New- York a 
distance equal to 

16.0799 feet, or nearly 16,1, feet ; 

this value being substituted in the place of s in the preceding 
equation, we find 

g^=32.1598 feet, or nearly = 32| feet 

399. Th« equation (1^3) will determine the space described 
in a gfivffek time ^ §)r example, if ^=6", we shall have 

\,=j^/«=i(32i*) x36=579 feet; 

thus a body being elevated to the height of 679 ^fS^ would 
require six seconds to fall to the surface of tke «arth« ' ^^ 

400. The velocity acquired by this body, when it has reached 
the surface, may be determined from equatioya (150), in which 
we make » 

a=0, g^=32|feet, <=6". 

We thus find 

i;=32i'*^X 6=193*^. 

401. If it be required to determine the height from which 
a body must fall to acquire a given velocity, we eliminate i 
between the equations 

and we thus obtain * 

^=v^(2i?*) (166). 

Let it be supposed, for example, that we wish to determine 
the 6pace through which a body would fall in acquiring a 
velocity of 386 feet per second ; we shall have 

386*-=^(2 X 32^'*^ X*)=^(64i«^ X*) ; 

whence, 

(386«-)' ^ 148996'^ ^ ^ 

*"■ 64^*^ 64i ^^^ • 

The velocity acquired in idling through a given height is 
called the velocUp due to thcU height. 

402. To determine the time in which a body will fall 
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thiougli a given height s^ we eaifloj the equation (163), 
which gives 

403. The general equations of variable motion 

J&='' 5i=* (15'^' 

will now be applied to the investigation of the circumstances 
of varied motion under different h^^theses. This investi- 
gation is reduced to the determination of the relations which 
exist between the time elapsed, the spac& described, and the 
velocity acquired, since, if the two latter can be expressed in 
functions of the time, we shall be able to discover the place 
of. the body, and the velocity with which it moves at any 
given instant. Thus, the circumstances of motion will be 
entirely known. ' 

0/ the Motion of a Body projected Vertically upward. 

404. When the action of gravity is alone exerted on a body^ 
We have the relation 

in whiqh v expresses the velocity at the end of the time t: 
but if we suppose the body instead of moving from rest, to 
be projected vertically in a direction opposed to that of gravity, 
with a velocity a, this velocity will have been diminished at 
the end of the time /, by a quantity equal to the velocity 
which gravity could impart in the same time ; consequently, 
the velocity of the body at the expiration of the time t will 
be represented by a—gt ; and if we represent this velocity 
by v, we shall have 

v^a—fft (168) : 

substituting for «, its value -r-, we find, by integratioiii 

s=ai-igi*. 

The initial space being supposed equal to zero, no constant 
has been added in this integration. 
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This equation being placed under the form 

if we substitute for t its value deduced from equation (158), 
we shall obtain 



. {159). 



405. The equations (158) and (159) make known all the 
circumstances of the motion under en n si deration. Thus, 
the equation (158) indicates thai the velocity constantly de- 
creases as the tinae increases ; and the equation (15!)) proves 
that the velocity decreases as the space described becomes 
greater: hence, the velocity constantly become less as the 
body rises. When this velocity becomes equal to zero, the 
body has attained its greatest elevation: if we denote this 
elevation by h, the equation (159) will give, by making «=0, 

K *=1^ (™)- 

T To determine the time corresponding to this elevation, we 

make v=0, in equation (158), and thence deduce 

'-i <'"'■ 

The velocity due to the height A is found by making h—» 
in the formula 

and by substituting the value of A deduced from equation 
(160), we obtain 

hence, the body acquires the same velocity in descending, thai 
it lost in ascending. 

406. Let it be required to determine the greatest height to 
which abody will rise when projected vertically upward with 
t velocity of 100 feet per second : we shall find from equa- 
tions (160) and (IGl), that the greatest height is 155 j'jV ^"^ 
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tad that the time of rising or falling is equal to 3| seconds, 
nearly. 

407. The preceding equations may likewise be applied to 
the case in which the body is projected dowaward, by i^imply 
changing the sign of the quantity g ; we shall thus have an 
expression for the velocity v, 

v^a+gi. 

Qf the Vertical Motion of a Body when acted upon hy the 
Force of Cfravity considered as va(yAle. 

m 

408. Gravity is a fbrce whose intensity varies at diffeient 
distances from the earth's centre. The law of this variation 
has T)een discovered to be that of the inverse ratio of the 
square of the distance ; that is to say, that at distances from 
the centre of the earth represented by 2, 3, 4, &c., it becomes 

— -, --, —-, &c., of its value at the distance unity. Thus, 
2 3* 4* 

although a body falls through a distance of 16 y*, feet in the 

first second of time at the surface of the earth, it would fall 

through a much less space in the same time if the distajic% 

of tlie body from the centre were greatly increased. , 

409. Let a body be supposed to depart from rest at the 
point A {Fi^^ 160), and let it be required to ascertain the 
velocity of the body when it has reached the point R Denote 
by g the intensity of the force of gravity at M, the surface of 
the eartj), and by ^ its intensity at the point B ; by r the 
radius of the earth CM« and by x the distance from B to C : 
for the purpose of simplifying the calculation, let the known 
distance AC be assumed as the linear unit. The force being 
supposed to vary in the inverse ratio of the square of the 
distance from the earth's centre, we shall have 

gip II z^ : r* ; 
whence. 



ar«' 



But the general expression for the incessant force being 

dv 
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we shall obtaiQ,%y placing these values of ^ equid to each other, 

*'=^ (162). 

Again, the veldcity being equal to the differential of the space 
divided by the differential of the time, it will be represented by 

\ dt ' 
of by its equal 

v=-% (163). 

Multiplying the terms of this equation by the correspondmg 
terms of equation (162), we find 

and by integration, 

2"- x^ ■: 

The constant may be determined from the consideration that 
when ar=AC=l, i;=0 ; hence. 

This value substituted in the preceding equation gives 

This equation determines the value of the velocity at any 
given point of the line AC. 

410. To determine the time employed by the body in 
describing the space AB, we eliminate v, between this equa- 
tion and the equation (163), and we thus obtain 

dx' /I .\ 

whence, 



X 

and consequently, 



%m • 



^a-0' 
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by die integratioD of this equation we shall Atain 

To effect the integration which is here only indicated, we 
reduce the fraction to a simpler form, thus 

■ 

The rjidical in the denominator may be caused to disappear, 
by making 

1— ir=2r*. 

We deduce from this equation, 

These values substituted in the preceding formula give 

• ■ y^^^)=-2/'^- V(l-«*) (167). 

Integrating by pai^^, we find 

But we libawise have the identical equation 

Adding these equations, and dividing by 2, we obtain 

=i2r^(l— 2r«) + i arc (sin«=;2:) ; 

couseqiieptly, 

— fe/a;r^(l — js") = '-Zy/{1 — 2r«) —arc (sin=;r), 

and by substituting this value in the equation (167), we shall 
i obtain the integral of (166) ; hence, the equation (165) will 
become * 

*-±i«y/^[5^(l-2r«)+ arc (sin^a;)] (168). 

The constant will be equal to zero, since ^=1, when /=0 ; 
and therefore, 27= y^(l—:r)=0 ; this supposition causes the • 
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second member of the equation to vanish. Moreoreri die 
time being essentially positive, we use only the inferior sign 
in the preceding equation ; ahd by observing that z*=i — ar= 
the distance AB which the body has described, we shall have, 
by representing this distance by «, 

t==p\/^^s^{l-^s)+aTc (sin=v'*)]. 

41 1. This last equation is much simplified by supposing 
the distances AB and AM to be exceedingly small when com- 
pared with the distances AC and MG ; for, the (piantity 
^(Is) may then, without sensible error, be supposed equal 
to unity; and the arc {sm=^s) may likewise be considered 
as equal to its sine ; hence, by changing r into unity, die 
preceding expression will reduce to 

and from this we deduce the relation 

or, the motion is then similar to that which would take place 
if the intensity of the force remained invariable. 

Of the Vertical Motion of a Body in a resisting Medium. 

412. It has been ascertained that a body when moving in 
a fluid experiences a resistance which is proportional to the 
square of the velocity. Thus, by calling m the intensity of 
this resistance when the velocity of the body is represented 
by unity, the resistance will be expressed by mv', when the 
body has acquired a velocity v. 

413. This force being opposed to that of gravity when the 
body descends, we shall have, by suppdsing the intensity of 
gravity constant, 

p=g—mv' ; 

dv 

and by substituting for ^Its general value -^, we obtain . 

at 
dv 
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whenooi 

*=-J*?^ :.(169). 

To integrate this equation, we deeompose the denoraioftlor 
into factors, and thus have 

If we then suppose, according to the method of rational frac- 
tions, 

^J^_^dv( ^ + ? \ (170), 

we shall find, by reducing the terms of the second member 
to a common denominator, and placing the ooe fficients of 
the like powers of v equal to each other, 

these values substituted in the equation (170), give 
di? _^ 1 / dv dv \ 

g-^mv* ""2V& \ y/g-^Wm ^g—v^m)' 

Multiplying and dividing the second member of this equation 
by ^m, we shall obtain a value, which substituted in equa- 
tion (169) will reduce it to 

dt=. ^ ( ^^^^ + ^^^^ ): 

and by integration, we obtain 

'=^j^^(>og Wg-^^V^n) -lQg( v^g^-t^v^m)) +C ; 
or, 

. /= '—log v^:±^v2? (171). ■ 

The constanf may be suppressed, since when r«0, v*=0. 

414. If the two members of the equation (171) be multi- 
plied by 2^mgj and the first member by the logarithm of 
Ae base 6 of the ffaperian system, which is equtd to tmityi 
we shall have 

2/v/(«.^).loge=log.^±^, 
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and by passing to the numbers, we have 
415. This equation being wriiten under the form 



WS- 



■ (172), 



it is obvious iliat if / be supposed to increase indefinitely, the 
value of the first member will approach to zero ; and conse- 
quently, when i becomes infinite, we shall have 

^g-v^m=0 (173) 

From this equation we deduce 

v= "i-^ =a constant quanlity. 

Hence we conclude, that as the time increases the velocity 
becomes more nearly constant. 

416. To determine the space described in functions of the 
velocity, we multiply the corresponding terms of the equalioiiB 
dv „ ds 



and we thus find 
whence, 



dt ^ ' d:' 

rdv={g-mv')ds; 



vdv 



. (174). 



This equation may be rendered irilegrable by making 
For, we obtain by difTerenlialion, . * 

,*, = --; 

and these values substituted in eqiiaiion (174), transform it 
into 
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the integral of which is 

or, by replacing z by its value g—mt^^ we have 

1 
*=-^ log (g-fnv^)+C. 

The constant C may be determined by making s^^Oj and 
v=sO; whence, 

which value being substituted in the preceding equatioUi 
gives 

1 

or, finally, 

^"^^ ^^ \g—fnv* ) ' 

Of the Motions of Bodies upon Inclined Planes. 

417. Let a body be situated upon an inclined plane, 'and 
let the weight of this body, considered as a vertical force ap- 
pliied at its centre of gravity, be resolved into two components, 
which shall be respectively parallel a:id perpendicular to the 
surface of the plane. The perpendicular force, being sup- 
posed to pass through a point of contact, will evidently be 
destroyed by the resistance of the plane, while the parallel 
component will cause the centre of gravity to describe a line 
parallel to the plane. ^The question will thus be reduced to 
the consideration of the motion of a material point upon the 
inclined plane. 

418. Let m represent the material point {FKg. 161), and g 
the velocity which gravity can impart in a unit of time : if 
the force of gravity, represented by the vertical line mB, be 
resolved into two components mD and mC, respectively parallel 
and perpendicular to the plane, the latter will be destroyed by 
the resistance of the plane, and the former will cause the 

material point to slide along the plane. 

18 
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But, since forces are proportional to the yelocitaBt whioh 
they communicate ia the same time, if we denote by ^ the 
velocity communicated in a unit of time by the component 
which acts in the direction of the plane^ we shall have 

mB : mD iig ig*' 
The ratio between mB and mD being the same as that between 
tl^ length and the height of the plane^ we shall have, by 
representing these quantities by A' and h respectivelyt 

gig* ::hf ih', 
whence, 

^-^ (ITS). 

419. From this equation it appears, that the velocity ^, 
which is generated in a unit of time by the component of gra- 
vity parallel to the plane, is equal to the velocity g, multiplied 

by the constant ratio ^ ; and we therefore conclude that the 

A 

force which urges the body along the inclined plane differs 

from the force of gravity only in its intensity. Hence, if we 

denote by f the time requisite to describe the entire <iistanoe 

mA=:A', the same relations will exist between the quantities 

§^, A', and ^, as have been already obtained between g, A, and 

ty in investigating the circumstances of uniformly varied 

motion: we shall therf fore have 

h'^ig'r (176); 

and the velocity acquired by tlie body at the pMUt A will be 

^^^g'i'i 
or by eliminating the time f , we shall find 

^'=>/{^g'f^r 

If in this equation we substitute for g' its value found in 
equation (175), we shall obtain, after reduction. 

The expression for the velocity being independent of the 
angle mAE, whicli the inclined plane forms with the boriaeon, 
it follows that if several bodies be allowed to descend from 
die same point m upon different inclined planes mA, mA', 
mA", d^. (Fig. 162), they wiU all have aequirei) tha 
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velocity when they shall have axtireA jrt the same hoiicoiital 
plane. 

420. Although the velocities acquired at the points A and 
E are equal, the times of descent will be unequal ; for, if / 
and f represent the times of describing mE and mA, their 
values will result from the equations 

bat we bare - 

k<h', 

and ftota these inequalities we deduce 

7 F' 
which proves that the value of f exceeds that of t 

421. In genera], if f and f represent the times of descnb* 
ing two inclined planes h' and A", having a common altitude 
h ; and if g* and g" represent, the components of gravity 
respectively parallel to these planes, we shall have 

whence, 

'■■'•■■■■ v^ ■■ ^-^ 

or by replacing g* and g" by their values (Art 418), we 
obtain 

Thus, the times of describing different inclined planes hav- 
ing a common altitude will be proportional to the lengths of 
those planes. 

422. The n)otions of bodies upon inclined planes give rise 
to a remarkable mechanical property of the circle : it consists 
in thiS) — that if the plane of the circle be supposed vertical, 
the body will require the same time to describe a chord AC 
(Fig> 163), as is necessary to fitll through the vertical diam- 
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eter AB. FJor^ the eqaatpoQ (176) gives, for the time of 
descent through AC, 

aad ly substituting for g' its value ^ , this equation will be- 



oome 



'=N/^ (>")• 



But if the diameter- of the circle be denoted hyd^vre shall 
have, by the property of the circle, 

AB: AC:: AC: AD; 

or, 

d:h':'.h':h] 

ntand cons«qa«(itly, 

h"=dh. 

This value substituted in equation (177), gives, after reduction, 

but this value is precisely the same as that which has been 
found for the time /, in which the body would fall through 
the diameter AB : for, the height AB being expressed by il, 
we shall have 

whence, 

Of Curvilinear Motion. 

423. We have hitherto supposed the motion under consid- 
eration to be rectilinear ; but if it be curvilinear, the space 
described, and the velocity acquired in a given time, will be 
insufficient to determine all the circumstances of tbe motion : 
it will likewise be necessary to know the nature of the curve 
: described by the body, and the point of this curve at which 
the body is found at the end of a given time. 
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' 424. In the resolution of this problem, we employ the prin* 
ciple of the parallelogram of velociStes, wliich is similar to 
that of the parallelogram of forces. It may be enunciated as 
follows : If two forces P and d {Fig. 164) communicate^ in 
a unit of time, to a material point m, velocities represented 
by mB and mC respectively^ the resultant Rof P and Q toill 
communicate tojhe point, in the same timik, a velocity mD, 
which* toill be represented by the diagofidl of the parallelo- 
gram constructed on the lines mB and mC The truth ^ 
this prpposition may be thus established ; — Lot the force P be 
represented by the line mB ; then, since forces are proporti(«aI 
to the velocities which tbey communicate in a given \Xm% 
the force d will be represented by the line mC. But, by 
regarding mBDC as the parallelogram of forces, the diagonal 
mD will represent the resultant of the forces P and d; and 
it is required to prove that the velocity resulting from the ' 
composition of the two velocities mB and mC is the same as 
that which is due to the force S. Let x represent the velocitj 
which the force R can communicate to the- point m in a unit 
of time ; then, since forces are proportiotn^l to the velocities 
which they generate, we shall have 

P : R : : mB : x. 

BCit from the parallelogram of forces, we deduce 

P : R : : mB : mD ; 



mB : mD : : mB : x ; 



hence, 

and therefore, 

ar=mD. 

■ 

425. In the preceding remarks the forces P, d, and R have 
been supposed to act incessantly, communicating new im- 
pulses at each successive instant of time. The results * 
obtained will however be equally true if we regard P, d, 
and R as impulsive forces which communicate their effects in- 
stantaneously, since the velocities imparted by such forces 
are proportional to the intensities of the forces. 

426. The composition of three velocities by the construc- 
tion of a parallelepiped, results immediately from the pre^ '*' 
oeding principle ; for, let P, d, and R {FHg. 166) represent 

O 



th^ee forces which comma nicate the Telocities mp, mq^ Bnd 
mr te the material point m ; let the velocities n^ an8 mq be 
Oompounde^. iato a aiagle velocity mp\ which, by the pr9> 
«ediag dei^^otistration, will be th«same as that ciomauinicated 
%y the force P', the resultant of the two forces P %xA Q, s ia 
like manner, the resultant ms of the two velocities mjf a«ii mr, 
will represent the velocity communicated by tb« force S, tie 
resultant of the two forces F and R, or of the thrive Jforces 
P, Q, and R ; hence, the diagonal of the parallelopiped p6n« 
siructed on the lines representing the three velocities wiU 
represent the velocity communicated by the resultant of X\m 
t^iree forces P, Q, and R. 

427. We will now examine the circumstances in which a 
material point will describe a curvilinear path. For this 
purpose, let thft material point m {^Fig, 166), at rest, be sup- 

,posed to yield to the effect of an impulsion which causes it 
to describe the right line mA in the time ^, and at the end of 
this time let it receive a second impulsion capable of making 
it describe the line AB in the same time $ ; the material point 
will not entirely yield to the action of this second force, which 
tends to draw it in the direction of the line AB ; since, by the 
law of iMrtia it would have described the line AC=mA in 
the time ^, if the second impulsion had not been communi- 
cated to it ; but it will describe the diagonal AD of the paral- 
lelogram ABDC. If it should receive at D a third impulse 
eapable of moving it over the line DG in a third time I, i( 
will, for a similar reaaon, describe tti9> diagonal DP of a 
parallelogram constructed upon DG, and DE tb^ lupotoi^gi^ 
tion of AD, d^. ; thus, at thf end of a time equal to ni, the 
Kiaterial point will have described a polygon having n sid?8. 
The velocity being constant so long as the material point 

. lemains on the same side of the polygon, it follows, that if 
at its arrival at the extremity of either side, it be not subr 
jected to a new impulse, it will continue to move in the 
dir^tion of this side, with a constant velocity. 

428. If the time # be suppose indefinitely small, the im- 
- pulsions will be communicated in consecutive instants, aod 

tl^.9 polygon will then be transformed into a curve. 
Th^ tUQA # being supposed iadefinitely small, it may bo 
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wpt^mted by ci^'and the side of the polygon vAddti is 

passed 'over in this time, will become the element of the . 

[ * ^ ^ mxve : conseqftientlyy to delerraiDe th^ velodty^. which wil' 

* }j^ iheaswed by the spaoe which the body woulctTpaas ofer* 

' in the dir^cti6n of the tangent, in a unit of time, if the ii^ 

oe^NUit force should cease'to commifiiicate new impulses,- 

• / . 'w^ must mult^Iy eb, the element o( the curve, by«the num<*' 

' ber of times that di is contained in unity ; that is, we mul- 

* . 1 

•tiply ds by^ and we thus obtain 

- » - ds 

dt 
429. Let the body be supposed to describe the polygon 
m, m'j mf'j m"\ &c. (Fig. 167), receiving increments to its. 
velocity at the points m, #»', iw", m'.", &c. Let ©, v\ v", t^'\ 
&^ represent the velocities which the body has acquired at« 
the points m^ m\ m"^ m"\ &c, and 4, Y, it\ #"', d^. the times - 
employed in describing the sides mm\ m'm"^ fnl*wl*\ &4^ 
Since ctkch of these sides is supposed to be described with a 
constant velocity, we shall Jiave, by the principles of uniform 
motion, 

and the perimeter of the polygon will therefore be expressedliy 

If we project the sides of this polygon on the co-ordinate azes^ 
denoting by «, ^, y, • , /B', y', &c. the angles formed by the 
sides mm\ mlm"^ wl^wT^ d&c. with these axes, the projections 
- ^ of the sides will be expressed by 

«# cos <», v*€ cos 9^ xf'f cos td\ d&c, on the axis of or, 

«tf Gos/S, i// cosp', xf*if* cos /I'', d^^ on the axis of y, 

%A COS r, \fif cos y, xfT cosy, 4^, on the axis of i; ; 

9 and the projection nvln^n"'^ &c of the perimeter mm'm"m^'\ 
on the axis of jr, will be expressed by 

ei cos m+f/f cos •'H-t/'r cos -"+ tc (178). 

It thus appears that while the material point m describes the 
polygon mm'm'Wy &c., its projeetioa n vMM describe the space 
nn'n"n!"t &c. But if the point n were merely solicited by a 
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force X directed along the axis of at, and of such intensity 
that the point should describe the spaces nn\ n'n"^ n"n"% icc^ 
in the times #, i', f', ico., with the velocities v cos «, t/ cos «', 
f/' cos ««", 4&C., the space passed over on the axis of w would 
he expressed by 

V cos «l+t/ COS •y+r^ cos>r H-&C (179). 

In obtaining the expression (179), no reference has been had 
to the components of the velocity parallel to the axes of y 
and z ; and the identity of the expressions (178) and (179) 
therefore proves that when the point m is transported in 
space, its projection moves on the axis of x, as though the 
other two components of the velocity did not exist. 

The same remarks being applicable to the other two axes, 
and the polygon becoming a curve when the number of its 
sides is increased indefinitely, it follows that when a material 
'point solicited by an incessant force describes a curve in 
space, each projection of the point moves independently of 
the motions of the other two. 

Thus, by calling X, T, and Z the components of the in- 
cessant force p, parallel to the three axes, we can regard 
these components as forces which impress on the projections 
of the material point motions which are entirely independent 
of each other. 

430. To determine the analytical expressions for these 
incessant forces, we remark, that while the material point 
describes the space ds, its projections describe the spaces dor, 
dy, and dz respectively : the velocities of the projections will 

therefore be represented by -7-, -/ , and -^ : and since the 

^ ' dr dt^ dt^ 

incessant force is equal to the differential coefficient of the 
velocity considered as a function of the time, we shall have^ 
by regarding dt as constant, 



dt* 

dt* 
d'z „ 



(180) 
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Such are the equations which serve to determine the circum- 
stances of the motion of a material point describing a curve. 

431. When the functions X, Y, and Z are given by the 

lature of the problem, and if the integrals of th^ equations 

^180) can be obtained, these integrals will give three relations 

between the four variables x, y, z, and t : the quantity i being 

eliminated, there will remain two relations between :r, y, and 

2r, which will represent the equations of the trajecimyj or 

curve described by the material paint under the influence jef 

the incessant forces. 

When the forces are situated in a single plane, which may 

be taken as that of :r, y, the trajectory will be contained in the 

same plane, and it will then only be necessary to use the two 

equations 

dt'^^ dt*^^' 

When, by the nature of the problem, the quantities X and T 
are known, and if the int^als of these equations can be 
obtained, they will contain no other variables than or, y, and /; 
thus, by eliminating ^, we shall find a relation between x 
and y, which may be written under the following form, 

this relation will be the equation of the plane curve described 
by the material point 

432. The velocity of the material point at any instant is 
expressed by 

ds 

ft — * 

di' 

but the element ds of the arc of a curve situated in space, 
being considered as an indefinitely small right line, whose 
projections on the coordinate axes are represented by dx, dy, 
and clz, the value of this element wilt be 

^{dx* +dy^ +dz% 
Substituting this value in the preceding equation, we have 

t;=:l^((ir«+rfy«+cte-)i 
at 



or, since the diflEerentials are taken with loferenoe to / as a 
variaUei 



I 






su 
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Th« aisles foimed by the direction of the' motion witti the 
ooH>rdinate axes will result firom the equations 

• ooe-»5^, 

dy 

dz 

• 008 V=3^. 

433. Tlie velocity may likewise be determined in die 
following manner. Let the equations (180) be multiplied 
respectively by 2dx, 2dy, and 2dz ; the sum of these pro- 
ducts will give 

ind since the first member is the differential of dx^ +dy^ 
+d[s', divided by dt*^ we shall hare 

or, replacing rfjr" +rfy' +rf2r* by its value ife«, and intqprat- 
ing, we obtain 

^=.2/(Xrfar+Ydy+Zrfz)+C; 

and by substituting '^^oi -j-, we find 

««=2/l[Xcir+Ydy+Zrfz)+C (182). 

434. It thus appears that the determination of the velocity 
will depend on the integration of the expression 

/[Xdx^Ydy-^'Zdz) (183). 

When this integration is possible, the integral will be a 
fiinctien of the variables or, y, and jzt, and the equation (18^ 
may be written under the form 

v^ «2P(j:, y, ^) + C (184). 

To determine the value of the constant, we must know the 
velocity of the moveable point, at a given point of the trajec 
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fWy. Thua, if V be the Velocity at that point which cor- 
responds to the co-ordinates x^a^ y=&i z=^c^ we shall have 

T«=2F(a,6,c)+0. 

The value of C being deduced from this equation, and sub- 
Mituted in equation (184), we shall obtain 

r» — y • =2F(x, y, z) -2P(a, 6, c). 

435. The expression (183) is integrable when the move- 
able point is subjected to the action of a force which is 
constantly directed towards a fixed centre. To demonstrate 
this proposition, we will represent the resultant R of, tl^ 
several forces acting on the material point by CD, a portion 
of the line CM drawn from the point to the fixed centre 

■ 

{Fig' 168) ; let this centre be assuKtied as the origin of co-ordi- 
nates, and denote by a the distance of the point M firom the 
origin, and by «, /s, y the angles formed by CM with the axes 
of co-ordinates : the direction of the resultant forming the 
same angles, we shall have 

X=R cos «, Y=R cos /), Z=R cos y, 

and consequently 

X COSii Y COSjS Z _^ co$ y (\^g^ 

y^COS/S* Z~"C0Sy' X COS « ^ ^' 

fiut if a:, y, and z denote the co-ordinates of the point M, we 
shall have 

irssACOStf, ys=Ae0S/l, Jt?=ACOSy; 

whence, by division, 

it_cos « y__co^ $ * _J^^ ^ 
y"~cos/i' z cosy' X cos*' 

these values substituted in equations (186), give 

yX— xY=0, jrY— yZ=0, ^Z^aX=0. 

If in these equations we replace X, Y, and Z by their values 
deduced from equations (180), we shall find 

d^y d'z ^ 
dz d^x ^ 
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Multiplying the first of these equations by ib, integrating ajid 
reducing, we obtain 

ydx-xify ^^ 

at 

The other two equations being treated in a similar manner, 
we find 

ydx — xdjf=Cdtf 

zdy — ydz = C'rf^, 

xdz — zdx^Gf'dt 

Jf we multiply each of these equations by the variable which 
it does not contain, and take the sum of the products, there 
will result 

A(ar+C'x+O"y)=0, 
or, 

This equation being that of a plane passing through the on- 
gin of co-ordinates, or centre of attraction, it follows that the 
point will describe a plane curve. 
In the resolution of this problem it will therefore be unne- 

d^z 
cessary to employ the equation Z=--—, and it will simply be 

necessary to integrate the equation (186), which may be 
written thus : 

ydx—xdy^Cdt ; 

and from this we deduce 

f(jfdx-xdy)^Ct'\'(y (187). 

To determine tbe value of this integral, we remark that ydx 
being the eienmit of a surface bounded by a curve, we can 
suppose this surface to be included within the limits x=^Q and 
irssCP {Fig' 169) j thus, the expression yyrf^ will be repre- 
sented by the area LCPM. If from this area^we subtract 
the triangle CPM, there will remain 

? sector LOM=area LCPM -triangle CPM, 
or, 

sector LCM=/y(ir— ^ ; 
differentiating and reducing, we find 
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and again integrating, 

2. sector LCM=y(yd3r— arrfy)j 

hence, the equation (187) can be reduced ^te> the following: 

2 . sector LCM=C/ (188) ; 

the constant C is here suppressed, since we may always re- 
gard the times as reckoned from the instant when the move- 
able point is situated at the point L, in which case the sector 
will become equal to zero. 
If we make C=2A, the equation (188) will become 

sector LCM=A/ ; 

from which we conclude, thai when a material ptnnt solicited 
by a force which is constantly directed tmoards a fixed centre^ 
describes a curve LM cfbout this centre^ the area of the secter 
LCM described by the radius vector draton to the material 
point is constantly proportional to the time which the paint 
employs in describing the curve. This property is called 
the principle of areas proportional to the times. 

436. The formula (183) is always integrable when the 
forces are directed towards fixed centres, their intensities 
being at the same time functions of the distances of the 
material point from these centres. 

Let M represent the place of the material point {Fig, 170), 
which is attracted by the forces P, P, F', &c. towards the 
fixed centres C, C, C", d&c. : denote by 

Xj y, z, the co-ordinates of the point M, 
a, 6, c, the co-ordinates of the centre C, 
a', 6', c', the coK)rdinates of the centre C, 
a", 6", c", the co-ordinates of the centre C", 
.4^c. d&c d&c. 

p, p', p", dwj., the distances CM, CM, CM, d&c. ; 
«, B, r> the angles formed by p with the axes of co-orc^ates, 
•'« fi' '/i the angles formed by p' with the same axes^ 
«'', |S", y", the angles formed by p" with the same axes, 
&c. &c. &c, ice. 

The total resultant of the attractive forces will have the fol« 
lowing components parallel to the three axes, 

19 
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X=PcOSi.+P'C09«' + P'COfl«" + &C. i 

Y = Pcos^-l-Pcos«' + P'coss" + &c. ^ (1S9>- 

Z=PcoS). + P' cos v' + P" cosy"+d«:. ^ 
The projection of ihe right line CM on the axis of j: being rep- 
resented by BD {Fig-. 170), we have 

BD=AB-AD; 
and by observiug that AB and AD are the co-ordinates x and 
a of Ihe points M and C, and that BD, being the projection 
of MC on the axis of r, is expressed by p cos ■«, we shall find, 
by substituting tliese vahies in the preceding equation 

the same remarlis being applicable to ihc projections on the 
other two axes, we shall have 

p COSm=X—a, pC0Sfi~1/ — b, JlCOSy^Z — c 

And in tike manner, 
p' co3a,'=x — a', p' cos(S'=y— i', p' cos v'=2 — c", 
p" COSa" — T — a", p" cosp" = ij — b", p" cosy" = i: — c", 
&,c, Slc. &c. 

By eliminating the cosines of these angles, the equations 

n69) become 

X=P^ 



^-f-p'f^Ji + p"^ 



y 

Z = P- 
These values substituted 



?JZr-i.p'^L_Jl+P'?. 






- + &C. 



1 the formula (183) give 






-(/j: + 



!/-t 



ily + '- 



^rf.- 



1' !■ 

» +&C. tec. &c (190). 

But the distances of the point M I'rom Ihe centres C, C, C", 
&C. being given hy the equations 

(i-o)' + (!/-l.)'+(s- 
(»-o-)"+(y-4')' + (j. 
&c. &c. 



e).=,', 
-«■)■-/■, 
&c., 



CURVILINCA& HOTION. 819 

we shall obtain, by differentiating, 

dx+- — rfy+^^«te=rf!p, 

P P P. 

j/ P P 

and substituting these values in equation (190), we find 

/•(Xrf3:+Ydy+Zrfz)=/(Pdp+Frfp'+P'y/'+&c.)....(191). 

But the forces P, P, P', &c. are, by hypothesis, functions of 
the distances p, p', p", &c. ; the expression Pdp+Pc(p'+ 
P'c;(p" will therefore contain but a single variable in each 
term, and its integral may be effected by the method of 
quadratures. 

It should be observed that the factors c(p, dTp\ dp'\ &^, 
may become negative, if the expressions x — a, y— 6, z—c^ 
X — a', &c. should be transformed into a—x, b—y, c^z^ 
o'— X, ice. 

437. For the purpose of making an application of the pre 
ceding theorem, let it be required to determine the velocity 
of a material point which moves from rest, under the influx- 
ence of a force of attraction which is constantly directed 
towards a fixed centre, and which varies in intensity in the 
inverse ratio of the square of the distance from the position 
of the point to the fixed centre. Let the direction of the 
force be supposed to coincide with the axis of z : the co- 
ordinate axes being disposed as in FHg. 171, the intensity of 
the force and the co-ordinate z will increase together, and we 

shall have 

p=AC— AM=c— 5r, dpss ^dz. 

If g represent the intensity of the force at the distance r from 
the centre C, and P its intensity at the distance p, we shall 
have the proportion 

whence, 

p' ' 

Vat dp being negative, the Quantitv P4p should be replaced 
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by —^—dp ] integrating, we reduce the equation (191) to 

yTX(ir+Ydy+Zdz)=^+C. 

P 

This value being subsdtuted in formula (182) gives 

v^J^+C (192). 

P 

To determine the value of the constant C, we suppose the 
body to commence its motion at a point whose distance from 
the centre of attraction is represented by a ; the velocity at 
this point being equal to zero, we have 

a 
or. 



c= 



a ' 



the equation (192) will therefore become 

If a be regarded as the unit of distance, the value of v* wU^ 
become identical with that determined in Art. 409. 

438. To apply the formulas (180) we will first investigate 
the trajectory described by a material point which movet 
under the influence of a single impulse. In this case, the 
incessant forces being equal to zero, we shall have 

X=0, Y=0, Z=0; 

and the equations (180) reduce to 

^=0 ^-0 ?^-0- 

multipl]ring by di^ they become 

^=0 ^=0 ^=0 
dt "' dt "' dl "• 

The integrals of these equations are 

dx dy . dz ,^^^^ 

Substituting these values in equation (181), we find 
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t^=y^(a* +6* +c«)=a constant ; 

and denoting this constant by A, we have 

ds . 

eonsequently, 

and the motion of the material point will be uniform. 

The motion is likewise rectilinear ; for the equations (193) 
give, by integration^ 

x^at+a\ ff=^bt+V, z^ct+ff^ 

whence, by eliminating t^ 

CLZ , a'c—ad bz , Vc—bd 

c c ^ ^ c c 

These equations evidently appertain to the projections of a 
right line on the planes of x, z and y, z. 

Of the Motion of a Material Point when compelled to 

deearibe a particular Curve. 

439. When a material point m, without weight, has received 
an impulse K {Pig. 172), and is subjected to the condition of 
moving upon a particular curve, we can resolve this impulse 
into two components, one mN=K' normaJ to the curve, the 
other f?iT=K" in the direction of the tangent : the normal 
force will be destroyed by the resistance of the curve, and the 
tangential component will produce its entire effect in com- 
municating motion to the material point. 

If we regard the curve as a polygon mrn!m!*m!"^ &c. {Pig. 
173), having an infinite number of sides, the angle /wiW 
formed by the prolongation of the side mm! with the consecu- 
tive side m'm" is called the angle of contact; it will be 
denoted by ; the plane tm!m" is the osculatory plane at the 
point m', and in plane curves coincides with the plane of the 
curve. 

The material point niy being solicited by a force E, receives 
a primitive velocity «, causing it to describe the side mm! \ 
but having arrived at the point m'^ it is deflected from its 
course, and describes the side m!m". By this deflection it 
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necessarily undergoes a loss of velocity whicii will now be 
estimaled. 

For thia purpose, let the velocity r be represented by the 
line m'q. This velocity being resolved into two components 
m'n and m'l, respectively parallel and perpendicular to the 
side m'tn", we shall have 

m'l=m'q . sin tniiri\ m'n=m'q . cos tm'm", 
or, 

m'l=v . sin «, m'n=v . cos •. 
The component v . sin • being destroyed by the resistance of 
the polygon, the velocity v will be reduced to i- . cos « ; and 
consequently, the velocity lost, being equal to the primitive 
velocity diminished by the velocity actually remaining, will 
be expressed by i'(l — cos*). 

When the polygon is supposed to become a curve, th« 
angle tm'm" iieconies infinitely small, and the quantity 
r(l— cos *i) is at the same time an infinitely small quantity 
of the second order. 

To prove that this is the case, we observe that 1— cos« 
represents the versed sine DB of an angle « {Pig. Xti), 
measured by the arc BC ; and we tiave the proportion 

AD:CD::CD:DB. 
But when the arc CB becomes infinitely small, CD will be so 
likewise ; and since CD is then infinitely small with respect 
to AD, it follows from the above proportion, that DB must 
be infinitely small with respect to CD, or tlial it is an ind- 
nitely small quantity of the second order. Thus, the velocity 
lost at each side of the polygon being an infinitely small 
quantity of the secoud order, it may be neglected, since the 
sum of these velocities, althougli infinite in number, will con- 
stitute but an infinitely small quaiilily of the first order, wliich 
may be neglected in comparison with the original velocity v. 
Hence, we conclude, that a material point which is compelled 
to describe a curve, preserves nudiminislied the velocity 
which was nrigiiiallj- futjimunicaled to iL 

440. The component of the velocity w.sin n with which 
the material point is pressed against the curve, and which is 
destroyed by the curve's resistance, varies constaotly as tiia 
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peint ohanges its position, since sin « is constantly variable : i 

we may regard this resistance exerted by tlie curve as aa 

incessant force constantly acting upon tlie point and deflecling 

it from the tangent along which it would otherwise lend to 

move. I 

When there are several forces acting on the material poiat, | 

we resolve each in a similar manner, and the sum of the nor- J 

mal components must then be added to the pressure arising J 

from [he component of the velocity. I 

441. Let it be supposed that a force N equal and directly 1 

opposed to the resultant of all the normal forces is applied to 
the material point ; this force will produce precisely the same 
effect as the resistance offered by the curve, and the latter will 
therefore be represented by N. Let •, 5, v be the angles « 

formed by the direction of the force N with the co-ordinate 1 

axes ; the components of N in the direction of the axes will I 

be respectively 

N cos o, N cos fi, N cos y, J 

and .should be added to the components of the incessant forces 
in the general equations of motion (1811) ; we shall thus obtain 

f£=X+Ncos.l 

g^=Y+N cos ^ y (194). 

d's 



To these equations may be added two others which result 
from the relations existing between the angles «, jg, and yj 
the first of these equations is 

cos" «+cos' fl+cos' i- = l (195). 

The second is 

cos «.C0S«'+COS 3 , COS 3 -ftOSy. COSy'^O, 

in which ■', p', y' represent the angles formed by the tan^nt 
to the curve with the co-ordinate axes. The cosines of these 
last angles may be expressed as follows : 

, d.r , dy , dz 

C03«' = -- C03^=-^, C0Sy=^— ; 

as as da 
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these values siibstiuited in ihe preceding equation convert it 
into 

^ cos . + ^ COS ?+^ COS ,=0 (1%). 

ds as da 

442. To determine the velocity of the material point, lei 

the equations (194) be multiplied respectively by idx, Srfy, 

and 2dz : their sum being taken, we shall obtain 

'idj^^+2d!,^ + 2dz^^^2(Xd^+Yd!,+Zd^) 

+^{dx . cosa+dy . cos fi-^-dz . cos y) : 
the last term of (his equation being equal to zero, by formula 
(196), there remains 



rf(rfj'+rfy' +'^==')^2iXdx+Ydi/+Zdz) : 
whence, by suhstilution and integration, we Snd 
Jj' =2/(S.dx+Ydj/+Zdz)+G; 

or, 

v'=2f(X.d:e+Ydy+Zdz)+G (197). 

443. When the material point merely receives an impulse, 
without being acted upon by incessant forces, we have 

X=0, Y=0, Z=0; 
and consequently, 

r' =a constant. 
Thus, when the material point is compelled to describe a 
curve, being acted upon only by an impulse, its velocity will 
remain invariable. This result accords with that which has 
been aJready obtained (Art. 438), oh the supposition that the 
motion is perfectly free. 

444. Let the material point which is supposed to describe 
the curve, be acted on by the force of gravity ; we shall then 
have 

X-0, Y=0, Z=g; 
and the equation (197) will be reduced to 
v'^2fsdz + C. 



MOTION UP6N a given CURVE. 895 

If the vdocity v be supposed equal to Y, when x^Q, we shall 
find 

This value substituted in the preceding equation gives 

whence, 

t?=v^(2sr^+V?) (198). 

This expression for the velocity being independent of jlie 

relations which may exist between the co-ordinates ir, y, dJid^Zj 

it follows that the velocity will be the same for the same 

value of jT, whatever may be the form of the curve. 

To determine the expression for the time employed by the 

material point in describing a given portion of the curvci we 

ds 
replace v by its value — , and thus obtain 



whence, 



*=^Br«+T-); 



*=^PFFvr, im: 



or, by substitution, 

To integrate this equation, it will be necessary to reduce it, by 
means of the equations of the curve, to one which shall con- 
tain but two variables ', thus, if the equations of the curve 



Ax,z)^Q, Ay.z)^^ (201), 

we may, by the aid of these equations, in connexion with 
equation (200), eliminate two of the three variables or, y, and 
z ; and it will then only be necessary to integrate an equation 
expressing the relation between dt and one of the co-ordi- 
nates of the moveable point. 

446. If, for example, the curve be supposed to become a 
right line, the equations (201) will be of the form 

ar=a«+«, y=6:»+/B . . . * . (202): 
from which we deduce 

dx^adz^ dysshdzi 
P 



• ' • 
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wd by snbsUtialing these values ia the formula (200)| it 10 
transformed into 

If the point be supposed (0 mow from rest, its initial velocity 
Y will be equal to zero, and we shall have, by division, 

dt ^ ^ . 

vfaenoej by mfegvationy 

-_ — I — —^l^(2gz) (203X 

The constant introduced by integration becomes equal to zeroj 
since, by hypothesis, when t=^0, t7=0, and zz.-.O (Art. 444). 

446. To determine the space passed over in the time r, we 
suppress Y in equation (199), which then becomes 

and eliminating z by means of equation (203), there results 

<fa= ill* ; 

and by integration, 

'"^(l+a«+6«)"^^' 

wbkh proves that the motion is similar to that cf a body on 
an lAcliBed plane, as nrighfhave been anticipated. 

447. The co-ordinates t, y, and z are readily determined 
in functions of the time ; for the latter is g^v&a by formula 
^3), and this, taken in ooanexion with equations (202), wM 
dttlermine sr and y in functions of t 

448. If, as in the present iastanoe, the point be snpposed 
to describe a plane curve, and if the incessant forces act en- 
tirely in this plane, we may, by placing the axes of x and y 
IA (hie plane, dispense with the consideiatioii of die thivd of 
equations (19^ ; the foimolai (196) and (196) will then be 
reduced to 

C08*«+C0S*/S=1, -J- cos «+^COB /I— 0] 

its A 
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and the two equations of the •curv« will be rqpUoad hf the 
oiiigie relation 

449. The Telocity befkig given by formula (198), without 
the aid of equations (201), we condude that the velocity ac 
quired iyy the moveable point is independent of the form of 
the curve, being determined by the value of the vertical ordi- 
Bate. Consequently, if from the point O (i^. 176), where 
e=0, and v=V, we draw the arcs of different curves OM, 
OM', OM^, &e., terminated by the horizontal plane KL, the 
ordinates z of the first and last points of all these arcs being 
equal, it follows that different bodies departing from the point 
O with the common velocity Y, and describing the several 
curves, will all have acquired the same velocity when they 
shall have arrived at the poiats M, M,' M", &c^«iiuated in die 
awne horizontal plaae, 

450. In general, whatever may be the aumber of forces 
acting on the moveable point, if the equation (197) be inte- 
grable, we can determine the velocity v without knowing 
the nature of the curve described For, the values of the in- 
cessant forces X, Y, and Z, expressed in functions of the co» 
ordinates x^ y, and z^ being substituted in equation (IdT), if 
the expression 

JlXdx+Y(fy+Zdz) 

becomes integrable^ we may lapceaent-it 2^ 

and the equation (197) will then reduce to 

If we denote by a, 6, and c the values of :r, y, and z which 

oorrespond to the velocity V, the value of C win become 

known ; thus, 

C= V -«/(a, 6, c) ; 

and replacing C by this value in the general expression for 
the velocity, we find 

!,« =V+2/(^, y, z)^f(a, 6, c) ; 

an expression which depends only on the initial velocity, ana 

(he co-ordinates of the first and last points of tha curve 

described. 

P2 
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451. It has been explained (Art. 440) that the nonnri 

pressure exerte J acraiiisi t)ie curve arises in part from the nor- 
mal compoiienls of the incessant forces, and partly from the 
oormal force due to the velocity. To determine the value of 
the latter, let perpendiculars on aii^\,oii' be erected at the 
_ middle points of the equal consecutive sides mm' and m'm" 

I C^- ^^^) '^^ 'he polygon having an infinite number of 

% sides : (he angle tm'm", formed by one of these sides with the 

' prolongation of the other, will be the angle which we have 

represented by ». But the angles n and n' being right anglo^ 
we have 
• rroH'+nm'n'= 180° =ft»'n»"4-M*n'n' ; 

and therefore, 

tm'm" =11 =non' =2nom'. 
The angle notn' being infinitely small, its sine may be re- 
garded as equal to the arc which measures it ; bnl this sine 



i by — ;— , or — ^, since no and m'o may be con- 
sidered equal ; hence, 



If we now return to the con side riition of Ihe curve wfiich i» 
the limit of the polygon, the side mm' becomes the element 
of the curve, and no the radius of curvature: the preceding 
relation will therefore be transformed into 

V 

y denoting the radius of curvature. 

Let 9 denote the intensity of the incessant force which la 
due to the normal component of the velocity : this intensity 
being in general expressed by the quotient of the element of 
the velocity, divided by the element of the lime, and the ele- 
ment of the velocity being represented in the present instance 
by c . sin •>, we shall have 

_i',sin * 

or, since the infinitely small arc may be substituted for its 
sine, this expression becomes 



•■•'-u 
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teplacing « by its value fbuad above, werhave 

vds v^ 

The normal pressure resulting from the otfiet forces may be 
determined by the parallelogram of forces, and this pressure 
must then be combined with that due to the velocity, in order 
to obtain the total pressure. 

452. Let it be supposed, for example, that the material 
point describes a plane curve, and that the incessant forces 
are directed in the plane of this curve : let these forces be 
reduced to their resultant R, and denote by $ the angle formed 
by the direction of the resultant with that part of the normal 
which lies on the concave side of the curve : the component 
of the resultant in the direction of the normal will be ex 
pressed by R cos I, and will act in the same or in a contrary 
direction to the pressure arising from the velocity, according 
ais I is obtuse or acute. The pressure arising from the velo- 
city beiiig always directed /rom the centre of curvature, the 
entire pressure will be expressed by 

__ t?" « 
Nss — — Rcosi; 

y 

this pressure will be exerted /rom the centre of curvature so 

long as the quantity N is positive, and towards the centre in 
the contrary case. 

Of the Mbtion of a material Paint when compelled to move 

upon a Curved Surface. 

453. 'When a material point which is compelled to move 
upon a curved surface is subjected to the action of inces- 
sant forces, these forces, and that resulting from the velocity 
of the point, will exert a pressure against the surface, which 
will be counteracted by the resistance of the surface. If we 
denote this resistance by N, the material point may be re. 
garded as moving freely in space, provided we include the 
components of the force N in the general equations (180), 
which express the circumstances of motion of a point under 

20 
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the jfifluence of incessant forces. Let «, /i, and y represent 
thd angles formed by the direction of the force N with the 
co-ordinate axes ; its coio^nents in the direetions af these 
axes will be expressed by JN cos «, N'cos /i, and N cos y : con 
se^uently, the equations of the required motion will be 

=X+Ncos# 






=Y+Ncos/i 



dt^ 



Z+Ncosy 



(204). 



The angles «, ^ and y will become known when the equatioB 
of the surface L»0 is gi^ea^ for we haye, (ArU 62^ 

Am 

dx 



cos 



-ym'^O'^i^y 



coss=± 



dh 
dy 



C08y=± 



dL 

v^(S)*4)-+(t)"' 



the double signs prefixed to tlie values of the oosinesy indi- 
cate that they may refer to the direction of a force which 
tends to pull the point, either along the normal to the surface^ 
•r along its prolongation. 
If we put, for brevity, 

the preceding equations will become 

cos«=V^, cos^-V — , cosv=T^: 
4x dy dz* 



.■ 
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these values substituted in equaljons (2(H), reduce them.A> ' 



di' dy 

dl* dz 



,(206). 



If N be eliminated between these equations, V will likewise 
disappear, and we shall thus obtain two relations, which, 
taken in connexion with the equation of the surface L=0, 
wilt determine the co-ordinates of the moveable point in 
functions of the time, 

454. As an example : — Let ij be required to determine the 
circumstances of the motion of a m.aierial point on Ike 
surface of a sphere: let the origin of co-ordinates be as- 
sumed at the centre, the plane of x, y being horizonlal, and 
the co-ordinates z being reckoned positive downwards ; these 
co-ordinates will then be affected with the same sign as the 
force of gravity. 

The equation of the sphere being 

L=j;'+y'+z'-a=-0 (206), 

we obtain by differentiation, 

dL=2xdx+^ydy+2zdz=0 ^07), 

and consequently, 

— =ar, — =2y, --=2z. 
ax dy dz 



\/(4a:'+4y=+4i')- 



aa' 



COS»=±-, C0S,a=±'5^, C08y=:±- (207 a). 

a a a ^ 

Again, the force of gravity being the only incessant force 

acting on the material point, we have 

X=0, Y=0, Z=g-; 

these values reduce the equations (205) to 
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The positive signs should be taken together, and evidently 
correspond to like signs in the vahies of the cosines of «, ^ 
^pd y ; a similar remark is applicable to the negative signs. 
We eliminate ± N between the two first of these equationsi 
by multiplying them respectively by y and x, and taking 
their difference ; we thus obtain, ader multiplying by <&, 

yd«3r~jr<fty _^ d(ydx-^^dy) 

— di "' """^ a "' 

whence, by integration, di being regarded as constant, 

j/dx^xdy^CcU (209). 

A second relation between the variables may be found by 
multiplying each of the equations (208) by the difierential of 
the variable which it contains ; the sum of these products will 
give 

and since the quantity included within the brackets is 
equal to zero, by equation (207), the preceding result will be 
reduced to 

dx . d^x+dy . d'y+dz , d^z _ , 

multiplying by 2, and integrating, we have 

^^^±|;±^=2,.z+C (210). 

If two of the three variables x, y, and z be eliminated between 
the relations (206), (209), and (210), the result will be an 
equation which, being integrated, will give a relation between, 
the third co-ordinate and the time t : this result will evidently 
be independent of the normal force, which has already disap- 
peared from these three equations. 
465. The equations (207) and (209) being squared, give 
ar«ir* +2xydxdy+y''dy^=z*dz*, 
y^dx'-'2xydxdy+x^dy* =C»&«. 

The sum of these equations being taken, the middle terms of 
the first members will disappear, and we shall have 
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substituting for (j'+y) its value deduced from equation 
(206), tliere results 

a*—z' 
uid eliminating dx' +dy' between this etjiialioa aud (210), 
we fi»d 

'" V[(.-^-)fe^+c,-o. ] <^"'; 

The integral of ttiis equation, which can only be obtained by 
approxiiiialion, will give the value of z in functions of the 
time. 

456. To determine the expressions for the other co-ordinates 
in functions of the lime, we will suppose fi to represent the 
approximate value of z determined from the integration of 
[he preceding equation; if this value be substituted in equation 
(210), we may, by combining the resultiog equation with tliat 
designated as (209), obtain two relations, the first between x 
and ;, the second between y and ( : but as the variables in 
eacli of these equations would not be separated by this pro- 
cess, we adopt another method of determining the values of 
X and y in functions of I. 

Let AC=x, DC=y, mD=z (Fig. 177) be the three co- 
ordinates of the point m on the surface of the sphere ; if for a 
given value of z, the angle CAD, formed by the projection 
AD of the right line AM with the axis of j, were known, the 
(wrresponding values o{ x and y might be readily determined 
in functions of z. For, the angle CAD being denoted by f, 
and the radius Am by a, we shall iiave AD = ^(«' — z'); 
ifthd the triangle ACD right-angled at C, will give 

AC= AD . cos CA D, CD= AD . sin CAD ; 
or, 

x=^{,a'—z'')>ccosl, y^^(«>-2')xsin» (212). 

These two equations establishing a relation between x, y, and 
z, may be considered as replacing the equation of the sphere, 
which can be obtained by tailing the sum of their squares. 
An additional variable ( is here introduced, but the number of 
relations is likewise increased by unity. 
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From the equations ^12) we obtaia bjr difierentiation, 



dy=co8 td»y/{a*—z*)— ^^ -z'f ^ * 



(213): 



tnuhiplying the first of equations (213) by the teeond of 
(212), and the second of (213) by the first of (212), and taking 
their difi!erence, we obtain 

ydx'^x(fy=:—(a* — «*)(sin»#+cos»#)il ; 

or, 

yir — ar4ly=(«* —a* )*. 

This value substituted in equation (209), gives 

(j?«— a«)A=Crff, 

and consequently^ 

or, replacing di by its value deduced from equation (211), ve 
obtain 

, a . C . dz 

This equation, being integrated by approximation, will deter- 
mine the value of # : we thence deduce the values of cos I, 
and sin l, which substituted in equations (212)^ determine the 
values of x and y in functions of z, and consequently in 
Amotions of the time /. 

457* The equation (210) proves that the velocity is inda- 
pendent of the normal pressure ; for, we deduce from that 
equation, 

^. =2ffz+cy, 



or. 



dt 



v^=2ff3r+Cy; 



and consequently, 

v^^i^ffz+C). 

To determine the value of the normal pressure, we must 
recur to equations (208) : these being multiplied respectively 
by X, y, and z^ and added, give 
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€^l£±2g^±^=±5(^+y.+..)+^. (214). 

But the differential of equation (207), xdx+ydy+zdz^Of 
being taken, we find 

dt^ dt* 

and this value substituted in equation (214) gifes, aftei i^ 
placing iF«+y» +2?« by a*, 

or, 

a a 

458. If the moveable point be supposed situated at any 
instant below the horizontal plane passing through the 
centre of the sphere, the ordinate z will be positive, and the 
value of drN becomes negative : and since N, which denotes 
the intensity of a force, is by hypothesis an essentially posi- 
tive quantity, the inferior sign must be taken in order that 
— N may be essentially n^ative. Hence^ it will be neces- 
sary to take the inferior signs in equations (208), and also id 
equations (207 a). The resistance of the surface will there- 
fere be directed towards the centre, or the material point mu0l 
be regarded as situated upon the concave surface of the sphere. 

"When the material point rises above the horizontal plane 
of or, y, the ordinate z will become negative, and the quantity 
— v' — gz fnay then become positive. In such case, the 
superior signs must be taken in equations (207 a) and (208), 
and the resistance of the surface will be exerted from the cen- 
tre, or the body must be supposed to be on the convex surface. 

The pressure exerted against the surface will be equal and 
directly opposed to the resistance which it ofiers, and will 

therefore be represented by ~ without reference to the 

sign oiz. 

If the moveable point be retained upon the surface of the 
sphere by an inflexible thread connecting the point with the 
centre, this thread will experience a iension so long as v^ -^gz 
18 positive ; but, on the contrary, there will be a tendency to 
compress the thread whenever v* -i-gz becomes negative. 
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H 
Of the Motion of a material Point an the Arc of a OycMd. 

469. Let a material point M {Ftg^ 178) be supposed t6 
move from rest on the arc of a cycloid, under Che influence of 
the force of gravity : the initial velocity being by hypothesis 
equal to zero, the equation (198) is reduced to 



or 



whence we deduce 






ds 
di 



Let the origin of co-ordinates be assumed at the point E, the 
absciss ED of the point M' being denoted by u, and the absciss 
EC of tlie point of departure by A : we shall then have 

CD=EC-ED; 
or, 

This value being substituted in the preceding equation gives 

This equation contains three variables ; we must therefore 
eliminate one by means of the equation of the cycloid. For 
this purpose, let 2a represent the diameter BE of the gene- 
rating circle, and x and y the co-ordinates AP and PM' 
of the point M', reckoned from A as an origin ; the equation 
of the curve will then be 

dx^ J^y ,, (216). 

^(2ay— y«) ^ ' 

But if a denote the arc AM', we shall have the relation 

d5==-/(Ar»-hdy«); 

or. 

i,=dyv/(l+|l> 
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lhe.ielfflioQ(216}, we find 



But from an inspeclbn of the figure, we have i 

2a — y=M ; 
and hence, 

di/——du. 
By substituting these values in (217), we obt&in 

ds=:~du\/ — . 

The differentials of s and i* have contrary signs, since the 
first is a decreasing function of the second. 

The preceding value of ds will reduce equation (215) to 

"-^TVv^^ '^•»>- 

460. This equation may be integrated by the formula 

for by making x=—, this formula becomes ^ J'' 

f—irr^ — c =arc /versed sine =^ f219) ; 

and consequently, by referring the integral of equation (218) 
to this formula, we obtain 

f = — y/" ■ arc f versed sine= ~) +C (220). 

To determine the constant, we remark, ihat since the time is 
reckoned from the instant when the body is at the point M, 
we must then have 

(=0, and «=EC=A; 
this supposition reduces the equation (220) to 
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f 

0« — iy/^-51^ . arc (vened one 9tt8)+G. 

But the arc whose versed sine is equal to 2, being a leini* 
circumference, if we denote by w the semi-circumference of a 
circle whose radius is unity, the preceding equation will 
become 

This value will reduce equadon (220) to . 

<= W^^^l ir— arc (versed sine = — 1. 

This expression gives the time of descent to the point M', the 
absciss of which is equal to u. To obtain the entire time 
of descent to the vertex E, we make ii=0, and the value of 
t is then reduced to 

This value of the time being independent of Ae height h 
of the point of departure, we oonchide thai the time necessary 
for a material point to descend to the vertex "E of the cycloid^ 
under the it^uence of the force 4^ gravitffy is umsiantig ike 
same^ whatever may be the position of its point ef departwre. 



Of OsciUatory Motion, 

461. Let- OBC {Fig* 179) represent a continuous curve, 
intersected at the points O asd C fay a horizontal tine, and 
supposed to contain no angular points that might occasion a 
loss of velocity to a body or material point moving upon it 
Let the tangent BT at the point B be supposed horizontal, 
the co-ordinate plane oi x,y being likewise horizontal. If 
the co-ordinates z be reckoned positive downwards, we 
shall have the following equations to determine libe cireum- 
stances of the motion of a material point aliding along die 
curve under the influence of gravity : 

^-«> -i.-^^ ^=^ 
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To determine ike velofcity of the moveable point, we proceed 
as in Ax^, 433 : muhiplyihg tti^se equations by 2dxj 2dy, and 
idz rei|)ectivel7^ and adding, we find 

and by integration, 

or, 

d^ 
Eeplacing— by its value v<, there will result 

If V denote the velocity at the point O, when ar=0, the pre- 
cedii^g equation will become 

and consequently, by substituting this value of Cy we shall 
obtain 

r«=:V»+^j» (221). 

462. Since the ordinates increase from Ihe point O to the 
point B^ it appears from equation (221) that the motion will 
be accelerated while the material point is daacribaif the asc 
OB, and that its velocity will be a maximum at the point B : 
the ordinates decreasing beyond this point, the velocity of the 
moveable point will Nlrewise be diminisihed. This diminution 
must be such that the material point will have at the point 
m', the same velocity as it previously had at the -point tn^ 
situated in the same horizontal plane ; for the vertical ordi- 
nates of these points being equal, their values substituted in 
equation (221) will necessarily give the same values for the 
two velocities. 

The velocity diminishing constantly with the arc Om, we 
shall find on the prolongation of this %rc a point A at which 
this velocity will have been«qual to zero; and the moveotde 
point may therefore be considered as moving from rest at this 
point. If through the point A a horizontal line AA' be 
drawn, intersecting the second imfich of the curve at A', the 
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velocity at A' will likewise be equal to zeto. Thus, the 
motion will cease at the poiut A', and the action of ^[ravity, 
causing it to descend from A' to B, will augment the melocity 
in the same manner that it was before diminished. At the 
point B the velocity will again become a maximum, and the 
moveable point will then ascend to the point of departure A, 
its motion being retarded in the same manner that it was 
before accelerated in descending from A to B. 

The same effects being repeated by the action of gravity, 
the point will continue to oscillate indefinitely. 

If the arcs AB and A'B are similar, the times of descrilHng 
them will evidently be equal. When the oscillations of a 
body or material point are all performed in equal times, they 
are said to be isochronal, 

463. Let B'OBO' {Pig. 180) represent a curve returning 
into itself, and symmetrical with respect to a vertical axis 
passing through the points B and B' at which the tangents are 
horizontal. If the material point descend from a point O, 
with an initial velocity such that upon arriving at B it can 
ascend from B to B' on the second branch of the curve, it will 
descend a second time on the arc B'OB, the force of gravity 
restoring the velocity lost during the ascent on the arc BOV. 
The same effects being repeated, the body will continue to 
revolve indefinitely. 



Of the Simple Pendulum. 

464. The simple pendulum is composed of a material 
heavy point M {Fig. 181), suspended by an inflexible right 
line MC devoid of weight, and oscillating about a point C. 
In this motion the point M describes the arc of a circle about 
G as a centre, and the velocity of M will be given (Art. 444) 
by the equation 

v»:=^Y'+2gz (222). 

ds 
Beplacing v by its value ~, we find 

d/==__ifL-_ (223). 
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The origin being acsumed at the point of departure, 2; will 
represent the ordinate M'P (F^. 182) of the point M', at 
"w^hich the material point is found after the lapse of a certain 
time, and Y* will represent the square of the velocity which 
the body has at the point M, where z=0. If h denote the 
height due to this velocity, we shall have the relation 

V^=2g'A, 
and the equations (222) and (223) therefore become 

v=V\?g{h+z)l rfr=_^^^ ..... (224) 

465. To express the quantity z in functions of the oo^rdi- 
nates of the circle described with the radius CM, we demit 
the perpendiculars MB and M'D on the vertical line CE, and 
denote by a the radius CE, by b the vertical distance EB, 
and by x the absciss ED of the point M' referred to the point 
E as an origin ; we shall then have 

2r=BD=6— ar. 

And by introducing this value into equations (224), they be- 
come 

.=^[^(A+i_.)], rf,=__^__^ ..... (226). 

From the first of these relations we obtain the velocity of the 
material point at the point M', corresponding to tbe abscis* 
X ; the second, being integrated, will determine the time em- 
ployed by M in descending to the point M^ To effect this 
integration, we must eliminate one of the variables contained 
in the second member, by means of the relations 

ds^y/{dx^+dy*) (226), 

y«=2aar— x« (227). 

The latter being differentiated, gives 

yrfy=(a— ar)ctF; 
and consequently. 

y* 

This ralue being substituled in equation ^26), we find 

O 21 
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or, replacing y' by iu value given in equation (237), and re- 
ducing, we obtain 

whence, 

di^ '^'^^ 

The negative sign is hare prefixed to ihe second member, be- 
cause the co-ordinate t is a decreasing function of tlie time t. 
466. If the initial velocity be supposed equal to zero, we 
shall liave 

/(=0; 
and if at the same time the arc through which the oscillation 
IS performed be supposed exiremely small, we can neglect x 
in comparison with 2a, and ilie valiicof cf^ wilt be then re- 
duced to 

adi 

This equation may be put under the form 



-V"> 



The Talue of t will be immediately obtained by an integration 
of the formula 

fv^) '^^- 

which, by a comparison with (219), gives 

and by substituting these values in equation (219), which ig 

'-~— . =arcl versedsine:^-^ I, 

v/(2ai-=') V a)' 



^ r=arc f versed 3iiie=—r) 

^[bx—x=) \ \hf 

=arc (versed sine=— V 

But, in general, the cosine nf tlie arc corresponding to the 
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Tflmdaiae c and radius ooity, b«ng eqnal to 1— c, we ahaB 
have 

arc I versed sine=— )=aTc (coa=l — r-) 

This value of tlie expression (329) being substituted in equa- 
tion (228), we shall find 

t=~i\/-Xaic(cos=^^\+C (230). 

467. The constant may be determined from the consider* 
atioa that when f =0, x=b i these values reduce the equatioa 
r230) to 

0=- J V - Xarc (003= — l)+C. 

If ■■ denote the serai-circumference of a circle whose radius 
is unity, we shall have {Pig. 174) 

arc (cos=~l)=arc BCA=»; 
and consequently, 

By, substituting this value is the equation (230), we obtain 

The integral being taken between the limits z~b, which coT' 
responds to i=0, and x equal to any assumed absciss, will 
make known the time of descent from the point M {Pig: 182) 
to the point M' corresponding to the assumed value of x. 

468. When we wish to obtain the time of descent to the 
lowest point E, we make x=l), in the preceding espression ; 
and since the arc whose cosine is unity is equal to zero, we 
shall have 

'=i'\/j f'^)- 

469. When the material point arrives al the point E, it 

a2 
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will have acquired its maximum velocity ; for the velocity 
being expressed by 

it will evidently be a maximum at that point of which the 
ordinate z is the greatest. Thus, in virtue of the velocity 
acquired at E, the moveable point will describe the arc EN ; 
and since this arc changes its sign in passing through zero, 
we find for the expression of the time requisite for the point 
to arrive at N' 

r=lV^-[:r+arc(cos =1-^)] (233). 

If from this expression we subtract that given by (232), 
which expresses the time of descent from the point M to the 
point E, there will remain 

i \/ — X arc f cos=: 1 — ^Y 

an expression for the time of ascent from E to N' : this time 
is equal to that employed in descending from M' to E, as may 
be proved by taking the difference between equations (231) 
and (232). 

Finally, when the material point shall have arrived at the 
point N, situated in the horizontal line passing through M, we 

shall have j:^6, and the expression arc ffcosssl — 7* I will 

then become arc (cos =— !)=«.; thus, the equation (233) 
will be reduced to 

r=i\/-x2T. 

Such will be the value of the time required by the moveable 
point to describe tlie whole arc MEN. This time being de- 
noted by T, we have 

T=' v^- (234). 

The velocity of the material point upon its arrival at the point 
N will be equal to zero ; for, since the initial velocity was 
supposed equal to zero, we have 

A=0; 
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and this value, taken in connexion with thatof 2r=&, reduces 
the equation i?=v'[2g-(A+4— x)] to 

The motion of the material point being entirely destroyed 
when it arrives at the point N, the fo^ce of gravity will cause 
it again to descend, and ^ since the circumstances of the 
motion are precisely similar to those presented when the 
point commenced its motion at M, a second oscillation will 
be performed in the same time, and a similar motion will 
continue indefinitely. 

^ 470. The equation (234) being independent of the quantity 
b which expresses the vertical distance MK, it follows that 
if the point of departure had been taken at M', instead of at 
M, the time of oscillation would have been the same ; and 
consequently, that if several material points depart from the 
different points M, M', M", &c., they will all perform their 
oscillations in the same time. It should be recollected, how- 
ever, that this result has only been obtained on the supposition 
that the arcs described are extremely small. 

471. These oscillations of equal duration are called is<h 
chroncU, But if the length of the pendulum be supposed varia- 
ble, the time of vibration will likewise vary : for, if I and t 
represent the lengths of two pendulums, whose oscillations 
are performed in the times T and T', we shall have 

hence, 

TiTi: ^l: ^V (236). 

Thus, if the time of oscillation T of one pendulum be accu- 
rately known, we can determine by the preceding proportion 
the length V of a pendulum which shall vibrate in an arbi* 
trary time T'. 

472. To ascertain with greater precision the time of a 
single oscillation, we will represent by N the number of oscil- 
lations made by the pendulum whcise length is ^ in a time $^ 
and by N' the number of oscillations of the pendulum f in 
the same time I : we shall then have 
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•r=~, «ndT'=i (336). 

By means of these values, the proportiou (236) is reduced to 

N'' : N" : : i : /', 
whenc«, 

/'=— . 

When the number of oscillalions made by a petiduUim of a 
given length, in a given lime, has been ascertained from 
observation, we can calculate the length of the pendulimi 
which will oscillate in a second of time. 

If an error be committed in observing the lime t, this erroi 
will be greatly reduced by being divided by the number of 
oscillations, and if this number be taken large, the effect of 
the error upon the time of a single vibration maybe regarded 
as insensible. 

473. It is on this principle that the lenglli of the seconds 
pendulum, which makes 86,400 oscillations in a mean solar 
day,in vacuo, and at the latitude of New-York, has been found 
equal to 

39Tl01(J8=3"25847, nearly. 

474. To determine the value of g, the measure of the in- 
tensity of the force of gravity, we employ the equation (234), 
which gives 

=11} 
and by making in this equation 

T = l", /=39'.'l0168, and » =3"] 4 15926, 
on 

»' =9.81396046 ; 
we find 

g- = 385!9183=3-2J59S. 

475. If IT si'd g" represent the iuterisities of gravity at dif- 
ferent places, and / and /' the lengths of two petjditlums 
which oscillate m the times T and ']", we shall have 



T-v^i. -r-v^i 
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ftom which we deduce 

TiT'.'.'^^-.y/^ '(237). 

Let N and N' represent the numbers of oscillations made by 
these pendulums in the time I ; T and T' will be given in 
fiinctions of # by equations (236), and their values being sub- 
stituted in the proportion (S^7\ will give, aAer reduction, 

1 1 /I /t 

If the same pendulum be used at the two places, / and t will 
be equal to each other, and tlie preceding proportion will 
become 






rhence. 



g ^ ^ 



^ N» 



Of the Centrifugal Force. 

476. If a material point be supposed to move aroijind a 
fixed centre C, describing the curve LMK {FHff. 183), and if, 
upon its arrival at the pdint L, the connexion with the centre 
be suddenly destroyed, the material point will, in virtue of 
the law of inertia, continue to move in the direction of the 
tangent LT. But if we conceive the point to be compelled 
to describe the curve, it will leave the tangent, and will after 
a certain time arrive at the point M. The arc LM being sup- 
posed indefinitely small, the angle LCM will be so likewise, 
and die lines LC and MC may be considered as parallel. 
Thus, replacing CM by the parallel . CM, and constructing 
the parallelogram LDMN, it appears that the material point, 
if free, would describe the side LD, while by its connexion 
with the fixed centre it is caused to describe the diagonal 
liM ; the efiect of the force which draws the point towards the 
centre has therefore been to move it through the space MD. 

The point may be supposed to be retained on the curve 
LMK, either in virtue of a force of attraction which is con- 
stantly directed towards the centre C, or by the resistance 
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opposed by the curve regarded as material ; or, finally, by 
being connected^with the point C, by means of a cord of 
variable length. 

Whilst the point is describing the elementary arc LM, we 
can regard it as moving upon the equal arc of the osculatory 
circle, and can suppose it to be retained on this arc by means 
of a thread of an invariable length, attached to the C9ntre of 
the osculatory circle. Moreover, since this thread will ex- 
perience a tension only in consequence of the resistance 
offered by the material point to the force which tends to 
deflect it from the tangent, this tension or the resistance op- 
posed by the point will be precisely equal to the force which 
causes it to deviate from the tangent This resistance is 
exerted in the direction of the radius of curvature, and its 
constant tendency is to remove the material point from the 
centre of curvature. Hence, it is called the centrifugal 
force ; and the force which constantly urges a body towards 
any fixed centre is called a centripetal force. 

The centrifugal force evidently corresponds to the quantity 

represented by — in Arts. 451 and 452. 

477. To determine directly the expression for the centri. 
fiigal force, we replace the infinitely small arc LM by the 
chord of the osculatory circle at the point L {FHff. 184). 
Then, the versed sine LN will represent the space through 
which the point would be drawn in virtue of the action of 
the centrifugal force, during the time occupied by the point 
in describing the arc LM. From the known property of the 
circle, we have 

LN:LM::LM:LE; 

or, by substituting the arc for its equal the chord, 

LN : ds :: ds :2y: 
hence, 

and by substitating for da its value vdt, we find 

LN=^^ (238). 
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A second expression for the value of LN may be obtained ki 
the following manne/. The time requippd to describe the 
arc LM will be reprinted by dt^ since this' ate is itself 
denoted by ds ; hence, dt will likewise represent the time 
in which the material point would be caused to describe a 

■ 

space equal to LN under the influence of the centrifugal 
force alone. Moreover, the centrifugal force acts incessantly, 
and during the infinitely short time dt^ its intensity may be 
considered invariable. If, therefore^ we regard this force as 
constant^ and denote its intensity by/, the circumstances of 
motion of the point, under the influence of this force, will be 
expressed by the equations 

dv ^ ds 
and by integration, 

But the space LN being that which corresponds to the time 
dty if in the pre<^ing equations we make LN^^^, t will b#' 
come dt ; we shall thus have 

LN=icft«X/. 
This value of LN being substituted in equation (238) gives, 
after reduction, 

478. If the material point be supposed to have a circular 
motion, — as, for example, when a stone is whirled round in 
a sling, V will become the radius of the circle described, and 
the expression for the centrifugal force will then be 

/=^ (239). 

Let A represent the height due to the velocity v ; the follow 
ing relation will then subsist (Art. 401), 

eliminating v* between this equation and that ^ which pre- 
cedes, we obtain 

/_2A. 



260 DTNAMlCfl.- 

from which we conclude, that the eenirijvgal force is to ike 
force of gravityfos twice the height due to the vdlocitjf ie to 
the radius of the circle described by i/ie material point. 

479. If a semicirclie EAF (Pig. 185) be sapposed to re- 
Yolve about its diameter EF=2R, the point A, the middle of 
arc E2AF,wiU deacribe a circumference equal to 2«R; if this 
motion be performed uniformly ip the time T, with the ve- 
locity V, we shall have the relation 

«XT=2rR; 

and by eliminating v between this equation and "(239), we 
find 

/=^ (240). 

In like manner, if/' represent the centrifugal force of a point 
which describes uniformly the circumference of a circle- 
whose radius is R', in the time T', we shall have 






and consequently. 



From this proportion we immediately conclude, that when' the 
r€ulii R and R' are equal, the centrifugal forces wUl be in the 
inverse ratio of the squares of the times of revolution ; and 
that when the times are equcUj the forces wUl be directly as 
the radii, 

480. The effect of the centrifugal force at the equator, 
caused by the revolution of the earth upon its axis, can now 
be estimated. For, the equatorial radius of the earth being 
20920300 feet, we replace R by this value in equation (240), 
substituting at the same time the values of r and T. But 
we have, approximatively, 

«-=3.1416926, ir» =9.8696046. 
The time T is determined from the consideration that the 
earth performs a revolution upon its axis in 0.997269 days, 
the day being composed of 86400 seconds. Thus we shall have 

T=0.997269 x86400"=86164". 
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Substituting this value and that of R in equation (240), there 
nsults 

/=«ail2 (242). 

481. Having found the value of /, we can determine the 
ialensity G of the force of gravity which would be observed 
at the equator if the earth were immoveable. For, since the 
force / is directly opposed to tlie force G, a portion of the 
latter will be destroyed by/; and hence, if g denote the in- f 

tensity of gravity as determined by observation, we shall 4 

have 

Bubstituting in this expression the value of/ given hy equa- 
tion (242), and that of g-, which at the equator is 32.0861 ft., 
ve find I 

G-32?0S61 + 0?i!12=32?i973 (243). * I 

To determine the relation between the centrifugal force and 
the force of gravity, we divide equation (242) by equation 
(243), which gives 

/ 0.1112"- 1 , ,„,,, J 

■i— =-:- = rvT; nearly (244). ^ 

G 3:^.1973"- 289 ' ^ ' 

492. The proportion (241) will furnish a solution to tha 
following problem: 

To find the time in which a revolution of lite earth should 
he performed, in ordur that the centrifugal force at the equa- 
tor may be equal to the force of gravity. 

Let T' represent the required time of revohition, and/ the 
corresponding centrifugal force ; we shall then have, by the 
nature of tlie problem, 

/'=G, and R'=R; 
these values substituted in the proportion (241) reduce it to 

/.G ..^ T'' ^„ 
whence we obtain ^ 



1 
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f 

If the fraction -- be now replaced by its value (244), we shall 

G 

find 

T T 

^289 17* 

Thus, t/" /Ac tar Ms rotation were seventeen times more rapid 
than it actually isj t/ie ceiUrifugal force at the equator would 
he equal to the gravity, 

483. To find the diminution of the gravity produced by 
the centrifugal force at any other point on the eartlHs surface, 
it will be necessary to determine the effect of tlie centrifugal 
force in the direction of the vertical BZ {Fig, 185) drawn 
through the point under consideration. 

For this purpose, we will regard the earth as spherical, it 
being nearly so : the latitude of the point B being then repre- 
sented by the arc AB, it will be measured by the angle 

BOA=ZBC=^. 

Denoting by R the radius AO of the earth, and by R' the 
radius BD of the parallel of latitude passing through B, we 
shall have 

R'=R cos OBD ; 
or, 

R'=R cos 4^, 

Let the centrifugal force at the point B, which is exerted m 
the direction of the radius DB, be represented by the line BC, 
and resolve it into the two components B6 and Be. The 

4ir* R' 

force BC will, by Art. 479, be expressed by -^p^i and tie 

component f in the direction of the vertical BZ, which is 
represented by B&, will be given by the relation 

/= rp, Xcos^: 

and by Fubstituting in this relation the value of R', we shall 
obtain 

/=-7i^ Xcos« ^. 
The factor -7=^- represents the centrifugal force / at the 
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equator ; this equation may therefore be transformed into the 
proportion 

f\f\* 1 : cos* 1^; 
from which we conclude, that the diminutions of gravity ai 
different places on the earth! s surface^ arising from the action 
of the centriftigcd force^ are proportional to the squares of the 
cosines of the latitudes, 

484. The latitude of New-York being 40M2'40", its 
cosine will be 

0.7580 ; 

and by multiplying the value of/ (242) by the square of this 
number, or by 

0.5746, 
we find 

/=o!b639. 

If G' represent the value of the force of attraction, or that 
which the observed gravity would have in the latitude of 
New- York, if the earth were immoveable, the gravity actually 
observed being denoted by g*, we shall have, as in Art. 481, 

The observed gravity g^, in the latitude of New- York, being 

32 J 598^ 

we find, by substituting this value and that of f in' the preced- 
ing equation, 

G'=32!l698+ab639-.32"2237 (245). 



Of the System of the World. 

485. In discussing the properties of the centre of gravity, 
we have already had occasion to consider that remarkable 
force exerted by tlie earth, in virtue of which all bodies are 
solicited in directions perpendicular to its surface. The ex- 
istence of this force was not entirely unknown to the ancients : 
Anaxagoras, and his disciples, Democritus, Plutarch, Epi- 
curus, and others, admitted the existence of such a force ; and 
similar opinions were entertained by Kepler, Galileo, Huy- 
genS| Fermaty Roberval, d&c, in modern times. The celebrated 

22 
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Kepler diatinclly afflrms, in his work De Sldla Mortis, that 

the force of altracliori is not confined to bodies situated upon 
the surface of the earth, but that it extends to the most distant 

This bold conception remained lonp iinimprovftd, from the 
difficulty of verifying its truth. The effects of gravity at the 
earth's surface were measured by Galileo. 

I,ord Bacon, suspecting that the intensity of this force must 
vary with the distance from the centre of the eartti, endeav- 
oured to verify the truth of this conjecture by observing the 
distances through which bodies would fa)!, in a given time, 
at different elevations above the surface of the earth. But, 
however great were these elevations, they proved too small to 
render the variations in the intensity of gravity perceptible. 

Newton extended his views yet further ; and not satisfied 
with the mere conjecture that the intensity of gravity was 
subject to variation, he endeavoured to measure the law of its 
diminution. He adopted, as the most probable law of diminu- 
tion, that of the inverse ratio of the square of the distance ; 
such being the law according to which light and other emana- 
tions were known to be propagated. To test the truth of this 
supposition, he endeavoured to obtain a measure of the inten- 
sity of gravity at the distance of the moon, and the only 
obstacle to this determination arose from an imperfect know- 
ledge of the moon's distance, and of the dimensions of the 
earth ; but more exact determinations of these elements having 
been supplied by Picard and others, he was enabled to base 
his calculations on more accurate data. 

48B. The first element to be determined in this investi- 
gation, is the intensity of gravity at the surface of the earth. 
The method of obtaining this quantity by the oscillations of 
a pendulum has already been explained in Arts. 474 and 
484: it was thus found, that in the latitude of New-York, 
and on the supposition that the earth was immoveable, 

G'=3a.a237 (246). 

This quantity is nearly the same for all places on the surface 
of the earth. 

To ascertain the diminution which the intensity of gravity 
Rhould sustain at the distance of the moon, according to the 
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supposed law of Newton, it will be neceesary to know the 
distance of the moon from the centre of the earth* This dis- 
tance depends on the horizontal parallax of the moon. 

487. Let CL and HL {Fig. 186) represent two lines drawn 
fix»n the moon to the two extremities of the terrestrial radius, 
the line HL being perpendicular to this radius. The angle 
BLG is called the horizontal parallax of the moon, and its 
mean value, according to Delambre, is 67'. If therefore, the 
radius of the earth be taken as unity, we shall have 

CL sin L»GH=rl, 
and consequently, 

CL=^4r=-=60.3l4; 
sm 67' 

this value differs but little from that employed by Newton, 
who supposed the mean distance to be 60}. 

488. If we denote by y the intensity of gravity at the dis- 
tance of the moon, upon the hypothesis that it decreases ac- 
cording to the law of the inverse ratio of the square of the 
distance, and by ^ the space which it would cause a body to 
describe in the time ^, we shall have 

G':y::(60.314)« :!•; 
wbencoi 

^"^ (60.314)*' 

Such is the expression for the velocity which should be im- 
parted by gravity, at the distance of the moon, in a second 
of time, if the hypothesis assumed be correct. 

489. By substituting this value for g in the general fonnuhi, 

and replacing « by ^, we shall obtain the space described ia 
the time U 

Thus, if we suppose the time to be one minute, or Gff'y we 
shall have for the space y, which the body would describe in 
a minute of time^ ' 

(60.314)* ^ ' 



266 DYNAMICS. 

490. If^wre Deg!ect the decimal fraction, in the denoi^ina- 
tor, the equation reduces to 

from which we conclude that the space described by a body 
moving from rest, in a minute of time, at the distance of the 
moon, should be equal, according to Newton's hypothesis, to 
the space passed over in a second of time, at the surface of the 
earth. 

But if we take account of the decimal fraction, the equation 
(247) will give by reduction, " 

y=sjG'x0.9896; 

and by substituting the value of G' (246), weliave 

y= J X32'!*2237x 0.9896; 
or, by performing the multiplications indicated, 

y=15!'9443 (248). 

Such would be the distance described by the body in a 
minute of time, at the distance of the moon, if the body 
were supposed to move from a state of rest. 

491. Let us now examine whether this result is confirmed 
by experience. For this purpose, let the moon when at its 
mean distance be supposed to describe the arc LM (/^. 187) 
in a minute of time: if the lines LQ, and QM be drawn 
respectively parallel to the sine and versed sine of the arc 
LM, we may regard LM as the diagonal of a parallelogram 
of which LQ and LP will be the sides. If the moon were 
not solicited by the earth's attraction, it would describe the 
tangent LQ, and if solicited by this attraction solely, it would 
describe the line LP in the same time : this line LP will there- 
fore serve to determine the intensity of the earth's attraction, 
and it will evidently be equal to the versed sine of the angle 
LCM. 

But since the mean radins r of the moon's orbit undergoes 
but a very slight variation in a minute of time, this portion, 
of the orbit may be regarded as the arc of a circle described 
with the radius r ; and since the moon, when at its mean dis- 
tance, moves with nearly its mean velocity, we shall have, by 
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calling T the i|pie of a sidereal revolution, or the time 
required by the moon to return to the same point of the 
heavens^ 

T ; 1 minute : : 360'' : angle LCM; 
"Whence, 

1 jn^ 360^ 
angle LCM=-=-. 

This time of revolution being known from observation to be 
27 dajrs 7 hours 43 minutes, oj 39343^, we will replace T by 
this value, at the same time reducing the d^rees to seconds, 
to render the division possible ; we thus obtain 

angle LC!M=1^^=32".94 

492. The question is thus reduced to finding the versed 
sine of an arc of 32".94,.in a circle described with the mean 
radius of the lunar orbit. 

To effect this, let the perpendicular CI (JFV^. 187) be drawn 
to the middle of the chord LM : the right-angled triangles 
LMP, LGI, having the common angle L, will be similar, and 
will give the proportion 

LO:IL::LM:LP; 
or,- 

L0:IL::2IL:LP: 

whence, 

.LP=^ (249). 

•. Let I represent the angle LCI equal to ^CCM, and r the mean 
mdius LC, we skall have 

IL=r.sinl, 

afid the equation (249) will become 

LP=2r.sin«l; 

' or, by substituting the value of the angle I, 

LP=2r . sin- 16".47 (250). > 

■ If a denote the mean radius of the earth, the mean radius 
of the lunar orbit will be expressed by 

r=(60.314)a. 
R 
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493. But the mean radius of the earth determined by the 
measuremeiit of a degree upon its suiAce, being equal to 

20886600 feet, 

we shall havoi by substitution, 

LP=60.314x2x20886500xsin« (16".47), 
and changing 

sine whose radius is unity ,. tabular sine 

.... - into ^.-^ - - ■ > * « I — -fc. 

1 tabular radius' 

tot the purpose of using logarithms, we find 

Ix)g 60^14 L7804181 

Log 2 0.3010300 

Log 20886600 - - - 7.3198667 

Log sin* (16".47), or 2.log sin (16".47) 11.8041383 

Corresponding number =16.0492 ft. - 1.2064626 

494 It thus apfjears that the moon falls towards the earth 
in a minute of time a distance of 16.0492 ft., corresponding 
very nearly with that deduced on the supposition that die 
intensity of gravity varies inversely as the square of the di»^ 
tance from the centre of the earth. The difference between 
the two results amounts only to about 0.16 ft. hi the space 
fallen through by the nK>on in a minute of time, and will 
consequently become nearly insensible in the space described 
iiX one second. Moreover, this slight difference might fairly 
have been anticipated, since mean values of the several quan- 
tities which enter into the calculation have alone been em^ 
ployed. 

496. The remarkable accordance exhibited by the preced- 
ing calculation between the results of theory and experience, 
justifies us in concluding that the force of gravity exerts 
an influence at the distance of the n^on, but diat its inten- 
sity is less than at. the surface of the earth, in the inverse 
ratio of the squares of the distances from the centre of the 
earth. The truth of this supposition has been uniformly 
confirmed by experience ; astronomical tables calculated upon 
the hypothesis of Newton assign the positions of the celestial 
bodies such as they are determined by direct observation, 
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f 

Without preeentipg a single exception. This hypothesis may 
therefore be regarded as fuUy established by experience. 
Those genera] truths which are designated the laws of S^ep- 
V, and which have been repeatedly verified by observation, 
&eni6 to establish the hypothesis of Newton in the most clear 
and decisive manner. These laws may be enunciated as 
follows : 

1^. TKe planets describe ettipsesj having ike eenire of the 
eem at one of their foeL 

V. The areas ef the Miptioal sectors described by the 
radius vector dravmfrom the planet to the centre of the sun 
are constantly proportional to the times of description.* 

3^. The squares of the times of revolution of the several 
planets are proportional to the cubes of their mean distances 
from the sun. 

496. The first of these laws, as will be demonstrated, is a 
particular case resulting from the more general law of natlire, 
which requires that a body subjected to the action of a force 
which varies inversely as the square of the distance from a 
fixed point, should necessarily describe a conic section. 

The second law has already been noticed (Art. 436), and 
subsists in general for every body which is constantly at- 
tracted towards a fixed point The question is thus reduced 

* In tira general oaurae of reasoning which is here mpptied to the motioiM of 

the planets, these bodies are regarded as mere material points. Tbe pffopriotj 

of making this supposition will not fully appear until after we have discussed 

the circumstances of motion of « solid body whose oeToral particles are acted 

' upon by incessant forces. It will then be found that the motion of the centra 

'«f gravity of such a body will be precisely the same «»thoagh the imms of the 

body were concentrated at its centre of gravity, and the sevecal forces apfilied 

directly to that point. Thus the case will be reduced to that of the motion of 

a material point It is, however, quite obvious that this hypothesis cannot 

differ much from the truth ; for, since the dimensions of the planets are exceed- 

ingly minute when compared with their distances from the sun, it follows that 

eveiy particle in the planet will be acted upon by a force which is very nearly 

4qoal and panJIel to the force exerted upon that particle which coinctdes with 

tbe centre of gravity of the planet. Thns^ the particles, being acted upon bj 

parallel and equal forces, will have the same motions as though they were unooift- 

«nected with each other ; and the reasoning may be applied to any one of these 

. paitideei the centnl one, fotaum^^ 

R2 
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to proving the truth of the first and third of Kepler's laws, 
aAer adopting the hypothesis of Newton. 

497. Let the origin of co-ordinates be placed at the centre 
of attraction {Pig. 188), which corresponds to the centre of 
the sun, for the planetary system, and let R denote the value 
of the force of attraction exerted by the sun upon one of the 
planets, and r the radius vector drawn to the planet. 

The foroe R coinciding in direction with the radius vector 
fTiA, if we represent by P the angle mAP, which the radius 
vector forms with the axis of or, the components of the force 
R in the directions of the axes will be 

X=R cos ^, Y=R sin p. 

But in the right-angled triangle AmP, we have 

AP or fnP y 

cos p=. — r =—> sm ^=: —7 =^. 
nUL r mA r 

Thus, the components X and Y of the force R will be ex- 
pressed by 

X=R-, Y=Ry: 

r r 

and since the incessant force is supposed to act in the direc- 
tion from m towards A, it will tend to diminish the co-ordi- 
nates AP=ar, and Piii=y, of the point m : hence, the compo- 
nents of the incessant force should be affected with the 
negative sign (Art. 61) ; the two preceding equations will 
thus become 

X=-R^, Y^-R^: 

or, replacing X and Y by their values given in equations 
(180), we obtain 

498. For the purpose of integrating these equations, let the 
first be multiplied by y, and the second by x : taking the dif- 

■ference of the products, and multiplying by dt^ there will 
result 
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the integral of which is 

ydx-xdy 

dt ^ 

the arbitrary constant introdaced by integration being denoted 
by a. 

499. To obtain a second integral, we multiply the first of 
equations (251) by 2dx, and the second by 2dy, and take tlieir 
sum; we thus obtain, 
2dx . rf'j + grfy . d'y _ ^^ ^ xdx-irydy \ ^53) 

The second member of this equation containing the three 

variables x, y, and r, we eliminate two of them by means of 

the relation x' +y' =r', which gives, by diderentiation, 

xdx-\-ydy = rdr ', 

this value substituted in the second member of equation (263) 

reduces it to 

2dx . d'x + 2dy . d'y „„ , 
— i&dr ; 

or, since dt is regarded as constant, 

\ dt' / > 

Integrating, and denoting by b the arbitrary constant, we ob- 
tain 

^fl+^^b-2/Rd, (264). I 

600. The quantity Rdr is affected with the sign of Integra- ( 
tion, the intensity of the force R being supposed a function of 

the distance r j the nature of this function will remain arbi- 
trary, so Ion? as we do not adopt a particular hypothesis. 

601. This equation still containing three variables, we re- 
duce the number lo two (^and r), by introducing tlie values 
ofz and y, expressed in functionsofr, and the angle p included 
between the radius vector and the axis of x ; these values 
are given by the formulas, 

x=r . cos 9, y=r.stn p (255). ■ 

By differentiating, we have, ■ 



A 
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</j= — r sin *(/«+cos *rfr f 
dy= r cos(p(fp+Bin fdr i 



■ (256) ; 
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and the values of or, y, cbr, and dy f^yen ^ equalioiis (265) 
and (266), being substituted in equatioh (252), transform it 
into 

The sum of the squares of equations (266) gires, after re- 
dubtioUy 

rfar"+rfy*=r*d^«+rfr» (268) 

and by substituting this value in equation (264), we obtain, 

!^^^t*L* =6-2/IUr (259). 



603. To determine the equation of the curve described by 
the moveable point, we eliminate di between equations (267) 
and (269) : the first of these gives 

r*d0 



a ' 



this value, introduced into the second, transforms it into 

wh^ce we deduce, 

dp^ — (260). 

This equation being integrated, and the values of the con- 
stants being determined, we shall have a relation between the 
radius vector r and the angle ^. . -• * * 

• S03. To determine the constants a and 6, we will- resuoie 
the integrals, 

— dt ^ rf/^ ' =*-"^/^^^ (261). 

The-integral of the first of these equations is, by Art. 436. 

2 . sector LAm-o^ (262) ; 

ft 

oMsequently, by making /=1, we shall find that a is equal to 
twice the sector described in a unit of time. 

The same result may be obtained from the equation 

'■%=■' «> 

for dp being the infinitely small arc described in the time <ft, 
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by a pcHDl oa &e radius vector whose distance from the centre 
of auractiou is equal to unity, rdf will be the arc described in 

"the same time with the radius r; hence \r . rd^, or ^ , will 

represent the infinitely small sector described by the radius 
vector in the time dt ; but since ihe areas described are proper- 3 

lional to the times of description (Art. 435), we can find the - 

area described in the time 1, by the proportion 

-^ ; dt\: area described in time unity : 1 ; 
whence, 

area described in time unity 



2dt ' 



and consequently, -— - , or its equal a, will be double the area 

described by the radius vector in the unit of lime. 

It may be remarked that Ihe change in the sign of the first 
member of equation (257) which converts it into (263), is 
merely equivalent to a change in the position of the fixed line 
from which the areas described are reckoned : in the first 
case ihey are reckoned from the axis of y, and in the second 
from the axis of i-. 

From the equation (263) we deduce 

^-5 m-) . '. 

at t' ' ••' 

Tlie quantity — expresses the angular velocity of the bod},. 

or the velocity of that point on the radius vector which is at 
the distance unity from the centre of attraction ; and it ap- 
pears by the preceding relation, that the angular velocity 
varies in ike inverse ratio of the square of the radius vector. 
504. From the first of equalions (261). we may infer that 
the quantity a is independent of the law according to which 
the attractive force is supposed to vary; but ihe quantity 6, 
which appears in the second equation, will evidently depend 
on the attractive force, which likewise appears in Ihe same 
equation. U will therefore be necessary to adopt some 
hypothesis re^jecting the law of this force, such, for example, 
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« 

as the law of Newton, which supposes that diffisrent bodies 
attract each other in the direct ratio of their masses, and the 
inverse ratio of the squares of their distances. 

Let the force exerted by the unit of mass, at the distance 

■ 

A:, be denoted by 1 ; the force exerted by the sun upon a 
body placed at the distance k will then be expressed by the 
mass M of the sun, or, in other words, by the number of units 
which its mass coirtains : but the mass of a planet attracted 
by the sun being denoted by m, this planet will exert an 
attraction upon the sun, which will, for a similar reason, be 
expressed by its mass tn: moreover, since the two forces 
M and m tend to cause the approach of the two bodies, their 
effect upon the relative motion of the bodies will be the same 
as if the force M+m were concentrated in the sim, and acted 
on the planet at the distance k. When this distance varies 
and becomes equal to r, the intensity of the force will like- 
wise vary. Let R denote its intensity at the distance r ; the 
assumed hypothesis will give the proportion 

k^ r^^ 
llpk^nce. 



^Jc'QU+m) 



Such is the value of the attractive force which, acting at the 
distance r, will cause the bodies to approach each other. 

506. The value thus determined corresponds to that of the 
incessant force which we have hitherto represented by R : 
we therefore have 

A:«(M+w) 



J^dr^f- 



putting, for brevity, 

A:«(M+m)=M' (266), 

the preceding equation will be reduced to 



J^r^f^ (267); 



but since the quantities M and m and the distance k remain 
invariable, the quantity M' will be constant ; the equation 
(267) may therefore be readily integrated, and will give 
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/Rdr= he: 

r 

replacing /Rdfr by this value, and 6-— 2c by A', the equations 

(269) and (260) will become 

r^d(P'+dr' .. . 2M' 

r 



rfF— =ft'+4^ (268), 



- grfr /OAO\ 

rv/(6V«-a»4-2M'r) ^ ^^' 

606. To determine the value of the constant 6', or its equal 
6— 2c, we observe that the equations (268) and (268) give, by 
comparison, 

d-x^+dy' _ r^dp^+dr' _j^, . 2M^ 
di' df^ "^T' 

and since ^{ds'+dy*) is equal to ds, the element of the 
curve, it appears that the quantity ^ d^ -rdr .^ equsl to 

— 1 , or equal to the square of the velocity estimated in 

the direction of the tangent to the curve ; thus, denoting this 
velocity by v, the equation (268) will become ^ 

v«=y+fili (270). 

If T represent the velocity at a given instant, and a the cor- 
responding value of the radius vector, the equation (270) 
will contain but a single unknown quantity 6', whose value 
will result 

A 



607. The constant a may also be determined in functions 

d0 
It 



of the initial velocity ; for, by replacing -j- in the formula 



dt^ 



by its value -- deduced from equation (264), we shall obtain 



».=*f+?l (271). 

di* r* ^ '' 

23 



The quantity dr represents the infinitely small difference nd 
{Pig. 189) between two consecuUve radii Am and An; and 
by regarding the triangle nijij as recdlineari and righl^aDgled 
at /, we shall have 

ml^wm . cos nudy. 
or, 

<lr=ib. cos fun/; 

substituting this value of dr in (271), and changing — into v, 

we shall find 

v*=«*cos* ni7i/4 



a* 



Bat if m denote the value of the angle nmilj when v and r 
are transformed into Y and x^ we shall have the relation 

T«=T*.C08««+^; 

whence, 

a«=A»T«(l— cos" «)=A"Y«sin'«; 
and consequently, 

aaA.T.sin«. 

608. Having determined the constants which enter into 
equation (269), we proceed to integrate it, for the purpose of 
discovering the nature of the trajectory described by the ma- 
terial point 

To facilitate the integration, make r= ^ and the equadcA 
(269) will then become 

, €idz 

^ ^[6'-(a"^«--2M'«)]' 
or, 

*- adz 

making 

az—-^p, and 6'+--=A», 
a a 

the preceding equation will be reduced to 
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and bf integrating, we find 

^+constant=arc f cos=-2y 

Replacing p and A by their values, suppressing the commott 
Actor a, and denoting by -^ the arbitrary constant, we obtain 

^+^=arc (cos-_^^,-p5j^j)-, 
whence, 

and by restoring the value of z in teims of r, ve finally 
obtain 

a«— M'r=rv'(a«y+M'») .coa (^+^) (272). 

509. The arbitrary constant ^ serves merely to change the 
direction of the axis with which the radius vector forms the 
variable angle : if, for example, the angle CAm or (p {Fig. 
190), formed by the radius vector with the primitive axis AO, 
be supposed successively equal to 1°, 2**, ST, <kc. and if the 
variable angle be reckoned from the axis AB, which forms 
with the axis AC an angle CAB=^, the angle included be 
tween the radius vector km and the axis AB, will be succes- 
sively equal to 

or, in general, to 

610. The angle ^+^ will disappear from equation (272)^ 
wheh the polar co-ordinates are transformed into rectangular 
co-ordinates, by means of the formulas 

r" =ir3 +y», ar=r cos(^+^), y=rsin(^+^) (273) ; 

for the first two of tliese formulas reduce the equation 
(272) to 

a«— MV(^' +y*)=^\/(«'*'+M'") ; 
which gives, by transposition, 

MV(^ +y*)=a» -*v^(a»y+M'«) (274) : 

squaring and reducing, we find 
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M'«y»— 6'a«:r«=a*-2a»Xv/(a«6'+M'0 (276). 

This equation appertains to a conic section, or curve of the 
second degree : it will be the equation of an ellipse or hyper- 
bola, according as b\ upon which the sign of the second term 
depends, is negative or positive ; for, in the first case, the 
tenns containing the squares of the coK>rdtnates will have 
similar signs, whilst in the second, they will be affected with 
contrary signs : when b' becomes equal to zerq, the term con- 
taining or* will disappear, and the equation will then apper- 
tain to a parabola. 

611. If we resolve equation (275) with reference to y, there 
will result 

which proves that every rectangular ordinate is equally 
divided by the axis of :r, and consequently that this axis must 
necessarily be the greater or lesser axis of the curve : but by 
introducing into equation (274) the value of the radius vector 
given by the first of equations (273), we shall obtain 

M'r=a« -3rv^(a«6' + M'«) ; 

hence it appears that the radius vector is constantly expressed 
in rational functions of the absciss x, and that the origin 
therefore corresponds to the focus. Thus the co-ordinate 
axis oi X will coincide with the greater axis of the curve. 

512. The second law of Kepler is thus demonstrated to be 
a consequence of the hypothesis of Newton, and admits of a 
generalization wholly unknown to its discoverer ; he was in- 
duced, judging by analogy, to assign elliptical orbits to the 
planets, whereas it appears from the preceding demonstration, 
that they might have described either hyperbolas ox par abolcts* 
If amongst the comets hitherto observed we have found no 
examples of a hyperbolic motion, it results from the fact 
that the chance of a body's describing a curve which shall 
be sensibly hyperbolic is found to be extremely small. " I 
have found,'^ says Laplace, " that the chances are at least six 
thousand to one that a comet which comes within the sphere 
of the 8un*s action will describe an extremely elongated 
ellipse, or a hyperbola, which, by the magnitude of its trans- 
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verse axis, will be sensibly confounded with a parabola, in 
that portion of its orbit which can be observed ; it is not sur- 
prising, therefore, that the hyperbolic motion has not yet 
been observed." 

613. If in equation (276), we make :r=0, and y=i|>, we 
•hall obtain for the ordinate passing through the focus, or 
the semi-parameter, 

a* 

^ 614. The equation (276) admits of simplification, by 
making 

^(a«6'+M'«)=n (276), 

and transporting the origin to the centre of the curve : for this 
purpose we make x=x'+»y and dispose of the arbitrary quan- 
tity m by the condition that the coefficient of the first power 
of x* shall vanish. Making these substitutions in equation 
(276), and dividing by a' , we find 

a»^ W +2n#>=0 (277). 

+2n ^ -a* ) 

Putting the coefficient of s/ equal to zero, we have 

n 

this T&]ue being introduced into the last term of equation 
(277) reduces it to 

V 
But the equation (276) gives 

n* . M'« 

substituting this value for the last term of equation (277), 
and suppressing the second term, which by hypothesis is 
equal to zero, we shall obtain 

M" M'* 

or by clearing the denominators, 

yM'V— i'«a««'«+a«M'«=:0 (278). 



a*. 
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In this equation the origin of co-ordinates is at the centre 
of the curve ; hence, if we make y— 0, and deduce the 
corresponding value of a/, we shall have 

M' 

semi-axis majorss-^^ (279) ; 

and by making a similar supposition with respect to jr', we 
find 

/ a* 
semi-axis miporas v/ — -r,* 

This value becomes imaginary when V is peeitive, agveeing 
with the result in Art 610, since the curve described is then 
a h3rperboIa ; but the value is real when V is negative, the 
curve then being an ellipse. In this case, tf we OMpkce V by 
— i', we shall have 

semi-axis minors — — (280). 

616. This result corresponds with that whidi would haive 
been obtained from the consideration that the minor axis is a 
mean proportional between the major axis and the parameter, 
the values of which have been already obtained. 

616. Having determined the prirfcipal elements of the 
curve described, it will now be easy to establish the third of 
Kepler's laws. Let w denote the number 3.1416 ; then, the 
area of an ellipse whose semi-axes are represented by A and 
B will be expressed by rAB ; and if A and B be replaced by 
their values determined in equations (279) and (280), we 
shall find 

area of the ellipse described by the planeC^.- — j^ .... (231) ; 
or, 

9a. /M'\ T 

area of the ellipse described by the planets — ^\ -p 1 . 

But it has already been shown that if t represent the Jtime 
required by a planet to describe the sector LAm {Fig- 188), 
the equation (262) will give 

^ 2 sector LAfyi 
•a 
When t beooBies the tine of an entire rsmAmiom^ which ws 
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win represent b7 T, the sector LAm will become the area of 
the ellipse, and we shall then have 

M'\l 






MP 

and sMce -=- represents the semi-axis major, we shall have, 

b' 
by representing its value by D, 

T=-=--D^: 

or, replacing M' by its value (266), we obtain 

In like aMnneCi for a second planet mfy which performs its 
Nfvolation in the time T', in an ellipse whose semi-axis major 
IB denoted by D', we shall have, since the mass of the sun 
renwiiis invariable, 

T^= f ^^ A (283): 

but the masses of the planets being extremely small when 
compared with the mass of the sun, we may neglect the 
quantities m and m' in comparison with M ; and the equa- 
tions (282) and (283), being then compared, will give the 
proportion 

T : T : : D* : ly*, or T« : T'» : : D» : IT* ; 

the squares of the times of revolution will therefore be pro- 
portional to the cubes of' the greater axes of the orbits de- 
scribed, or to the cubes of the mean distances of the planets 
from the sun. 

617. The inverse problem may also be resolved, and the 
law. q( gravitation deduced, from the elliptical motions of the 
planets. For this purpose, we must adopt the hypothesis 
that the equation (260) refers to an ellipse : but the polar 
equation of the ellipse being of the form Cr cos ^=B" —Art 
its differential will give 

^^ B^*; • 

^ r^[(C«~A«)r«-B* -t-2AB«rl* 
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The conditioD of identity betwe^ this ec^uation and equation 

(260) requires lliat we sliould have 

-r/"lWr=AB'=a constant, or — /Rdr=^^^?^'; 

dtfibrentiaLing, and suppressing dr, there remains 
„ constant 



■ which proves that the force varies in the inverse ratio of tlie 
A. cquare of the distance. 

Of the Motions of Projectiles. 

61S. If an impulse be communicated to a material point in 
a direction oblique to the surface of the earth, the point being 
at the same lime solicited by the force of gravity, it will 
describe a trajectory, the nature of wliich it is proposed to 
investigate. To determine the circumstances of this motion, 
we will denote by A.r, Ay, and Ac the three co-ordinate axes , 
the axis Asz being supposed vertical. The force of gravity 
will then tend to diminish tlie co-ordinates z which are 
reckoned positive upward, and if its intensity be supposed 
constant, we shall have 

X=0, Y=0, Z=~g. 
These values being substituted in ttie general equations (ISO) 
reduce them to 

^=0, ^=0, ^*^=-,?; 
dt' dt" ' dt' ^ ' 

the first two of these eqitations being multiplied by dt, and 
integrated, give 

dx_ '^V—f,. 
dt~'^' 'di~ ' 
the constants a and 6 represent the velocities of the toaterial 
point in the directions of the axes of x and y respectively. 
These velocities distinguish the motion under consideration 
from that which takes place when the point is projected ver- 
tically, their values in the latter case becoming equal to zero. 
If the preceding equations be multiplied by dt, and again 
integrated, we shall obtain 
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and eliminating t between these relations, there results 

• b.rf , db'-^a'b 

y=* — + . 

* a a 

This^uation appertains to a right line EC {Fig. 191), situ- 
ated in the plane of .r, y, and the trajectory ELC ml\ therefore 
be contained in a vertical plane. « 

619. Since the trajectory described is confined to a vertical 
plane, it will only be necessary to consider the two co-oidlh 
mite axes of x and y, the former being supposed horizontal 
and the latter vertical ; we therefore ei|^ploy the two equations 

Hultipljring by dt, and integrating, we find 

1=^^ t=-^'+* (284). 

If we multiply again by dt, and integrate, we shall obtain 
x=ai + a', y=— i§^^« +bi-\-b' (285). 

To dctchnhie the constants, we suppose the time to be 
reckoned from the instant at which the material point leaves 
the origin of co-ordinates ; whence, 

ih='0, y=0, and /=0; 

this supposition gives 

and the equations (285) are thus reduced to 
Eliminating / between these two equations, we find 

. y^'-^S (^«>- 

The equations (284) indicate that the constants a and b 
express the values of the horizontal and vertical compo- 
nents of the velocity at the instant from which the time is 
reckoned, or when /3=^0« If, therefore, Y denote the initial 
velocity, and « the angle formed by the direction of the initial 
impulse with the axis of r, the components of this velocity 
will be 

S 



I 
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7 • cos A parallel to the axis of Xf 
T • sin « parallel to the axis of y ; 
whence, 

a=T cos Mj 6=y sin «. 

These values reduce equation (286)'to 

y=x tang .-45^ _£_. (287). 

fiSO. This equation aj^rtains to a parabola, haTing its 
origin at the point A (Pig- 192), the vertex being situated at 
a point C, above AB, and the curve extending inde&nildy 
halov AB ; for. the eqtlatioa (287) being of the form 

• y=^mx — nx", 

by making y=0, we shall obtain for the abscisses of the points 
at which the curve intenects the axis of jr. 

j?=0, andx=~. 

n 

But every yalue of X less than -* will give a positive value 

n 

for y, whilst every value greater than — will give y a neg»» 

thre value. For, if we multiply by nx both members of the 
inequality 



n' 



we shall obtain nx^^mXf the condition which is obviousiy 
necessary, that the ordinate y may be positive. In like man- 

ner, it may be shown that when jr>-^ the value of y will 

fi 

become negative. 

621. If h denote the height from which a body must fall to 

acquire the initial velocity Y, we shall have (Art 401) 

V=v^(2^A) (288): 

by means of this value, the equation (287) is reduced to 

yaa» . tang •— -^ : — - . . • (389). 

^ * 4h cos* m ^ '^ 

632. The distance jQrom the origin A to the point By at 
which the curve intersects the axis of x^ is called the range* 
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' To determine its value, we make y »0, and d^e corresponding 
value of Sf which is not zero, will express the range. Thus 
making y=0, in (289), we have 

r=Q^ ancT^esiA . tang m . co6*« ; 

the second value of s gives, by reductioUi 

jr»4A • sin • . cos • ; 

and consequently, 

range==4A.sin«.oos • (290); 

or, replacing 2 sin n • cos « by its equal sin 2m, we have 

ranges2A . sin 2« • . • /. (291). 

This equation may be employed in the construction of tables 
which shall express the ranges corresponding to different 
velocities, and different angles of projection. 

623. The greatest positive ordinate will express the maxi- 
mum elevation of the moveable point above the axis of s. 

To determine its value, we make -J^^^O; or, 

dx ^ 2Acos'« ' 
from which we deduce 

or, 

jr=2&.€oti».8in#; 

and consequently, the abaciss of the highest point of the tn^ 
jectory will be equal to one-half the range. 

Replacing x by tt . cos • . ain « in equation (289), W9 6aA 
for the maximum elevation of the moveable point, 

ysA.sin' «. 

624. The projectile maybe impelled in two different diree^ 
tions, so as to produce the same range. For, let «' refMnesent 
an angle equal to the complement of^i; the equation (290) 
will give the value of the range, 

4A. sin «.QOs«94A.0in «.sin J. 

But if the projectile be tbrfwn in a direction forming aa 
» angle ^ with the axis of 4^1 the iMge will he ^^qpressed by 

4A .tin ^, COS tfmAljL , m V « sin 4b 

82 
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The identity of these expressions for the ranges coirespondixq^ 
to the angles m and «', evidently proves that the ranges will be 
equal when the two angles of projection are complements of 
each other. 

626. To determine the angle of projection which corres- 
ponds to the greatest range, we remark that the range is in 
general expressed by 2A sin 2«, and that this expression will 
become a maximum when the angle 2a is equal to 90° ; 
hence it follows that a projectile in vacuo will have the 
greatest range upon a horizontal plane when the angle of 
projection is equal to 46^. 

The supposition of 2« =90^ gives sin 2«=: 1 ; consequently, 
the expression for the range then becomes equal to 2A ; or 
the range corresponding to the angle of 45° is equal to twice 
the height due to the velocity of projection. 

Let this range be denoted by P ; we shall have 

A=1P (292). 

To determine the value of the coefficient A, the projectile 
may be thrown in a direction forming an angle of 45° with 
the horizontal plane, and the corresponding range may then 
be measured. If this range be represented by P, the value 
of A will immediately result from equation (292). In fire- 
arms, the coefficient A serves as a measure of the force of the 
powder, since the extent of the range evidently depends on 
the intensity of the force of projection. 

526. The quantity A having been determined by taking 
the mean result of a large number of experiments, we substi- 
tute its value in equation (289), which will thus become 

y=x tang — ^|^. 

if we represent by F the range corresponding to an angle y, 
the equation (291) will give 

F==2Asin2«' (293); 

or, replacing A by its value ^P (292), we find 

?'=Psin2.'. 

This relation will determine the range P corresponding to 
the angle « , when the value of the maximum range has 
been previously ascertained ; and, in general, we can calcu- 
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late the range P which corresponds to an angle «', from, a 
knowledge of the range F' given by any other angle «'' ; for, 
since 

P=Psinai', F'=Psin2*", 

we obtain, by division, 

P _ sin 2^' , 
P' sin 2."' 

if, th^efore, the range P' corresponding to the angle »" be 
determined by measurement, the value of P corresponding 
lo •' will result immediately from the preceding equation. 

627. The value of A (292), being substituted in equation 
(288), will give, for the value of the initial velocity, 

If, for example, the range corresponding to an angle of 45^ 
were equal to 1000 feet, we should find 

T=v/(1000 ft. X 32^0.) = 179.3 ft., nearly. 

528. If, on the contrary, the initial velocity and angle of 
projection were given, we might determine the range : for 
example, let the initial velocity be supposed equal to 200 feet 
per second, and the angle of projection 15'^ ; we first determine 
A from the following formula, deduced from (288), 

and the range P will then become, (293), 

P=2 y 621.7 ft. xsin 30° =261.7 ft. 

629. The problem may also be presented under the ibllow- 
mg form : — ^Having given the initial velocity and the co-ordi- 
nates x'=ABj and y'sBC, of a point C {Fig. 193), it is r^ 
quired to determine the angle of projection such that the 
trajectory may pass through a given point C. The equation 
Y=:y/(2^A) will determine the value of A ; and since the co- 
ordinates asf and j/ should satisfy the equation (287), we shall 
have by substituting or' and y* for t and y, 

f/^x' tang •— -_f^l_ (294). 

^ ^ 4A.cos>« ^ ' 

In this equation the quantity * is alone undetermined : mak* 

ing tang «=z, we have 
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«vi— 1 _ ' - 1 . 

COv * . ■ ■ ■ as r= - z 

•ec- t/(l+uuig««) ^(l+««)' 
and by sabstituting these values in equation (294) we find 

j^^^g'.z-'^il+z^) (295). 

This equation being resolved with reference to z^ will give 
two values which determine the two angles of projection 
corresponding to the directions in which the projectile should 
be thrown in order that it may strike the point G ; we seleot 
the greater of these two angles when we wish to crush the 
object upon which the projectile falls, as the vertical velocity 
at the point C will then be the greatest* 

It may occur, that instead of the line CB, we have given 
the angle CAB subtended by the object CB. Let this angle 
be denoted by ^ ; we shall have 

CB=jr'tang^=y'; 

this value of y', being introduced into equation (296)| trans- 
forms it into 

tang ^«ap-.— (!+;»•) ; 
from which we deduce 

Cf the Motions of PryectUes in a Resisting Medium. 

630. The theory of projectiles in vacuo, which has been 
examined in the preceding paragraphs, affords results which 
differ greatly from those obtained by direct experiments per- 
formed in the atmosphere : these discrepances are very coo-, 
siderable when the velocity of projection is great, and are to 
be attributed to the resistance opposed by the atmosphere to 
the motion of a body. If this resistance, represented by R, be 
supposed, as in Art. 412, to vary in the duplicate ratio of the 
velocity, we shall have 

The resistance R at each point of the trajectory will be 
exerted in the direction of the element of the curve, but in aa 
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opposite direction io that of the motion ; and the force R 
will form with the axes of co-ordinates the same angles as the 
element ds. Thus, denoting by «, /s, andV the angles included 
between the tangent to the curve at any point and the eo- 
'^rdinate axes, the components of R will be expressed by 

R cos *, R cos i^ R cos y. 

To obtain expressions for these cosines, let mm* (i^. 194) 
represent an elaiDent ds of the curve : the projection of this 
element on the axis of z will be equal to m'n. Bat the tri- 
angle m'mn gives the proportion 

1 : cos mm'n : : mm' : mln ; 

or, 

1 :cosy :: cb: dz\ 

hence, 

dz 

and the component of R in the direction of the axis otz^ wiU 
therefore be expressed by 

j.dz 

We attribute the n^ative sign to this component, because the 
tendency of the force R, while the projectile is moving from 
m to m', will be to diminish the co-ordinate z. For a similar 
reason the other components of the resistance R should be 
affected with the negative sign. 

631. An analogous course of reasoning will give 

dx 

i^R-p for the component of R in the direction of the axis of ^, 

— ^R-^ for the component in the direction of y. 
d$ 



Thus, the equations expressing the circumstances of the 
motion will be 

rf'ir pAr 

d?- di' 

d*y j.dy 
dt^ ds 

d^z ^dz 

w — ^di-^' 
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From the fint two we obtain, by diTision, 

t=^' ^■' 

and by integ^ration, 

log dy3=Iog d!r+log a^log €kdx. 

Passing from logarithms to numbers, we find 

dy^adx ; 
and by a second integration, 

y=ax-\-b\ 

hence we conclude, that the projection of the trajectory on 
the plane of jr, y is a right line, and therefore that the trajec- 
tory is contained in a vertical plane. 

532. If we resume the consideration of the problem with 
this restriction, that the curve shall be confined to a vertical 
plane, it will only be necessary to employ the two equations 

dt^ da' dt^ ds ^ 

It has already been remarked, that the vertical component of 

the resistance R^ should be affeeted with the negative signi 

since this resistance tends to diminish the co-ordinate ; bot 
this tendency will only exist whilst the projectile is describing 
the ascending branch of the trajectory. If, on the contrary, 
the projectile be supposed at a point M" in the descending 
branch {Fig^ 194), the resistance, being exerted in the direc- 
tion from M" to M', would tend to increase the co-ordinate y. 

m 

It might, therefore, appear that the component R^ should 

change its sign ; but since dy becomes negative in the second 
branch of the curve, the vertical component will still be ex- 
pressed by — R ~, 

If the quantity R in the preceding equations be replaced 
by its value mt?', they will become 
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di» dsf di* da ^ 

The quantity v^ may be eliminated by means of the eqaation 






and we shall hitve 



d^x ds^ dx ,^^^ 

^=-iw^ X^ (297), 

rf/« dt" d9 ^ '' 

633. The first of these equations being multiplied by d^^ 
gives 

d^x J 'dx ds 

^-— = — mas . -r- . -—, 

€U ds di* 

or, 

' d^x J dx 

efc eft ' 

from this equation, we deduce 

d*x 
di , 

dt 

And by integration, 

1 dx j^ 

log _=_^+0. 

634. Let A represent the number whose logarithm is equal 
to C) and e the base of the Naperian system ; We shall have 

C=logA, log«=l; 

the preceding equation may therefore be transformed into 

log ^ = — m log e+log A, 
or, 

1<^ 37 ^^^? •'^ +'^? A=log AflT-; 
passing fiom logarithms to numbers, we have 

J*=As— (299). 



» i 



r 
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636. To determine the constant j&^ let T reprdient the 
initial velocity, and m the angle formed by the direction of the 
initial impure with the axis of jr. l^he component of Y in 
the direction of this axis will be expressed by T cos «. Bat 

when «=0, -=7- wiU express the component of the initial vdlocity 

along the axis of jr : hence the preceding eqnadon will, on this 
supposition, be reduced to 

Vco8«=Ae°=A. 
This value substituted in (299) converts it into 

^=:y cos • . e-* (300). 

636. Sinee this equatio^contgdins three v&riables, WB must 
obtain a second relation between them, in order to render the 
integration possible. I^or this purpose, the equations (297) 
andX298) may be written under the fiorm. 



dx^ dt* dy^ 



a*d 



49 . ds*^ ds ds* ^ 

the quantity ds may be eliminated immediately by divisioni 

and we thus obtain 

rf.y 



dy dt' 



+g 



— dz d^x 

dF 
From this equation we deduce 

_jiy'd^x d*y ^ 

01^ by reduction, 

dx 
The second member being divided by —dx becomes the ex- 

act differential of -^^ ; and the equation (301) may there- 
fore be written 

gdt* = -dx.d(^ 




i 



9. 
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If, for greater simplicity, we make , =p, tliere will result 

gdi* = -dx.dp (302); 

and eliminating dt, by meana of equation (300), we find 

g-=-V' cos' - . e-"™ . ^ (303). 

637. This equation slill contains three variables; but one 
of them may be readily eliminated by means of the relation 
da=^{dx'' +dy'') ; in which, replacing di/ by its value pdx, 
we obtain 

ds=dx,/{l +p') (3W) ; 

and cousequently, by eliminating d.i' between ibis equation 
and (303), there will result 

rf;VCl+p-)=^J^ (305). ^4 

Integrating, we have 
■ iPv'(l+P")l-il«glj' + v'(l+?'))=C-2^S^...(306)i 

and by making C=iB, and suppressing the common divisor 
; 2, we obtain 

)>y(l+y)+l0g[p + V-a+y)J = B-;;;|^ (307). 

To" determine the value, of the constant B, we observe tbat,^ 

-^ expresses the trigonometrical tangent of the angle formed 

by the element of the curve with the axis of t. At the point 

A, the origin of the motion, this angle is denoted by ■, the »4 i% 

quantity (being at the same time equal to zero; we shall 

therefore have 

x=0, f/=0, 3=0, ;»=lang «. 
These values of sand p beina: substituted in the preceding 
equation give 

B^tang.v'll+'ang'") 
+log[tang-+v/(l+tang'.)]+^^— : ^ 

the value of the constant B in equation (307) may tberefoi*- 
be regarded as known. 



•% 
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638. If we eliminate <^* between the equations (SOS") and 
(307), we shall obtain 

dx= = ^ = (308). 

. «[pv^l+/>«+log(p+\/l-hp>)— B] 

The two members of this equation being multiplied by the 
corresponding members of the equation 

there will result 

rfy= _^= P^P ^^^ ^309). 

m|>\/l-h;>« +log (p + \/l + y>«) -BJ 

639. To determine the time iy we substitute in the eqiULtion 

» 

g 
the ^alue ef dx^ given by equation (308J, and we thus obtain 

dtt^ — H^?! _ (310) ; 

«ng1j»\/ 1 -l-/i» + log (p + v/ 1 +;>M - B] 

or^ by changing the signs of the numerator and denomi- 
nator, 

A. = ^ 



wi^[— p\/ 1 +/^^ — log (/> + v^ 1 +//") +BJ 
' In extracting the square root of the two members of this 
equation, the second might be affected with the double sign- 
but in the present instance we siiall attribute to it the nega- 
tive sign. For, since every equation between two variables 
t and p may be regarded as that of a curve, of which t is the 
absciss, and p the ordinate, Up increases whilst /diminisheS| 
the elements dt and dp will necessarily be affected with con- 
trary signs. But, in the present case, it is obvious that whilst 
t augments, the quantity />, which expresses the trigono- 
metrical tangent of the angle formed by the element of the 
curve with the axis of 2:, constantly diminishes in the ascend- 
ing branch of the trajectory, which is the one at present under 
consideration ; hence, we shall have 

**= — "^P _ ....(311). 

v^iwg^[-p%/l -h?« -^log (/>+%/l-Hp^) +BJ 
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640. Thetapressivn for the velocity can now be obtained 
in functions of ;i ; for, the velocity resulting from the equation 

we obtain, after replacing dx and dt by their respective 
values, 

\/ixv(i+p') ' 






^^ 



^-?\/(l+P*)--log[P+v^(l+P*)]+B 
611. We caa also express the arc s in functions of p ; for 
the equation (307) gives 

Taking the logarithms, and reducing, we obtain 

'og( *" '^ ' [B— p\/l+j?«— log (p+^/\+p^)U 

'= ^ • 

642. To obtain the equation of the trajectory, it would be 
necessary to integrate equations (308) and (309) : these inte- 
grations cannot be effected except by the aid of series. Never- 
theless, by employing equations (308) and (309), the curve 
may be constructed approximatively by points. 

For this purpose, we will write those equations under the 
form, 

dx—^p .dp (312), 

dy=^.dp pl3); 

m which ^ and ^ represent certain known functions of p. 
The first of these equations gives 

dx 

dx 
the quantity j- represents the tangent of the angle included 

y 

between the axis of abscisses and the element of a curve 
whose co-ordinates are denoted by p and x respectively. We 
will first construct this curve, which will serve to determine 
points in the* trajectory . It is distinguished by the name of 
the auxiliary curvgm 



• • 
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Haying drawn two rectangular axes Ap and Ax {Fig: 196)| 
lay off from A to B a distance AB=tang • ; the point B wll 
appertain to the auxiliary curve, since the ordinate ir=0 
corresponds to the absciss p=tang«. 

If Ae line AB be divided into equal parts BB", W^ dcc^ 
each of these parts being represented by dp^ it will be easy to 
construct approximatively the points M, M', M'', due. of the 
auxiliary curve, corresponding to the points B, R, B'^, &c. 
For, if we suppose the points B, B', B"', dec to be exceedin^y 
near to each other, we may regard the arcs M^ M"M'| 
M'"M", d&c. of the curve as coinciding with the tangents 
drawn to the points M', TA", M'", &c. The ordinates MV, 
M^'B", M'^ff^ &x^ may then be calculated ; for, the trigono- 
metrical tangent of the angle formed by the element of the 

dx 

curve with the axis of p, being represented in general by - , 

dp 
its value will always be given by means of equation (312)^ 
whenever we assume a value for p. Thus, if we wish to 
determine the trigonometrical tangent of the angle M'Bp in* 
eluded between the tangent at M', and the axis of ab- 
scisses, since the absciss of the point M' is AB'=:AB— BB's 
tang m—dp^ it will be necessary to change p into tang«— 4P, 

in the value ^» _, given by equatioii (312) : we thus 

ap 

obtain 

tang BrB5p=^(tang «— 4p) ; 
whence, 

tang M'BB'::^— ^tang ^-dT/r), 

The ordinate M'B" being expressed by BB'XIaag M'Bffi we 
shall have 

M'B'=BB'xtangM'BB'; 
or, 

WV-dp X — ^(tang «— 4p). 

Thus, the point M', of the auxiliary curve BC, may be con* 
structed by means of the co-ordinates 

AB'stangA—^P) 
and 

BM'=<^ X - ^rtanir .-4M. 
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To dMermine a third point M'', we make AB"=tang «— 2(^ ; 
and by Ae same course of reasoning prove that the trigo* 
non^elrical tangent of the angle M"M'0 is expressed by 
^f(tang *^2dp% and oonsequentlyi 

WO=dp X - ^(tang *— 2^) 

substituting this value and that otM'W in the equation 

M'B"=M'B'+M"0, 

given by an inspection of the figurey we find 

M"B"=« — 4p . f (tang «- ^) — d/> . ^tang «— 2<2p). 

To calculate the ordinate M^'B'" which corresponds to tht 
aiM<;i88 AB^'=jtang «^34py it will only be necessary to add t» 
the value of M"»' that of the portion M'^'O", which, by aa 
investigation similar to the preceding, may be proved equal 
to -^dp . 4(tang«— 3dp) : thus we iiave 

Brtl'"^ --dp . ^(tang m'^dp)^dp . ^(tang «— 2<^) 

—dp . ^tang m-'Zdp). 

In this manner we may determine a series of points which 
will appertain to the auxiliary curve, the co-ordinates of 
which are jr and p. Connecting these points by right lines, 
we form a polygon EMfWW, Ac,, which will coincide more 
nearly with the curve, in proportion as dp has a smaller 
value assigned to it. 

By performing similar operations with reference to the 
equation 

we may construct a second auxiliary curve BD, the co-ordi- 
nates of which will represent the quantities p and y. The 
coordinates mb and /&, which in these two curves correspond to 
the same value of />, will represent the two co-ordinates of a 
point in the trajectory ; so that by taking the co-ordinates 
B'M', B"M", B'"M'", &c. of the first curve as the abscisses 
of the trajectory, its ordinates will be represented by the lines 
Bli', B'TL", B'"L'", &c. 
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Of the different Methods of measuring the Effects oflkn'ces. 

643. It has been remarked (Art. 388), that two forces F 
and P applied to the same body are proportional to the veloci- 
ties which they can impress upon that body. Let it now 
be supposed that these forces are applied to different masses. 

If two equal forces acting- in opposite directions be applied 
to equal and spherical masses M and M', they will commu- 
nicate to these masses the equal velocities Y and V ; and if 
these masses be supposed to impinge directly upon each 
other, they will mutually destroy each other's motion, and an 
equilibrium will ensue, since the circumstances of motion in 
each are precisely similar. But if the mass M be supposed 
equal to nM', and V greater than V, we may regard M as 

composed of n masses m', m", rn"', in^\ eachr equal to 

the mass M'. In consequence of the mutual connexion of 
the different parts of the system, each of the masses m\ nTy 
m'"^ &c. must move ;(yith the same velocity Y, so that if the 
body M be supposed to pass over the space of three feet in one 
second of time, each of the masses m\ m!\ m"\ &c. will like- 
wise pass over a distance of three feet in one second ; or, if 
V represent the velocity of the mass M, Y will likewise ex- 
press the velocity of each of the masses m', w", m"\ &c. But 
if the mass m', moving with the velocity V, should impinge 
against the equal mass M', which moves with the velocity V', 
it would destroy a portion of the velocity of the second body 
equal to Y ; and if, at the same instant, the mass m", acting by 
its connexion with the other masses, should impinge against 
the body M', it would likewise destroy a portion of the velo- 
city Y', equal to Y : and the same may be said of the other 
masses in"\ fi»", &c. Thus, the joint effect of the seven^ 

masses m', m'\ m'", m!^\ would be to destroy in the 

mass M' a velocity represented by wY. If we suppose the 
velocity Y' to be entirely destroyed, an equilibrium will ensue, 
and it will be necessary that Y'=nV. 

By eliminating n between this equation and the relation 
M=nM', we obtain the proportion 

M:M'::Y': Y; 
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• 

froiQ which we. conclude thai an equiUbritim will ensue when 
two bodies are caused to impbige directly against each other ^ 
with velocities inversely proportional to their masses. 

544. It luay be readily demonstrated that the same propo- 
sition is equally true when the mass M does not contain the 
mass M' an exact number of times. For, if the mass M be 
supposed to contain n masses, each of which is equal to m, 
and the mass M' to contain a number of these equal masses, 
denoted by n' ; each mass m contained in M, will destroy a 
portion V of the velocity T' of a mass m contained in M' ; or, 
since M' is supposed to contain n' masses, each of which is 

equal to m^ the mass m, moving with the velocity Y, will de- 

Y 

stroy in M'=n'm a velocity expressed by — ; and since the 

other equal masses contained in the body M will jproduoe 

similar effects, the entire velocity destroyed in M' by M will 

y 

be equal to -^ repeated as many times as the mass m is con- 

V 
tained in M, or it will be equal to —Xn: if we suppose the 

n 

velocity T' to be entirely destroyed, we mast have 

n 
or, 

V : V : : n' : n : : mnf : mn ; 

and replacing mis, mn'^ by their values M, M^ 'we obtain the 
proportion 

V:V'::M':M: 

whence the truth of the proposition is manifest 

546. Since the masses of the bodies are in the inverse ratio 
of their velocities when an equilibrium is produced, it ibllows, 
that if the bodies have equal volumes, and unequal densities, 
their velocities will be in the inverse ratio of their densities. 
546. Let F represent a foree which inqpresses a velocity Y 
upon a mass M : if the same fo^ce be supposed to act upon a 
mass M times less, and whioh mil oonaequently be repre- 



sented by T7=li this force will conununicate to the jdbsp 
M 
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unity, a velocity M times greater than that communicated to 

the mass M : this velocity will therefore be expressed by MT. 

For a similar reason, the force P, which communicates to the 

mass M' a velocity Y', would conununicate to the mass 

M' 

— =1, a velocity represented by M'V. 

The velocities represented by MY and M'Y' being com- 
municated by the forces F and P to the mass unity, it follows, 
from the principles enunciated in Art 388, that we shall have 
the proportion 

F 2 P : : MY : M'Y: 

The expressions MY and M'Y' are called the quantities of 
motion communicated by the forces F and P ; and it should 
be recollected that the characters M, Y, F, M', Y', and P 
represent abstract numbers, which merely express the number 
of times which the quantity under consideration contains the 
unit of its own species. 

647. The unit of force being arbitrary, we may represent 
it by the quantity of motion which it produces. Thus, by 
supposing P to represent this unit, we can replace F'by MT 
in the preceding proportion ; and we thence infer that 

F«MY. 

648. When the force ^ acts incessantly, it has been shown, 
Art. 388, that this force will be represented by the velocity 
which it would communicate in a unit of time, if the value 
of the fi)rce should become constant ; hence we obtain, by 
substituting for Y its value ^, 

F?=M^ 

If the mass M be supposed equal to unity, we shall hare 

consequently, ^ rq>resent8 the force exerted upon the unit of 
mass ; the quantity f is usually called the accderating force, 
and F is called the tnoving force. When F is given, the 
value of p can be determined by simply dividing by M, the 
mass moved. 

649. It has been shown, Art. 163, that if g represent the 
ftrce of gravity, P the weight of the body, and M its mass, 
we shall have 



^9' 



MEASURE OF FORCES. .291 

eliminating M between this equation and the preceding, ther# 
lesolts 



P=P3u- 

and if the incessant force f be that of gravity, we have ^=g ; 
hence, 

P=P; 

and in this case the moving force is measured by the weight 
of the body upon which the force is exerted. 

650. The writers upon Mechanics were long divided in 
<>pinion as to the proper measure of forces* This disagree- 
ment, like many others^ arose entirely from a misapprehen- 
sion of the signification of words. 

The nature of forces being known to us only by the effects 
which they produce, we may with propriety measure these 
effects in diflbrent ways, according to the object which it is 
desired to accomplish. If, for example, it be proposed to 
determine the load which a man can support for an instant 
of time, it is evident that the force exerted by the man will 
be prc^rtional to die weight which he can sustain, and may 
therefore be measured by this weight : but if we wish to 
measure the force of this man by the work which he can 
perform in a given time, we must adopt a measure for the 
force entirely different from the preceding: for, it might 
happen that a man absolutely weaker, but endued with a 
greater capacity of sustaining a continued effort, would give 
by his labour a result greater than that given by the first 
man, and might therefore be considered as actually possessed 
of greater force. 

In this second method of considering the effects of forces, 
we regard them as proportional to the weight raised, and the 
height to which it is elevated in a given time ; it being always 
understood that the effort necessary to overcome the weight 
is not supposed to vary with the elevation. 

If, for example, two men raise the same weight, in the same 
time, to the heights of 600 and 200 jrards respectively, we 
would, according to this method ol estimating the eiEKts of 

T2 
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forces, regard the first as possessed of three times the force of 
the second. 

Again, if, in the working day, one man can raise a ireiglit 
of 60 lbs. through a height of 200 yards, and a second a weight 
of 251bs. through a height of 400 yards, we should regard the 
two men, according to the present hypothesis, as possessed of 
equal strength, although the absolute strengths of the two 
might be very different ] the strengths of the two individuals 
are here considered only with reference to the work done. 

This method of estimating forces was adopted by Descartes. 
The difference in the opinions entertained by hun and other 
-geometers rested entirely on the definition of the word force. 
He contended that a force should be measured by the product 
of the mass into the square of the velocity. This conse- 
quence may be deduced from the definition of the effect of a 
force, adopted by Descartes, in the following manner. 

Let P represent a weight, and h the height to which it can 
be raised in a given time : the force employed to raise it, ae* 
cording to the definition of Descartes, will be measured by 
the product 

PXA. 

We can replace P in this expression by its value M^ (Art 
163), and we shall have 

Ph^Mgh ; 

or, multiplying by 2, 

2PA=Mx2rA; 

and since the velocity v due to the height A is expressed by 
%/(/igh) (Art. 401), the preceding expression becomes 

2PA=Mt?«. 

Having given a definition of the word force different from 
that adopted by Descartes, we shall n#t say that the force is 
measured by the product Mv', but that it is measuied by the 
quantity of motion Mr which it is capable of producing, as 
has been explained in Art. 547 ; and to avoid confusioBy we 
shall, according to ordinary usage, apply the term Ivomg force 
to the product Mv', of the mass by the square of the velocity. 
551. The consideration of living forces is of great utility 
in estimating the effects produced by a machine. ThaSi if 
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it were vequired to calculate the effect of a given fall of water, 
the force necessary to move a carriage- on a given piece of 
groupd, or the effort requisite to raise a given mass of coals 
from the bottom of a mine, we might in each case compare 
the effect of the moving force to the product of a certain 
weight by a given height or to an expression of the form PA, 
the double of which, as has been before shown, is equivalenjL 
to the product Mv'. 

Of the Direct Impact of Bodies. 

663. Bodies are usually distinguished as elastic or unelastic 
An elastic body is that which, when compressed by the appli" 
cation of an impulse, will resume its original figure with a 
force equal to that of compression, in virtue of a quality pos- 
sessed by the body. An unelaiStic body, on the contrary, is 
one whose iSigure either undergoes no change by the action 
of a force applied to it, or which, if compressed, has no tendency 
to restore itself to its original form. 

All natural bodies are found to partake more or less^ of these 
two qualities ; there being none which are perfectly elastici 
or perfectly unelastic 

Of the Direct ImpcuU of Unelastic Bodies. 

683. Let M and M' {FHg. 196) represent two spherical un- 
elastic bodies, which move in the direction from A to C, If 
the velocity of M be supposed to exceed that of M', the £ormer 
will overtake the latter, and will communicate to it a portion 
of its motion, until the velocities of the two bodies become 
equal. Let F and F represent the forces which communicate 
to the bodies M and M' their respective velocities V and V ; 
since these forces can be represented by the quantities of mo- 
tion which they produce (Art. 647), we shall have 

P=MV, P=MT'; 

and by compounding these two forces, their resultant wifl be 

expressed by 

P+F=MV-f-MT'. 
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To obtain a secon<l expression for F+P, let v represent the 
common velocity of the two bodies after impact : we may 
regard the mass M+M' as a single body, to "which the velocity 
V has been imparted by the exertion of a force F+P. We 
shall then have 

F+P=(M+MO». 
By equating these two values of F + P) we obtain 

(M+MOv=MV + M'V'; 
whence, we deduce 

* M+M' ' 
664. If the bodies move in opposite directions, we regard 
<me of the velocities V as negative, and we then have 

^ M+M' • 
The body M' being supposed at rest, and impinged against 
by the body M, V will become equal to zero, and the pre- 
ceding formula will reduce to 

MV 
^ M + M'* 
If the bodies have equal masses and move in the same direo- 
tion, we shall have M=M' ; and consequently, 

t;=i(V+V'), 
or, if they move in contrary directions, 

and when the body M impinges upon an equal mass M' at 
rest, this expression reduces to 

Of the Direct Impact of Elastic Bodies. 

556. We will first consider the circumstances of motion 
when an elastic spherical body impinges upon an immoveable 
plane AB (Fig> 197) in a direction perpendicular to the sur- 
face of the plane. At the instant when the body comes in 
contact with the plane, it will begin to experience a com- 
pression in the direction of the diameter ED, the point D 
being caused to approach the centre of the sphere. This 
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eflfoct wilt continue until the velocity of the sphere is entirely 
destroyed ; then, in virtue of the elasticity possessed by the 
body, an equal velocity will be generated in an opposite direc- 
tion, the body at the same time resuming its original figure. 
Hence, the body will recoil with a velocity precisely equal to 
that with which it impinged upon the plane. 

666. Let us next consider the impact of two elastic bodies 
M and M' (i^« 196), which move in the same direction 
from A towards C, with velocities represented by T and Y'. 
That an impact may be possible, it is necessary that the 
velocity of'M should exceed that of M'. When the body M 
overtakes M', a mutual compression will commence, and will 
continue until the bodies have acquired a common velocity ; 
so that a material point D of the body M {Mff. 198), which, 
in virtue of the velocity Y, would have described the line DE, 
being retarded in its motion by the effect of the compression, 
will, instead of having reached the point E at the instant of 
maximum of compression, have only arrived at a point F : 
then the force of restitution, beginning to act upon the mate- 
rial point, will cominunicate to it a velocity in a direction 
opposite to that of the motion, equal to that which i: has )ost 
by the compression, and which would transfer it to the ex- 
trinnity G of a line FG=EF, whilst the body is resuming its 
original figure. 

The velocity of the body being common to all its points, 
(Art. 443), if we represent this velocity before impact by DE, 
it may be represented after impact by 

DE-GE=DE-2FE. 

667. To express these conditions analytically, let u repre- 
sent the velocity common to all the particles of the two 
bodies at the moment of maximum compression. At this 
instant, the bodies may be regarded as unelastic, and the 
velocity u will therefore be given by the formula 

The velocity lost by the body M during the compression, 
being equal to the velocity Y diminished by that which 
remains at the instant of greatest compression, it will be ex- 
pressed by Y— ti. Such will be the velocity lost at the 
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moment of greatest compression, but the force of elasticity , 
tending to restore the^ figures of the bodies, wiU cause the 
body M to sustain an additional loss of velocity, represented 
by Y— K ; thus, the total loss of velocity experienced by M 
will be expressed by 2(y— ii). Let v denote the velocity of 
the mass M after the impact ; we shall have 

v=V-2(V-i«) ; 
or, by reduction, 

v^2u'^Y (316); 

The body M', at the inatant of greatest compression, may 
Ukewise be regarded as unelastic, and will then have gained 
a velocity expressed by m— V : for the velocity gained is evi- 
dently eijual to the velocity u which the body has at this 
instant, diminished by the original velocity V. The force of 
restitution, being then exerted, will cause the body to gain the 
additional velocity m— V ; whence, the entire gain of velocity 
by M' will be equal to 2(m— V), and the velocity of M', after 
collision, will therefore be expressed by 

V'+2(m— V0=2u— v. 

Representing this velocity by i/, we have 

t/=2K-V' (316). 

By substituting in equations (316) and (316) the value of 
u given by (314), we find 

2(MV+MT0 2(MY+M T0 
"" Mh-M' ^' "^^ M+M' ^' 

firom which, by reduction, we obtain 

V(M-M0+2M'V' . V'(M'-M)+2MV „^ 

•"^ M+M ' "^"^ HT5F — ^*'^' 

If M=M', we shall have 

v=V', t/=V (318). 

These equations indicate, that when the masses are equal, 
the impact will cause them to exchange velocities. 

668. If the bodies move in opposite directions, the velocity 
Y' may be regarded as negative in the preceding formulas 
which then become 

, Y(M-M0-2MT' Y'(M-M')+2MV ^„. 
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659. The bodies being supposed equal in mass, and moving 
in opposite directions, we make ]^=9M' in equations (319), 
which are thus reduced to 

t;=— V, t/=V (320), 

Hence we conclude that the bodies will recoil, having ex* 
changed velocities. 

560. When the bodies impinge in opposite directions, with 
equal velocities, the masses of the two being unequal, we 
make ¥'=¥ in equations (319), and thus obtain 

_ V(M-3M^) *y(3M-M^) 

^ M+M' ' M+M • 

In this case, the motion of M will be entirely destroyed by 
the impact, if its mass be supposed triple that of M' ; for 
when M=3M', the first equation reduces to v=0 : the same 
supposition gives r'=2V. 

561. Lastly, the body M' being supposed at rest, and 
impinged against by an equal body M, we make M=M', and 
V'=0, in equations (317), and we thus have 

t,=0, v'=Y: 

hence, the body M will be brought tarest, and M' will acquire 
its entire velocity. 

Of the Preservation of the Motion of the Centre of Gravity 

tn the Impixct of Bodies. 

662. Let the two bodies M and M' be supposed to have 
arrived at the positions B and C {Pfff- 199), immediately before 
impinging upon each other ; and let S and S' represeni their 
distances from the point A, and X the distc^ce of their com- 
mon centre of gravity from the same point. From the known 
property of the centre of gravity, we shall have 

(M+M')X=MS+M'S'; 

and since the distances X, S, and S' vary with the time ^, we 
shall obtain, by differentiating with reference to t, 

(M+M,f.Mf+Mf. 
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The differential cbefficitnts -;- and -=— represent the velo- 

cities of the bodies M and M' at the instant when they have 
arrived at the points B and C, the distances of which from the 
point A are represented by S and S' respectively. Let these 
velocities be denoted by Y and V', and that of the centre of 

gravity by Wsr-j- : we shall obtain^ by substitution, 

Such is the expression for the velocity of the common centre 
of gravity before the, impact : but immediately afler the im« 
pact, the bodies, being found at tlie points B' and C, will have 
experienced a change in their velocities, and it is required to 
determine what effect has been produced upon the velocity 
of their centre of gravity. Let w denote the velocity of the 
common centre of gravity after impact, and x its distance from 
the point A, in the new positions of the bodies ; the distances 
of the bodies from A being represented by s and sf respectively, 
and tlieir velocities by U and U', we shall have, as above, 

(M+M>=M5+My; 
and by differentiating with reference to /, we find 

(M+M')g=Mf+Mf. 

dx ds ds^ 

Replacing — , -—, and -j- by their respective values w, U,aiid 
dl dt di 

U', there results 

^= M+M- (^^>- 

663. Two different cases may now be presented for exami- 
nation ; viz. the bodies may be elastic, or they may be un- 
elastic ; when they are unelastic, we have 

U=«=D'; 
whence, 

M+M' 
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^t it ha» been shown (Art. 563), t^t the velocity w common 
to the two bodies after the impact will be equal to 

MV+MT' 
M+M' '. 

this velocity being precisely equal to the velocity W, it fol- 
lows that we shall have w=y9^] or, the velocity of the coffir 
tnon centre of gravity of two unelastic bodies is, not affected 
by their impcu^. 

664. When the bodies are elastic, theif velocities after im- 
pact will be expressed (Art. 657) by 2w— V, and 2u — ^V'. 

Substituting these values of U and U' in equation (322), 
we find 

M(2«-Y)+M^(2u-Y0 

'^-' W+W^ — ' 

or, by reduction, 

replacing the second term of the second member by its value 

u, there will result 

W:szu ; 

or, 

MV+M'V 
%p:^ : : 

M+M' 

and eliminating the second member of this equation by 
means of equation (321), we find 

M7=W: 

hence we conclude, that in the impact of elastic bodies^ €isin 
that of unelastic bodies, the velocity of the centre of gravity 
is the same before and after impact. 

Of the Preservatiof^ of living Forces in the Impact of 
Elfistic Bodies — Relative Velocity before and after Imr 
pact — Loss of livitlff Force in the Collision of Unelastio 
Bodies, 

565. The principle of the preservation of living forces in 
the collision of elastic bodies may be enunciated as follows ; 
When two elastic bodies impinge on each other, the sum of 
their living forces is the same before and after impact. 
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Let Y and V represent the velocities of the bodies befoie 
collision, and v and v' their velocities after collision ; the sum 
of the living forces before the impact will be expressed by 
MY' +M'Y^ ; and it is required to prove that this sum is 
equal to ilv^ +MV', the sum of the living forces after the 
impact. 

It has been shown (Art. 667), that the velocities v and i/| 
after impact, are given by the equations 

t?=2tt— Y, t?'=2tt— Y'; 
hence, . 

Mr»+MV«=M(2M— Y)«+M'(2u— Y')« ; 
and by performing the operations indicated in the second 
member, we have 

Mt7> +MV« =MV« +MT'« 
+4(MM«+M'tt«-MVM-M'V'u) (323): 

but the terms included within the brackets mutually destroy 
each other, in consequence of the relation (314), 

MV+M'V' 
M+M' ' 
for, by clearing the denominator, and multiplying by ti, we 
find 

Mtt« +M'wi ==MVw+M'V'm ; 
consequently, the equation (323) will reduce to 

Mr* + MV« =MV* +M'V". 

This equation may be written under the form 

Mr* +MV» -MV« — MT'» =0 ; 

from which we conclude that when elastic bodies impmge 
on each other, the difference between the sums of their living 
forces before and after impact, will be equal to zero. 

566. The relative velocity of the two bodies is the velocity 
with which they approach towards, or recede from, each 
other ; and another remarkable property of elastic bodies con- 
sists in the equality of their relative velocities before and after 
impact. This may be proved by subtracting the equations 

t?=2u-V, t/=2M— V': 
from which we obtain 

v-v'=— (V-VO ; 
hence i/ exceeds v by the same quantity that V surpasses V'i 
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and the bodies will therefofe separate after impact, with a 
velocity precisely equal to that with which they approached. 

667. In the collision of unelastic bodies, the difference be- 
tween the sums of the living forces before and after impact 
will not be equal to zero ; but it will be equal to the sum of 
the living forces of the bodies when moving with the veloci- 
ties lost or gained. 

This theorem is dae to Camot, and may b^ demonstrated 
in the following manner : 

The velocities lost and gained by M and M' respectively, 
being equal to V— u, u— V, if the masses were moved with 
these yelocities, their living forces would be expressed by 

M(V-m)«, M'(tt-VO«; 
performing the operations indicated, we shall have 

M(V-u)«+M'(t«-V0»=5 
MV^-fM'V'>+(M-fM')w='-2tt(MV+M'V') (324); 

eliminating MV+AfV, by means of the equation 

^* M+M' ' 
the second member of equation (324) wiU reduce to 

MV«-fM'V'«-(M+M>«, 
and we shall therefore have 

M(V^tt)*+M'(«<-V')*=MV«+M'V'>-(M+M')t<« ; 
hence the truth of the theorem enunciated becomes apparent 

Principle ofLfAlembert. 

668. When the several bodies which compose a s]rstem are 

connected together in any manner, and subjected to the action 

of different forces, this connexion will in general prevent 

each body from taking the motion which would have been 

communicated to it if the connexion had not existed. For 

example, if several material points M, M', M'^,d&c. {Fig. 200) 

be attached to an inflexible right line AL, moveable about the 

point A, it is evident that these points^ being unable to move 

except with the line AL, will, wh^n acted on by the force of 

gravity, oscillate together about the point A^ describing arcs 

26 
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proportional to their distances from A, and will at the end of 
a certain time be brought into the positions K, E', K", &€.; 
whereas, if the points were unconnected, being^ merely attached 
to the point A, they would, from the principles of the simple 
pendulum, explained in Art. 471, oscillate in very unequal 
times, depending on their distances from the point A. More- 
over, if we resolve each of the several forces which are exerted 
in vertical directions upon the points M, M', M", du:., into 
two components, one of which shall act along the line AI^ 
and the other in a direction perpendicular to this line ; the 
latter component will alone tend to communicate motion to 
the point ; and since the several perpendicular components, 
exerted on the difierent points, will be equal to each other, 
they would communicate in the instant of time dt equal veloci- 
ties to the points M, M', M" d&c., if these points were uncon- 
nected. But in consequence of their connexion, the veloci- 
ties assumed are evidently proportional to their distances from 
the point A. 

569. It thus appears, that the effective velocities assumed 
by the several paj:ts of the sjrstem differ from the velocities 
impressed, and hence the circumstances of the motion can 
only be discovered when we have succeeded in expressing the 
effective velocities in functions of the velocities impressed. 
This object is readily accomplished with the assistance of a 
dynamical principle first employed by D'Alembert. 

670. Let t?, t/, t/\ &c. represent the velocities which would 
be impressed by certain forces on the bodies M, M', M", &c., 
if they were perfectly free, and m, w', u", &c. the velocities 
assumed by these bodies in consequence of their connexion. 
The velocity v being resolved into two components, one of 
these components may be assumed arbitrarily, and the second 
will then become determinate. Let the effective velocity ii 
be assumed as the arbitrary component of the impressed 
velocity v, and denote the other component by U. Making a 
simUar decomposition of the other velocities t/, v", d&c., we have 

n and U for the components of v, 
m' and U' for those of t/, 

u" and U" for those of r", 

♦ 

&C. d&c &c.; 



PRINCIPLE OF p'aLEMBERT. 303 

and the quantities of motion impressed upon the system^ 
which are Mt;, MV, MV, &c., will become, after the de- 
composition, 

Mtt, MV, MV, &c., 

MU, MOJ', M"U", &c. 

But, in consequence of the connexion of the different parts of 
the system, these quantities of motion will be reduced to 

Mm, M V, M V, (fee. ; 

hence, it is necessary that the quantities of motion MU, MIT', 
M"U", 6cc. should destroy each o^er, or should produce an 
equilibrium. For, if it were otherwise, we might combine the 
resultant of the quantities of motion MU, M'U', M'TJ", &c. 
with the quantities of motion Mw, M'w', M'V, &c. ; thus the 
effective velocities of the several parts of the system would 
no longer be represented by u^ u', vl\ d&c., which is contrary 
to the hypothesis. 

671. It may be observed that the products MU, M'U', 
M'^U", d&c. express the quantities of motion due to the veloci- 
ties lost or gained by the several bodies, jf or the velocity v 
may be replaced by its two components u and U ; the former 
of which expresses the effective velocity of the body M, and 
the latter represents that velocity, which, combined with u, 
would produce the impressed velocity. Thus, U is a velocity 
introduced or destroyed in the system. by the connexion of its 
parts. 

The general principle may therefore be enunciated in the 
following manner: It is necessary thai the qtumtities of 
motion due to the velocUies lost or gained shotdd be such as 
would mainiain the system in equilibrio. 

672. I( has been remarked that the quantity of motion Mv 
may be resolved into the two components Mu and MU ; and 
since an equilibrium will alwa3rs subsist between three forces, 
one of which is equal and directly opposed to the resultant 
of the other two, it follows that the forces represented by Mu 
and MU will sustain in ^uilibrio a force equal and opposite, 
to Mv ; and consequently, that the force Mv will sustain in 
equilibrio two forces which are respectively equal and oppo- 
site to Mu and BCU. 



304 DYNAMICS. 

The same remarks being applicable to the other forces, it 
appears that the forces Mv, MV, Alf V, ^c. will sustain in 
equilibrio two systems offerees which are equal and diiectlf 
opposed to the forces 

Mii, MV, ^"uT, &c, 
MU, M'U', M"U", &c. 

But the forces MU, M'U', M"U'', d&c. destroy each other ; and 
hence we obtain a second enunciation of the principle of 
D'AIembert, viz. ; An equilibrium will stibsist betweeh the 
quantities of motion Mv, MV, M'V, ^c. impressed upon the 
several bodies, and the effective quantities of motion Mu, 
M'm', M'V, ^c, the latter being applied in directions con- 
trary to those of the motions actually assumed^ 

573. This principle is equally true, whether the velocities 
V, r', v", &c. are finite velocities, acquired by the masses M, 
M', M", &c. during a finite time, or communicated instanta- 
neously by forces of impulsion ; or, when these velocities are 
infinitely small, being generated by incessant forces ; or, 
finally, when some of these velocities are finite, and some of 
them infinitely small. 

674. To apply this principle, let us consider the impact of 
two unelastic bodies M and M', which move in the same 
direction. Let v and v' represent their velocities before im- 
pact, and u the common velocity after impact. TTie velocity 
lost by M being equal t6 its original velocity diminished by that 
which remains after collision, it will be expressed by v—u: 
in like maimer, the velocity lost by M' will be expressed by 
v' — u. The quantities of motion due to these velocities being 
such, by the principle of D'AIembert, as to produce an equi- 
librium, we shall have 

M(i?— ti)+M'(t;'-«^)=0; 
whence we deduce for the velocity after impact, 

_M t?H"MV 
"^^ M+M^- 

When the bodies move in opposite directions, t/ will become 
negative* 

676. As a second example, let it be required to determine 
the circumstances of motion of two bodies M and llf , which 
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reat on two inclined p|anes AB and AC (Fig. 201) having a 
common altitude, and are connected by a thread MEM', pass- 
ing over a fixed pulley. 

If the vertical line Mg-, drawn through the centre of gravity 
« of the body M, be supposed to represent the intensity of the 
force of gravity ; the component of the force in the direction 
of the plane will be represented by MR ; this component will 
alone tend to urge the body down the plane : its value will 
be expressed by 

AD 
gXcos BMg=ff . cos BAD=g---^^ 

AH 

In like manner, the component of gravity, which tends to 
cause the descent of the body M' on the plane AC, will be 

expressed by g-rTr* 

Let the lines AD, AB, and AC be denoted by A, /, and P 
respectively; the incessant forces exerted upon the bodies 
will then be 

^, and ^. 

But if we suppose the motion to take placd in the dizttction 
M'EM, and the velocities to be reckoned as positive in this 

direction, the force ^, which is opposed to the motion, must 

be regarded as n^;ative ; and the incessant Ibiees wiQ tiam^ 
fore be expressed by 

^ and -^. 

The general expression for the va\ue of an incessant feroe 

being 

dv 

we have 

dv==pdt: 

hence, the velocities imparted to the bodies in the time dtt 
when they are unconnected, will be expressed by 

5^. -€*&; 



D 
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and the quantities of motion due to these vdocities will be 

But the bodies being supposed connected by a thread of inva 
liable length, if M should descend through any distance on' 
the plane AB, M' will necessarily ascend through an equal 
distance on the plane AC ; or, in other words, the velocities 
of the bodies at any instant will be equal to each other. De- 
noting by V their common velocity at the end of the time t, 
the effective velocities communicated to them in the succeed- 
ing instant dt^ will be expressed by dv, and the effective 
quantity of motion imparted in the same time, will there- 
fore be 

By the principle of lyAlembert, this quantity of motion when 
applied in a contrary direction, will produce an equiUhrium 
with the quantities of motion impressed on the bodies : hence, 
the sum of these quantities of motion will be equal to zero, or 

-.(M+M')rfv+M5^-5^^-^^&=0 (325) : 

fiom which we deduce 

m*~m4 

and by intogrelioD, 

•=-HTBr-^+^ <^«)-- 

or, if we denote by G the coefficient of t, we shall have 

v=Qt+C (326). 

liCt X represent the distance OK of the body M from the 
point O, the origin of the spaces, at the end of the time t ; 
the general expression for the velocity gives 

ds 

and therefore. 
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fiom which, by integration^ we obtain 

x^iGt'+Ct+Cy (327). 

The iformulas (326) and (327) indicate that the circumstances 
of motion in this system are precisely similar to those which 
attend the fall of heavy bodies ; the only difference consisting 
in the value of the incessant force, which in the latter case is 
denoted by g, and in the former by G. 

676. If the planes AB and AC be supposed to become ver- 
tical, the case will be reduced to that of two weights con- 
nected by a cord which passes over a fixed pulley : the quan- 
tities A, Ij and t' are then equ&l, and the equations (326 a) and 
(327) may then be reduced to 

677. These formulas will serve to exjdain the principle of 
Atwood's machine, which is employed for the verification of 
the laws of constant forces. 

This machine consists essentially of, 1^. A fixed pulley, 
over which passes a very fine flexible thrdEd, having its ex- 
tremities attached to two equal brass basins ; 2^. A vertical 
graduated scale with jb, moveable stage to mark the space 
passed over by the descending basin ; and, 3^. A seconds 
pendulum, by means of which the time of descent may be 
accurately observed. 

When the two basins are loaded with equal weights, they 
will sustain each other in equilibrio ; but if an addition be 
made to either, it will immediately preponderate, and will 
produce a motion uniformly varied. Moreover, by rendering 
the difference M— M' of the weights M and M' attached to 
the extremities of the thread, very small in comparison with 
their sum M+M', the space described and the velocity ac- 
quired in a given time which result from equations (327 a) 
may likewise be rendered small, and the observations will 
thus become susceptible of great accuracy. 

For the purpose of observing the velocity acquired at the 
end of any time, we give to the additional weight placed in 
the descending basin the form of a flat bar, and the basin 
being allowed to pass through a sHding ring attached to the 

U2 
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vertical scale, the bar may be remored at any instant daring 
the descent The equality of the weights in the two basins 
being restored by the removal of the bar, the motion becomes 
uniform with the velocity acquired at the instant when the 
bar was removed. 

By comparing the spaces described, the velocities acquired, 
and the times elapsed, we find that when the basins move 
from rest under the influence of a constant force, the velocities 
are etmstantly proportional to the timesy and that the spaces 
are proportional to the squares of the times. 

578. For a third example, let it be required to investigate 
the circumstances of motion of two weights M and M', which 
are attached to cords passing around the respective circum- 
ferences of a wheel and of its axle. 

If we suppose the body M to prevail, and reckon the veloci- 
ties positive in the direction of its motion, the force of grav- 
ity will impress upon the bodies M and IT, in the instant ift, 
which succeeds the time t^ the velocities gdl and -^gdt ; and 
the quantities of motion impressed will therefore be 

lAgdtj and -^Wgdt. 

But if v and 1/ represent the velocities of M and M' at the ex- 
piration of the time /, the effective velocities communicated 
in the succeeding instant dt will be expressed by dv and eft/. 
Thus, denoting by R and r the radii of the wheel and axle, 
we shall have 

Manes. ImprMMd Tdoeltke. EfltetiTe Tdocltiea. Dfartanow (hm Uw axis. 

M • . . . gdt dv R, 

M' . . . —gdt rft/ r. 

The effective quantities of motion, being applied in directions 
contrary to those of the motions assumed, will sustain in equi- 
librio the quantities of motion impressed ; and since the equi- 
librium is maintained through the intervention of the wheel 
and axle, it is necessary that the sum of the moments with 
reference to the axis should be equal to zero : hence, we 
obtain 

MR^d^— MVg-A--MRdi;--M'rrft;'=0 (328). 

This equation containing the two unknown quantities v and 
v^yii will be necessary to discover a second relation between 



UNIFORM MOTION ABOUT AN AXIS. 309 

tfiem. For this purpose, we remark that the velocities v 
and t/ bear to each other the constant ratio of R : r ; thus, we 
have 

« :i/ : :R :r; 
or, 

r 



and by differentiating, 



v=^. 



R 

substituting this value in equation (328), we find 

MRg^&-.MVffA-MRdv-M'^v=:0 ; 

or, bjr reduction and transposition, 

mi^dv+M'r*dv=UR*gdt-WErgdti 
whence. 

Denoting by K the constant coefficient of di^ this equation 
becomes 

dv=:Kdt] 
and by integration, 

Replacing v by its value --, and performing a second integra- 
tion, we find 

These results indicate that the motion is uniformly varied, 
the circumstances of the motion being similar to those of a 
body fitlling under the influence of the force of gravity. 



Of the potion of a Body about a Fixed Axis. 

679. When an impulse is applied to a system of material 
points connected together in an invariable manner, and sub- 
jected to the condition of turning about a fixed axis, which 
we will suppose to pass through the point A {Mg, 202), per- 
pendicular to the plane of the figure, the several particles n^ 
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m\ wl\ &c. will describe circles mon^ m'^fn'y m"o"p!\ &c.,ithe 
planes of which will be parallel to each other, and perpen- 
dicular to the fixed axis ; and the arcs described by the seyeral 
points in the same time will contain the same number of 
degrees. These arcs being proportional to their radii, the 
yelocities of the several particles will be in the same propor- 
tion ; so that if we denote by the velocity of the particle e^ 
whose distance ek from the axis of rotation is equal to unity, 
the velocities of the particles m, m\ wt\ &c., at the distances 
r, r', r*\ &c. from the fixed axis, will be expressed by r«, i^m^ 
f**m^ &c. Thus, the effective quantities of motion of the dif- 
ferent particles will be represented by 

fnrm^ ffiy«r, m'Y'm^ &c. 

Let 9, v', v", d^c. be the velocities impressed : the correspond- 
ing quantities of motion will be expressed by mv, mV, m'V, 
ice. It will therefore be necessary, according to the second 
enunciation of the principle of D'Alembert, that an equilib- 
rium should subsist between the forces mv, fn'v\ mV, &^ 
and — mra^ — twy**, — mV'i», &c. 

To establish the conditions of equilibrium between these 
forces, we will first consider the force mr, and represent it by 
tn/^a portion of its line of direction : from the point /let the 
perpendicular y7i be demitted upon the plane of the section 
omn, and denote by ^ the angle /mA, formed by /m with this 
plane ; by constructing the rectangle AA', the force nw may 
be resolved into the two components 

fnA's=(mr) . sin ^, parallel to the fixed axis, 
mk={mv) . cos ^, situated in the plane ornn. 

Tlie first of these components will have no tendency to turn 
the system about the fixed axis ; but the second will produce 
its entire effect in communicating a motion of rotation. 

If we represent in like manner by ^', ^', &c. the angles 
formed by the directions of the forces mV, m'V, &c. with 
the planes oWn', o'Ww", &c., the quantities of motion im- 
pressed will become 

mv cos ^, m'v' cos ^, m' V cos ^", &c. 

These quantities of motion, as well as the quantities — mr«| 
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-r-ff^r'm^ — mW, <fcc. are situated in planes perpendicular to 
the fixed axis. 

The conditions of equilibrium between these forces will 
evidently be the same as those which arise when the forces 
are situated in the same plane ; if, therefore, the forces be 
regarded as situated in the plane of the figure, the conditions 
of equiUbrium will require that the sum of the moments of 
the forces which tend to turn the system in one direction 
about the point A, shall be equal to the sum of the moments 
of those which tend to produce rotation in a contrary direc- 
tion ; or, that the algebraic sum of the moments shall be 
equal to zero. 

But the quantities of motion — mr«, — mVii, —fnlY'm^ &c. 
being derived from the common motion of the system, they 
will tend to turn it in the same direction ; and since these 
motions take place in the circumferences of the circles mno^ 
fn!n*cl^ m"vl*d\ &c., the radii r, r', r", &c. will represent the 
perpendiculars demitted from the point A upon their respect- 
ive directions ; consequently, the sum of the moments of the 
effective quantities of motion, when applied in opposite direc- 
tions, will be expressed by 
— mr««— iny««r— mV«« — &;c.=— •(f»r«+my«+mV'>+&;c.). 

Let the quantity within the brackets be denoted by 2(mr') ; 
the sum of these quantities of motion will then be repre- 
sented by — •2(mr*). 

To determine the value of the sum of the moments of the 
impressed forces, 

mv . cos ^, mV . cos ^', w V . cos ^", &c., 

let kz {Pig^ 303) represent the fixed axis, and m/, m'f , m'T, 
&c. the forces mv . cos p, mV . cos ^', wV . cos ^", &c. situated 
in the planes miio^ m'v!o\ m"n"o*\ ifcc, perpendicular to the 
fixed axis : from the points A, A', A", ddc, at which the axis 
intersects the perpendicular planes, let the perpendiculars 
AZ=/>, A7'=p', A"r=/>", &c. be demitted upon the directions 
of the several forces mv cos ^, m'v' cos ^', m"v" cos f'\ &c. ; 
the moments of these forces will be expressed by 

mv cos . p, m V cos ^ . p\ - m' V cos ^" . />". 

The algebraic sum of these moments will be expressed by 
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iimtteoef.p); and hence, by the eonditioiu of equiUUiom 

before enunciated, we shall have 

S(»JM> .cosf.p) — •S(mr» ) =0. 
This equation gives the value of the angular velocity 

_ T(mv ■ cos g ■ p) 329, 

l(mr') 
and tlic motion of the body about the fixed axis will tbete 
fore be uniform. 

580. When the forces mv, m'v', m"v", Ax. are exerted in 
planes perpendicular to the axis, the angles f, f, f ", fJK. 
become equal to zero, and we have 

sin ^^=01 cos *=1, 

sill g'— 0, cos p'=l, 

siug" = 0, cos ^"=1, 

dec. di^c ; 

consequently, the equation (329) reduces to 

581. If equal velocilies be impressed, in parallel directions, 
upon the several panicles m, m\ m", 6cc., we shall have 

t) = l/=l/'=&C, 

and the moments of the quantities of motion impressed will 



mvp + rn'vp' +m"vp"+&.c.=v{;m/>+m'jj' +m"p" ■'r&x.) : 
the sura of these momenis may be represented by vl{mp), 
and the equation (329) will be transformed into 

.=';ff (330). 

Let a plane AK be now drawn llirough the axis Ajz (Fig. 
804), parallel to the directions of the several forces /nu, m'v', 
m."v", &c. : the perpendiculars p, p\ p'\ &c. demilted from the 
points A, A', A", tkc. upon the directions of these forces, are 
evidently equal to the perpendiculars «iy, in'q\ nfq", dtc, lei 
fall from the points m, ?«', m", &>c. upon the plane AK. Let 
'/' 't' l"' *■*'■' represent these perpendiculars, and Qthe perpen- 
dicular demilted from the centre of gravity of the system, upon 
the plane AK ; then, denoting by M the sum of the particles 
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which compose the system, or the entire mass of the body, 
we shall have, by the property of the centre of gravity, 

knd since 

pr=q; p'=:q'^ p"=9", <kc,, 

the preceding equation may be written 

This value being substituted in equation (330), there results 

.=-!!^ (331). 

682. It may happen that the velocity v has been impressed 
upon only a Umited number of the particles m, m', m'\ &c. : 
then, M will no longer represent the entire mass of the system, 
but merely the sum of those particles upon which the velocity 
has been impressed ; and Q will express the perpendicular 
demitted from the centre of gravity of this part of the system 
upon the plane AK. 

The quantity x{mr*) is called the moment of inertia : the 
method of determining its value will be explained in the next 
section. 

683. It is frequently necessary to consider the effects pro- 
duced upon the fixed axis by the application of an impulsive 
force to any point of the system. For this purpose, let the 
axis of rotation Az (Pig- 206), be assumed as the axis of js, 
and resolve the impulsion P, which is supposed to be applied 
at a point O, into two components F and F', wKich shall be 
respectively parallel and perpendicular to the plane of x, y. 
liCt the axis of y be then assumed parallel to the direction 
of F, and denote the co-ordinates of the point O by a, 6, and 
c : since the force P may be applied at any point in its line 
of direction, we can always suppose the point of application 
O to be contained in the plane o{x,z: this supposition gives 
6=0. 

Instead of regarding the axis as fixed, let such forces be 
introduced as may be necessary to retain it. These forces 
will be equal, and directly opposed to the impulsions expe- 
nenced by the axis, and may in general be reduced to three 

forces respectively parallel to the axes of s, y, and z. Let X, 

27 
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Y, and Z represent the impulses communicated to ibe ant, 
and call AB=«, AC^^a. 

The particle m will describe a circle parallel to the plane 
of x^ y, and its velocity in the direction of the tangent ml will 
be expressed by ra (Art. 579): the cosines of the angles 
formed by this direction with the axes of x and y respectively, 

fl X 

will be -^ and ; hence, the effective quantity of motion of 

the particle m will be mrmy and its components in the direction 
of the axes of x and y will be mym and — mxm : the same 
remarks apply to the other particles m', m'\ m'", &c. 

But, by Uie principle of D'Alembert, an equilibrium will 
subsist between the effective forces and the force P, the latter 
being applied in a contrary direction ; thus, we shall have 

fftetw. OompoMiits pualM lo am of (3»-«i4bMt« «f pataM of ■p pjic rt laa panOal to 

X ' y z X y z 

— P Pcos^ — Psin^. ... a c, 

X X «, 

Y Y /B, 

Z Z 0, 

fnrtt mym —mxm x y z, 

wV« viStf9 —mx'm x^ ^ jK*, 

dec. &c. &c. 

The general equations (66) and (67), which express the 
conditions of equilibrium of forces lying in different planes, 
and acting upon various points of a body, may be written 
under the form 

x(X)=0, x(Xy-Y^)=0, 
x(Y)=0, r(Z:r— Xr)=0, 
X(Z)=0, s(Y2r-Zy)=0; 

and when applied to the system under consideratioUi will 
give 

X+*2(my)=0, 

Y+P cos ^ — •Z(m*)=0, 

Z— Psin^=0; 

•x(wir*)— P cos ^a=0, 
X«+tf£(myz) +P sin ^a=0, 
Y/J+P cos ^c — i*s(mjra?)=0. 
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Let M represent tlie mass of the body, x,^ p,, and z, the 
co-ordinates of its centre of gravity, and Mv the quantity oi 
motion which the force P is capable of communicating : these 
six equations will be reduced to 

Y=*Ma:,— Mr.cos^ X (331a); 

ZssMv . sin f J 

mX(fnr') =Mv . cos f . a ^ 

X«= — iPZ(my;r)— Mv . sin ^ . a >..... (331 6). 

Yfi^&z{mxz) — Mt? . cos p.o j- . ' 

From the fourth equation we deduce the value of #», which 
being substituted in the first and second, the values of X and 
Y become known : the third determines the value of Z, and 
the fifth and sixth give the co-ordinates « and /s of the points 
B and C, at which the forces X and Y are applied. The 
solution of the problem is therefore complete. 

When we wish to communicate the impulse P in such a 
manner that the axis shall receive no shock, we make X, Y, 
and Z equal to zero. This supposition reduces the equations 
(331 a) and (331 b) to the following forms : 

y^ssO, •x(mr*)=Mtja, 

8in ^==0, ^(mxz) =M>,c. 

The third equation indicates that the direction of the impulse 
must be parallel to the plane of a:, y ; the first, that the centre 
of gravity of tfie body must lie in the plane of x, z, perpen- 
dicular to which the impulse is applied ; the second deter- 
mines the angular velocity « ; and the fourth and sixth make 
known the values of the co-ordinates a and c of the point O. 
The point O is then called the centre of percussiouj which 
may be defined to be that point in the plane passing throtigk 
the centre of gravity and the axis of rotation^ at which an 
impulse must be applied in a direction perpendicular to this 
plane, in order that the axis may receive no shock, 

684. The equation 2(myz)=sO expresses a relation which 
is evidently dependent on the figure of the body and the 
position of the axis of rotation. This relation will exist only 
in particular cases, and it therefore follows ihat a body 
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retained by a fixed axis will not necessarily haye a centre of 
percussion. 

686. The distance of the centre of percussion (rom the 
axis of rotation being equal to the absciss AN=a, its value 
will be 

686. Although the axis will receive no impulse at the ip 
stant of impact, yet the motion of rotation will immediate!) 
,lgiv^ rise to centrifugal forces which will exert a pressun 
upon the axis. 



Of the Moment of Inertia, 

687. Tlie moment of inertia being the sum of the products 
formed by multiplying each material point of a system by 
the square of its distance from a fixed axis, it has been repre- 
sented in the preceding section by tl{^t^\ In this expres- 
sion, we may replace the particle m by (M, the element of the 
mass ; and the moment of inertia will then result from the 
integration of an expression of the {oxvcLfr^dUL, 

688. For example, let it be required to determine the 
tnoment of inertia of a material right line CB {Fig, 206), with 
reference to an axis AZ perpendicular to the plane CAR 

Let AB=A represent the perpendicular demitted from the 
point A upon the right line, and BP=a: the distance of a 
point P assumed arbitrarily on this line, from the point B : 
we shall have 

PA»=A«+a:». 

This expression being multiplied by the difi!erential of the 
mass, the integral of the product will express the moment of 
inertia. The volume, in the present case, being a right line, 
the element of the volume will be represented by the infinitely 
small difference dx between two consecutive abscisses BP=dr 
and BP'==i?H-rf2r; and the element of the mass rfM will 
therefore be expressed by dx multiplied by the density D, or 
by Dcte. Thus, by multiplying A* +x> by Dctr, and into- 
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grating, we obtain for the expression of the moment of inertia 
of the right line, 

In the present disposition of the figure, the integral should be 
taken between the limits of the point B, where ar=0, and the 
point C, at which x=a', the moment of inertia thus becomes 



(A»a+^)D. 



In effecting this integration, we have regarded the line as 
homogeneous, or the density D as constant : but if the differ* 
ent parts of the line be supposed unequally dense, the quan- 
tity D will be variable, and may in general be regarded as a 
function of ir. The form of this function will depend on the 
law according to which the density is supposed to vary. 

689. When the body is homogeneous, it is frequ^itly con- 
venient to regard the d^isity as equal to unity ; ^ and the factor 
D is then replaced by 1, in the general expression for the 
moment of inertia. Having determined the moment of inertia 
of a body whose> density is equal to unity, we can determine 
that of a similar body whose density is equal to D, by simply 
multiplying the former moment by the density D. In the 
succeeding examples, we shall regard the density as equal to 
unity. 

690. As a second example, we will determine the moment 
of inertia of the area of a circle CED^{Pig. 207), with refer- 
ence to the axis AZi passing through its centre, and perpenr 
dicular to its plane. 

Let m represent a point in the plane of the circle, at a dis- 
tance mA=s from the fixed axis : the areas of the circles 
described with the radii s and x+dx will be expressed 
respectively by 

«r», and w{x+dxy ; 

and the difference between these areas, by neglecting the infi- 
nitely small quantities of the second order, will be 2wx . dx 
This expression will represent an elementary ring, every 
point of which will be at the distance x from the axis : hence, 
by.multiplying this element by t*, we shall obtain 2wx^dxior 
the differential of the moment of inertia. Taking the integral 
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from :y=0 to x^r we shall find ^* as the mooieiit of 
inertia of the area of a circle whose radius is denoted by r. 

691. Lei ii be required to determine the tnoment of inertia 
of a sphere with reference to an ajcis passing through its 
centre. If the sphere be cut by a plane EE' perpendicular to 
file fixed axis AB (Fig. 208), the section will be a circle 
whose centre will be found at the point D. Denote by or the 
absciss AD of this section, and by y the ordinate DE, or the 
radius of the section. The moment of inertia of the area of 
this circle taken with reference to the axis AB, will be expressed 
(Art. 590) by 

and if this expression be multiplied by 6Lr=:DD', the product, 

will express the moment of inertia of the elementary yolume 
EE'PF bounded by parallel planes drawn through the con- 
secutive points D and D'. The integral of this expression, 
being taken between the limits x^O and ar=AB=2r, will 
give the moment of inertia of the entire sj^iore. 
But by the property of the, circle, we haye 

y« =2rr— ar» ; 
and therefore, 

fiiry^dx=iirf{2rx—x*)*dx 

=«/(2r«ar« -2rar» + lir*)ctF ; 
or. 

The constant C will be equal to zero, since the moment is 
zero when x^O: and by making x=2r, we obtain for the 
moment of the whole sphere. 

These examples are sufScient to explain the manner in 
which the determination of the moment of inertia is reduced 
to a sim]ple problem of the integral calculus. 

693. When the moment of inertia of any body with refer- 
ence to an axis passing through its centre of gravity has 
been determined, its moment with respect to a pandlel axis is 
readily found. 
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For let OF and CK {Fig. 209) represent two parallel axes, 
the first of which passes through G, the centre of gravity of 
a body : let the. origin, be assumed at the point G, the line 
GF being the axis of z. Hirough a point m, assumed arbi- 
trarily within the limits of the body, let the plane mKF be 
drawn, parallel to the plane of or, y ; this plane will cut the 
axes GF and CK at two points F and K^ and the distances 
of the point tn from these axes will be represented respect- 
iyely, by the right lines mK and mF, which we shall denote 
by r and r^. From the point m let the perpendicular mE be 
demitted upon the plane o(x,y] the triangles ECG, mKF will 
be equal in all respects, and the sides of the former may there- 
fore be substituted for those of the Jatter. Denote by 

« and j8, the co-ordinates GD and DC of the point C, 
X and y, the co-ordinates GP and PE of the point E, 
a, the distance between the axes : 

we shall haye 

GC«=GDi+IK>, GE«=GP«-f-PE«, 
or, 

at =*» 4.^i, r'» =ar» +y« (332). 

Again, the right line CE passing through points whose 
co-ordinates are x and y, « and /S ; the value of CE'=r will 
result from the equation 

r--(ar— )«+(y-/J)«, 

or, by developing the terms of the second member, 

and reducing by means of equations (332), we obtain 

r«-r'"— 2*r—2i8y+a« ; 
multiplying by dMand integrating, we have 
, /r»cai-/r'«£M-2«/zrfM~^/ydM+aV^'M (333). 

The expressions fxdSl and /ydti which enter into this equa- 
tion, are equal to zero ; for, let x and y represent the co- 
ordinates of the element dM. of the mass M ; the moments of 
this element with reference to the planes ofx, z and y, z will be 
ydUL and xdH : hence, the co-ordinates x, and y^ of the centre 
of gravity of the mass M will be determined by the equations 

Mxr:fxdU, VLyrfydUL 
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But in the present instance, the centre of gravity is situated 
in the axis of % \ and the co-ordinates x^ and y, are therefore 
equal to zero : hence. 

Reducing equation (333) by means of these values and sub- 
stituting M for its equal yi/M, we shall obtain 

/r«rfM=^/r'«c/M+Ma« (334). 

The expression y^'cAVI being the moment of inertia with re- 
ference to the axis passing through the centre of gravity, we 
conclude that when the value of this moment has been found, 
that of the moment of inertia yr^^/M, taken with reference to 
a parallel axis, may be immediately determined, by adding to 
the former the product of the mass of the body by the square 
of the distance between the two axes. 
' The equation (334) may be written under the form 



/,.^=M(>:^+a.). 



and this expression maybe simplified by putting -^-^i^- =k*. 

Adopting this notation, the moment of inertia taken with 
reference to any axis will be expressed by the formula 

/r«dM=M(Ar»+aO. 



Of the MMon of a Body about a Fixed Axis whem acted 

upon by Incessant Forces. 

693. Let us now suppose that the several material points 
of a system which is retained by a fixed axis Az {Fig. 210), 
are acted upon by incessant forces: each particle «i will 
describe about the fixed axis, the arc of a circle mH»y the 
plane of which will be perpendicular to this axis, and will, 
intersect it at a point C. Let f denote the incessant force 
acting upon the particle m, and ^ the angle TmP formed by 
its direction with the tangent to the circle mno at the point m. 
The force f may be resolved into three components ; one 
parallel to the fixed axis, which will have no tendency to turn 
the body about this axis ; a second directed along the radius 
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mC, whieh will be destroyed by the resistance of the axis ; 
and a third coinciding in direction with the element of the 
curve described by the particle m : this last component will 
be expressed by ^ cos J", and will be the only portion of the 
force f which tends to turn the system about the axis Az. 

Let m represent the angular velocity of the system at the 
expiration of the time /, and r the distance Cm of the particle 
m from the axis of rotation : the absolute velocity of m^ at 
the end of the time /, will be expressed by rm (Art. 579), and 
in th^ succeeding instant dt^ this velocity will be increased or 
diminished by the action of the iticessant force. 

If the particle m were unconnected with the other parti- 
cles, the force f cos i" would communicate to it in the instant 
dt^ the velocity represented by ^ cos J", ci^ ; consequently, the 
velocity of the particle m^ at the expiration of the time t-k-di^ 
would be expressed by 

r« + f cosJ'.cfr; 

but this particle being connected with the other parts of the 
system, its effective velocity at the end of the time t-^-di 
will actually be represented by 

rm+rdit ; 

and the effective quantity of motion of the particle m will 
be {r&-\-rdm)m. 

The same remarks being applicable to the other particles 
which compose the system, it is necessary that the quantities 
of motion impressed,. or 

S[(rw+^ cos *. dt)m] 

should, by the principle of D'Alembert, sustain in equilibrio 
the effective quantities of motion 

2[(ri»+rcfc»)fn], 

the latter being applied in directions contrary to those of the 
motions assumed. 

But, in order that an equilibrium may subsist between 
these two sets of forces, it is necessary that the sum of the 
moments of the several forces taken with reference to the 
fixed axis, shall be equal to zero : and since these forces are 
exerted in the directions of the elements of the circles described 
by the material points, the radii of these circles will represent 

X 
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the perpendiculars demitted upon the directions of the seyera« 
forces. The equation of the moments will thus become 

l[{r*m+rp cos t. cft)m]— 2[(r»ar+r» d#)m]=0 ; 

or, by reduction, 

X{r*d0.fn)=l{r^cost.di.fn) (336). 

The quantities di and dtt being the same in all the terms 
of this equation, they may be placed without the sign 2 ; and 
when the number of terms is regarded as infinite, the value 
of each being infinitely small, the charaicter 2 may be re- 
placed by the integral sign /, and the particle m by dM, the 
differential of the entire mass : thus we shall have 

A/r.^cosJ^.dM=di/r»rfM; 
firom this equation we deduce 

4»_/r.^cosJ^.dM .^oiix 

To complete the integrations here indicated, it is necessary 
to know the positions of the elements which compose the 
body, and the directions and intensities of the incessant forces 
exerted upon each particle. These particulars will be exam- 
ined in the following section. 

Of the Compound Pendulum^ 

694. The compound pendulum, represented in Piff. 211, is 
composed of a body, or a system of material points, connected 
together in an invariable manner, and supported by a hori- 
zontal axis KL. When the body is turned around this axis, 
the points m, m\ m'\ &c describe arcs of circles mtt, m'n'j 
m"n"j &c. ; the centres of these circles are situated in the axis 
KL, and their planes are perpendicular to it 

696. The motion of the pendulum being referred to three 
rectangular axes, let the axis of jzt be supposed to coincide 
with the horizontal line Cz {Fiff. 212), about which the body 
turns, and the axis of jt to be vertical ; the plane of z, y will 
then be horizontal. If we 8up3)ose the incessant force exerted 
upon each particle to be that of gravity, we shall have 



r 
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The direction of the force which solicits a particle m, being 
parallel to the axis of x^ the intensity of this force may be 
represented by a portion mg of a vertical line ; the angle ^ 
will be equal to Tmg ; and if the perpendicular mD be de- 
mitted upon the axis of x^ the angles CmD and Tmg will be 
equal to each other, being each the complement of the angle 
T.91D: hence, CmD^t\ and consequently, the equation 

inDssGm Xcos CmD 
will become 

inD=sCm.cos^; 

y^r . cos h 

The values of cos ^ and p being substituted in equation (336)| 
we obtain 

d^^ /gydiH . 

dt fr'dNL ' 
or, since g is constant, 

dm_ gfy(M 
dt fr^dH' 

The expression ydU represents the moment of the elementary 
mass dM, taken with reference to the plane otx^zi it, there- 
fore, we denote by y, the distance of the centre of gravity of 
the entire mass M from the same plane, we may replace fydfH 
by My^, and the preceding equation will then become* 

. di-Jy^dM ^^' 

and since fr^dUL expresses the moment of inertia with refer- 
ence to the axis Cz, this moment may be represented (Art 
692) by M(£'+a'). Substituting this value in equation 
(337), we find 

^=,^- (338). 

696. It has been shown (Art. 692), that the quantity a in 
the expression M(a* +Ar') represents the distance €G {F^. 
209) between the axis CK and the parallel axis GF passing 
through the centre of gravity. But, by the motion of the 
system, the centre of gravity describes a circle having its 
radius CG^a {Fig. 213), and its plane tCL perpendicular to 
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the axis CE ; hence, the ordinate DG will represent the 
quantity y^ and we shall have from the property of the circle, 

Again, if s denote the arc described by the point G, the Telo- 
city of this point will be expressed by -- : but this velocity 

will also be expressed by am (Art. 679). Heiiee, we siiall 
have 

ds, 

and consequently, 

ds 

adi 
The values of « and y, being substituted in equation (338)| 
convert it into 

adt* A:*+a' ' 

697. If we multiply each member of this equation by 2adsj 
the first member will become an exact differential, and we 
diall obtain by integration. 

The integral of the second member can only be obtained 
after eliminating one of the two variables which it contains: 
this may be effected by means of the equations 

ds=^{dx,^+dy*\ y=^{2ax,-x,^); 

and by proceeding as in Art 465, we find 

^C^ax,^sn ' 
substituting this value in equation (339), we have 

wfaeoee, by integration, 

_2a«££,^ (340). 

To detenuine the value of the constant G, let EB=( repn> 



I 

J 



lent the vslae of ^, at tlie instant when v—0 ; the siippositioa 
of ti=0 and t=6 gives 

and the equation (340) will therefore become , 



-*,.+^<'-'^>' 



wheQCe, 



dt= 7-5-? T P'tl)- 



v/(jS-('-^.))' 



This equation can be readily integrated when the oscillatiom " 

are perforined through very small arcs, as usually happens; 

for, by replacing ds by its value — ' obtained on the 

v'(2o-r,) 
siippositian that t, may be neglected as exceedingly small in 
comparison with 2a, in the expression 
J — —adx, 

the equation (341) becomes 

A= -, ^-^ 

which may be written iindor the form «^ 

--*N/('^)>^^nfe^ (-)■ 

698. By comparing this equation with the equation (228), 
it will appear that they differ only by the constant factor, ^ 

which in the former is iv/(-^ ) 

-*/_. Hence, the integral oi (342) may be immediately 

obtained from that of (228), the constants being determined 
by the same condition, that when 1=0, x,=b. Consequently, 
if we denote by / the length of a simple pendnlum, or if we 

replace — in equation (238) by --, and determine ^ by the coo* 

dition 28 



, and in the latter 
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e ^ 

the simple pendulum and the compound pendulum will per- 
form their oscillations in the same time. The preceding 
equation gives 

~ a 

Thus, by means of this formula we can always find the length 
of the simple pendulum which will perform its oscillations 
in the same time as a given compound pendulum. 

699. If, at the distance / from the axis of suspension AB, a 
line EF (Fig. 214) be drawn parallel to. the axis AB, this 
parallel will enjoy the property, that all points contained in it 
will perform their oscillations in the same time as though 
they were unconnected with the other points of the body. 
When the line EF is contained in the plane passing through 
the axis of suspension AB and the centre of gravity of the 
body, this line is called the cms of oscUIcUiarij and its several 
points are called centres of osciUaiion. 

600. The axes of suspension and oscillation are recipro- 
cal ; that is to say, if we take the axis of oscillation EF 
{Fig. 214) as a new axis of suspension, the corresponding 
axis of oscillation will coincide with the original axis of sus- 
pension. 

To demonstrate this property, we resume the expression for 
CD^ the distance between the axes of suspension and oscilla- 
tion given in Art. 698, 

/=?[!±*L (343). 

a 

If we then assume the line EF as an axis of suspension, 
and represent by V and a' the corresponding distances of the 
centres of oscillation and gravity from this axis, we shall have 
by the nature of the centre of oscillation, 

j^^oTAj^ (344). 

a' 

And since the equation (343) indicates that the distance I 
exceeds a, it follows that the centre of gravity will be situated 
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between the axes of suspension and oscillation. We shall 
therefore have the following relation, 

a+a'=l, 
or, 

af=l — a. 

By means of this value, the equation (344) becomes 

f=<^-f +^ 

I — a 
Again, from equation (343) we have 

Z-.a=— ; 
a 

and the value of t may therefore be changed into 

'L+k' 

f^ , 



k^ 



or, by reduction. 



a 



consequently, when the line EF is taken as the axis of sus- 
pension, the axis of oscillation KH is situated at a distance 
MX from the line EF, precisely equal to that which separates 
the axes AB and EF. 
601. The equation (343) gives 

and by replacing l^a by its value a', we have 

aaf^k' : 

but the value of A:', which is dependent on the moment of in- 
ertia taken with reference to an axis passing through the centre 
of gravity, and parallel to the axis AB, will remain constant 
so l(n]g as the direction of the axis remains unchanged : hence 
it appears that if the body be caused to oscillate about any 
axis parallel to AB, and at a distance from the centre of 
gravity represented by a, the corresponding axis of oscillation 
will be found at a distance a' from the centre of gravity ; thus 
the value of a+a', or the length of the equivalent simple 
pendulum, will be the same as when the oscillations were per- 
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Ibrmed about the axis AB. A similar remark is applicable to 
all those axes parallel to AB which are situated at a distance 
a' from the centre of gravity. If, therefore, the body be sus- 
pended successively from any number of axes parallel to AB^ 
and at a distance from the centre of gravity equal to a or a', 
the times of oscillation about such axes will be equal to each 
other. 

These parallel axes of suspension about which the oscilla- 
tions are performed in equal times, will evidently \fe found 
in the surfaces of two cylinders having a common axis pass- 
ing through the centre of gravity. ♦ 

602. The expression for^the distance / between the axes of 
suspension and oscillation may be pu( under the ibrm 

AU Ma ' 

and since this value is precisely equal to that which was 
obtained for the distance of the centre of percussion from the 
axis of rotation (Art. 585), it appears that the centre of per- 
cussion, when it exists, will be found upon the axis of 
oscillation. 

0/ the Motions of a Body in Space when acted upon by 

Imptdsive I^ces. 

603. In the preceding sections, the circumstances of 
motion of a body retained by a fixed axis have been alone 
discussed ; it now becomes necessary to consider the motions 
of a body in space when unconnected with fixed objects. 

I^t m, m\ m*\ &c. represent material points composing a 
sjTstem whose several particles are unconnected, and let r, i/, 
xf\ &c. represent the velocities respectively impressed upon 
these particles in directions parallel to each other : it is . 
required to determine the motion of the common centie of 
gravity of the system. 

If a plane be passed through the primitive position of the 
centre of gravity parallel to the common direction in which 
the impulses are applied, the sum of the moments of the 
particles w, m\ m", <kc., taken with reference to this plane, 
will be equal to zero at the commencement of the motion \ 
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and it is likewise evident that this sum will remain equal to 
zero during tlie motion, since the distances of the bodies from 
the assumed plane remain invariable. Hence, the motion of 
th^ centre of gravity will be confined to this plane ; and since 
the same may be said of any other plane drawn through the 
primitive position of the centre of gravity and parallel to the 
direction of the motions, it follows that the centre of gravity 
will continue in each of these planes, or in their line of inter* 
section ^ and we therefore conclude that the motion of the 
centre of gravity ofsitch a system is rectilinear^ and parallel 
to the direction of the motions of its several parts. 

Ijet a plane be drawn perpendicular to the direction in 
which the bodies move, and represent the distances of the 
several bodies from this plane at the commencement of the 
motion, by S, S', S", d&c. : their distances, at the expiration of 
the time ^, will be expressed by 

S+D^, S'+t>7, S"+v'7, &c. 

If a and x^ represent the distances of the centre of gravity 
of the system from the perpendicular plane, at the commence- 
ment of the motion, and at the end of the time /, we shall 
have, by the property of the centre of gravity, 

w»S+m'S'+w"S"+&c.=(m+m'+m"+&c.)a, 

m(^+vt) +ni\&'+v't)+m'\S"+v"t) +&c.= 
(w+m'+m''rl-&'C.)a:^ ; 
and by subtraction, we obtain 

(ffi+m'+m''+&^.Xa:,->a)=V«+"»V+^''«'''+<fcc-)': 
hence, it appears that the space passed over by the centre of 
gravity is proportional to the time, or the motion of the centre 
of*gravity is uniform. 

It is to be understood that those velocities are regarded as 
negative, whose directions are opposite to such as we con- 
sider positive. 

604. The preceding equation may be written under the 
form 

{m^rn' + m'*+6cc.f^tZl =mtJ +mV + m V'+&c. ; 

V 

«• ft * 

the expression -^ represents the velocity of the centre of 
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gravity, and is independent of the positions of the particles 
m, m', rnl\ &c., to which the quantities of motion mo, mV, 
m"xf\ &c. are respectively applied : it follows, therefore, that 
if we suppose a mass M equal to the sum of the masses m, 
m', m", d&c. to be concentrated at the centre of gravity, the 
quantity of motion of this mass will be equal to the sum of 
the quantities of motion in the entire system. • 

We also conclude, that the centre of gravity will have the 
eame motion as though the severed masses m, m', mr", ^^ 
were cartcentrcUed in this pointy and the several forces applied 
immediately to it in directions parcdlel to those along which 
they were originally applied. 

605. When the forces applied to the different particles are 
not parallel, they may be resolved into components parallel to 
three rectangular axes, and since the effects produced by each 
system of parallel components will be independent of the 
other two systems, it may in like manner be shown that the 
motion of the centre of gravity parallel to each of the axes 
will, be uniform, and equal to that which would be produced 
by concentrating the masses at the cent|e of gravity, and 
a^^lying the several forces directly to that point. 

606. Let the several masses be now supposed connected in 
an invariable manner, the same property will be equally true. 
For, let mr, m v', m"v'\ &c. represent the quantities of motion 
impressed upon the particles m, m', m", &c., and let each of 
these quantities of motion be resolved into components nm 
and mUj Sec, the first of which shall be the effective quantity 
of motion retained by the particle, the second being destroyed 
by the mutual connexion of the parts of the system : then,^ 
since the quantities of motion mw, mV, m"u'\ &-c., commu- 
nicated to the masses wi, m\ m'\ &-c., produce their full effects, 
these masses will move under their influence, in the same 
manner, whether we regard them as free or connected. 

Hence, it appears that the centre of gravity of the system 
will move in the same manner as though the quantities of 
motion mw, mV, m'V, <fec. were applied directly to it. The 
quantities of motion wiU, m'U', m"U", &c. being such as to 
destroy each other when applied to the different points m, m', 
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m", &c., they must (Arta. 64 and 130) destroy each other 

wlieii applied lo the cenire of gravity. 

But the two systems ma, m'li', m"u", &■<:., mV, mil', m"V", 
dec, may be replaced by tbe original sysiem tnv, m'v', m"v", 
&c., and we therefore conclude that the centre of gravity will 
Aaoe the same moiion as though the several ?nasses hod been 
concentrated at that point, and the original quantities of 
^notion mv, m'v', m"u", ij*c. impressed immediately upon it. 

607. If an impulse P be commiinicaied to any point of a 
body in a direction not passing tlirough the centre of gravity, 
this cynlre will assume a motion precisely equal to that which 
would have been produced by the direct application of the 
force to it. But a motion of rotation wili also be commu- 
nicated to the body ; for, if an equal force Q, [f^g. 215) be 
applied to the centre of gravity in a parallel and opposite ' 
direction, the joint action of the two forces 1' and ti, will 
maintain the centre of gravity at rest. From the centre of 
gravity G demit the perpendicular GA upon the direction of 
the force P, and lay off on the opposite side of the point G a 
distance Gii = AG, l*t the force ti be then resolved into 
two components, each equal to | I or ^P, applied at the 
points A and B. The forces P and \'X applied at the point 
A, and acting in contrary directions, wili have a resultant 
equal to iP : tlms the body will be acted on by two forces 
each equal lo |P, acting at the distance AGi=BG from the 
centre of gravity, and lending to turn the body about that 
point. And since the point G may be regarded as fixed, the 
two forces will have the ^a:ne efff^ct to turn the body about 
that point as the single force P acting at A. The effect of 
the force Q, will be simply to destroy (he motion of transla- 
tion, without affecting the motion of rotaiion. 

Hence we concl d ■, tliat when a body receives an impulse 
in a direction which does uot pass through the centre of gra- 
vity, that centre will assume a motion of translation as though 
the impulse were applied immediately to it ; and the body 
will likewise have a motion of rotation about ike centre of 
gravity, as though that point were immovenble. 

608. The circumstances of motion of a body which is 
divided symmetrically by a plane passing through the direc- 
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tion of the impulse can now be readily detennined. For, the 
motion of translation of the centre of gravity will be similar 
to that of a material point to wiiicli an impulse is applied ; 
and the motion of rotation being precisely the same as that 
which would take place if a fixed axis passed tli rough the 
centre of gravity, perpendicular to the dividing plane, it will 
merely be necessary to apply the results obtained in Arts. 581 
and 582. 

Let Mv represent the quantity of motion impressed upon a 
body whose mass is represented by M {Fig. 216), and p the 
perpendicular distance from the centre of gravity G to the 
line of direction of the impulse. The centre of gravity will 
assume a uniform motion with the velocity Vy in a direction 
parallel to that of the impulsive force. The angular velocity 
will result immediately from equation (331), and will be 
expressed by 

J&vp vp 

609. The absolute velocity of each point ot the body will 
be compounded of the two velocities of translation and rota- 
tion. Thus, the point O, for example, to which the force is 
applied, has two velocities ; a velocity of translation Oi equal 
to that of the centre of gravity, and a velocity of rotation ik 
about that point ; so that if we assume any point on the line 
OGC, at a distance a from the centre of gravity, its velocity 
will be expressed by v±ast: the superior sign applies to 
those points which are situated upon the same side of the 
centre of gravity as the point O ; and the inferior sign to 
points situated on the opposite side. 

610. If we consider the motion of the point O for an ex- 
ceedingly short interval of time, the path Oik described by 
this point, whilst the centre of gravity describes the line GG^, 
may be regarded as a right line : thus, the line OGC will 
assume the ]osition AG'C, the point C remaining at rest 
during this interval. This point is callid the centre of span- 
taneous rotation : its position may be determined by the con- 
dition that its velocity of rotation shall be equal to that of 
translation : indeed, whilst the point C would be carried for- 
ward over the line CG' by the motion of translation, it would 



FREE MOTION OF A SYSTEM. 333 

be moTed backward through the same distance by the motion 
of rotation : this condition will give the absolute velocity of 
the point C 

I?— a#=0; 
whence, 

« p 
and we therefore have 

OC=OG+GC=p+a=P'\ — ; 

P 
from which we conclude, that the centre of spontaneous rotor 

turn will coincide loith the centre of percussion^ if the axis of 

rotation be supposed to pass through the point O. ^ 

611. When the plane passing through the direction of the 
impulse and the centre of gravity divides the body into two 
portions which are not symmetrically situated with respect 
to this plane, it will usually occur that the axis about which 
the body revolves will not retain an invariable position. 
For, the rotatory motion of the body will develop in each 
particle a centrifugal force, producing a pressure upon the 
axis ; and unless these pressures are such as to destroy each 
other, the direction of the axis will necessarily be changed. 

. Of the Motions of a System in Space when acted upon hy 

Incessant Forces, . 

612. We will next investigate the circumstances of motion 
in a system whose different particles are acted upon by inces* 
sant forces. Let the force acting on a particle m ber resolved 
into three components X, Y, Z, respectively parallel to three 
rectangular axes ; that acting on m! into the three X', Y', Z', 
Ac. Let a, by and c represent the variable co-ordinates of the 
centre of gravity referred to the fixed axes, and let three axes 
be drawn through the centre of gravity, parallel to the fixed 
axes, and moveable with the system in space. Then, if x, y, 
z, y, 9', 2^, dx. denote the co-ordinates of the points m, m', 
hi"', ^c referred to the moveable axes ; a+ir, fr+y^ e+2r, 
a+o:', ft+y') c+s/y &c. will express the co-ordinates of the 
same points when referred to the fixed axes. 
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613. The velocity of the particle m in the direction of the 
axis of or, at the expiration of the time /, will be expressed by 

d(a+x) da+dx 

•""-*" =~5r' 

and in the succeeding instant dij this velocity would receive 

the increment Xdt^ by the action of the incessant force X, if 

the praticle m were entirely free ; but in consequence of the 

connexion existing between the different parts of the system, 

the effective velocity communicated to the particle m in the 

time A, wiU be expressed by 

, J da+dx 

dT^ 

and the velocity destroyed in the particle m, by the connexidB 

of the parts of the system, will therefore be 

dt 
The same remarks being applicable to the velocities parallel 
to the axes of y and z^ we shall have for the quantities of 
motion destroyed in the particle m, parallel to the three axes, 



^Xdt-d ^?2+f?f| 



m 



Similar expressions^ may in like manner be obtained for the 
quantities of motion lost by the other particles ; and we shall 
therefore obtain, for the sum of the quantities of motion lost 
parallel to the axis o(xy 

or, by completing the differentiation indicated, regarding dt 
as constant, we have 

In like manner, the suns of the quantities of motion lost in 
directions parallel to the axes of y and z, will be expressed by 

,[«(yA-*^)] (347). 
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x[m ^zdt-^^^)] . . . . . (m 

The quantities of motion (346), (347), (348), or the forces 
eapable of producing tiiem, being such as to destroy each 
other, they must satisfy the general equations of equilibrium 
(66) and (67), which appertain to a system of forces having 
various directions and applied to different points of a body. 

The equations (66) indicate that the sum of the components 
parallel to each of the axes will be equal to zero ; we shall 
therefore have for those components parallel to the axis of s 

or, by multiplying by dif and changing the form of the expres- 
sion, we have 

0=(mX+mX+m"X"+&;c.)&« — rf»a(m+m'+m"+&c.) 
--{md»x+m'd^x'+m"tfix"+&c.) (349). 

But, by the nature of the centre of gravity, 

»u:+mV+m'V+d&c.=0 ; .049 \. 

my+my+m"s<'+&^.=0 ) ^ ^^ * 

and by differentiating twice, we find 

md»:r+m'rf«3/+m'y»3/'+d&c.=0 
md'ff+fnfd»y'+fnf'd»ff+&c. 

The first of these values being substituted in (349), and the 
mass of the system being denoted by M, there will result 

Md» a=: (»iX+ wi'X'+m"X"+<kc.)ctt« , 
or, 

M?f^=S(mX): 

the same being true with respect to the components parallei 
to the axes of y and Zj we shall obtain, for the three first 
equations expressing the circumstances of motion of the 
system^ 

M^=2(mX) 1 

MS=s(mY) 1 (360> 

M*f=2(«Z) 



::=2S (^**)' 
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These equations serve to determine the motion of the centre 
<Jf gravity of the mass M ; fox when integrated, tliey will ex- 
press the velocities --t9 -tj -r ^f ^^^ centre of gravity, par- 

fdlel to the three axes. 

614. The equations (350) make known a remarkable 
properly of the centre of gravity. For, let the particles m^ 
m\ m"y &c. be supposed concentrated at their common centre 
of gravity, and let the forces wX, wiY, wZ, m'X', m'Y', jn'Z', 
d&c. be applied directly to that point, parallel to their original 
directions. These forces may be reduced to three, MX,, MY^ 
MZ„ the values of which will result from the equations 

MX=2(mX), MY,=2(otY), MZ=2(mZ.) 
Eliminating the second members of these equations bymeaiM 
of equations (350), we have 

55-=^" 5^5=^" dT'-^' ^^^^- 

But when the forces MX,, MY^ MZ, are applied to the centre 
of gravity regarded as a material point whose mass is M, the 
circumstances of its niotion are expressed by the equations 
(180), which are precisely similar to the equations (351) ; 
hence, we conclude that the centre of gravity of the system 
has the same motion as though the forces were applied directly 
to thai point. 

615. To determine the circumstances of motion of the 
several particles m, m\ m'\ <fec. with respect \o the centre of 
gravity, we resume the equations (67), which express the 
conditions that the forces have no tendency to turn the sys- 
tem about either axis : that this may be the case, it is neces- 
sary that the sum of the differences of the moments of the 
components parallel to any two of the axes, as x and y, taken 
with reference to the corresponding planes of y, z and or, js, 
should be equal to zero. But if we consider the particle m, 
the distance of the component X, which acts upon it, from 
the plane of x^ z will be equal to y+6, the co-oidinate of the 
point m, parallel to the axis of y : in like manner, the distance 
of the force Y from the plane of y, z will be expressed by 
x+a\ we shall therefore have, for the difference of the 
moments. 



m 
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The same remarks being applicable to the particles m', m", 
d&c, we shall obtain a similar expression for each. By 
placing the sum of these expressions equal to zero, as in 
equation (67), performing the multiplications, and reducing 
by means of equations (349 a) and (349 ft), we shall obtain 

— a2(»iY)+Ma^— S(»i3rY)+S^»Mr^^ =:0, 

This equation admits of simplification ; for, if we multiply 
the first of equations (350) by 6, and the second by a, and 
take their difference, we shall have 

fr2(mX)-a2(mY)— Mft^+Ma^=0. 

This relation reduces the previous equation to 

l(myK)-2imxY)-l(m/J^)+i(mx^)=0i 

whence, 

j(^ fto?*:£) =2[«(Yx-Xy)(ft]. 

The integral of the first member, taken with reference to the 
time /, is 

and by adopting the same process with reference to the other 
two axes, putting, for brevity, 

2[m/(Zar— Xz)A]=M, 
2[my|;Zy-Y«)d^]=N, 

we shall obtain the three equations of motion 
2(«.ffc2^)=L 



2(m^-^)=,M 



(361 a). 



89 
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The equations (351 a) are independent of the co-ordinates of 
the centre of gravity, and would undergo no change if forces 
were applied at that point sufficient to destroy its motion of 
translation, since such forces would not enter into the ex- 
pressions L, M, and N ; thus, the motion of rotation about 
the centre of gravity, determined by these equations, is pre- 
cisely similar to that which would take place if the centre of 
gravity were immoveable. 

Hence we conclude, that when any body is acted upon hy 
incessant forces applied to its several particles^ the body wiU 
receive two motions : one of trmislationy in virtue of which its 
centre of gravity will be transported in space as though the 
forces were applied directly to that point ; and a secondj of 
rotation about the centre of gravity, as though that point were 
absolutely at rest. 



Oenercd Equations of the Motions of a System of Bodies. 

616. Leti, I', 2^, 4cc. rei»*e6i&ni the velocities lost or gained 
by the several material points which compose a system, ia 
consequence of the mutual connexions of its parts ; the cor- 
responding quantities of motion lost or gained \vill be mj, 
mftj m"V\ ^cc«, and^ by the principle t>f D'Alembert, then 
quantities of motion, when impressed upon the particles 
m, m', m", &c. are such as will produce an equilibrium : hence, 
they must fulfil the conditions of >feq6tlibrium expressed in 
equations (66) and (67). 

The components of these quantities -of motion, or the 
forces capable of producing them, estimated in the directions 
of three rectangular axels, will be 

m/cosM, m/cos/s, MedSy ...*.. components of ml 

m'V COS «', m'f cos/s', wit cos v • . . . ^ components of m't. 

m"V' cos «", m'T cos /ft", m'T cos y" . , ^ . . components of m'T. 
d&c. d&c. inc. j^c. 

We shall therefore have for the equations of equilibrium, 

2(inZ.cos«)s=t) 

2(mZ.co8jj)=0j}^ (3i2). 

2(mZ . cos 
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X[tnl{x cos /B — y cos «)] =0 

2[mZ(;ycos«— aroosy)]=0 )• (353). 

2[m/^ oos y— ir cos /»)]=0 

617. If the system is retained by a fixed point, the thr«e 
equations (362) cease to be necessary ; the equations (353) 
being alone sufficient, provided the origin be ptaced at the 
fixed point. 

618. When there are two fixed points within the system, 
we connect them by a right line, and assume this line as one 
of the co-ordinate axes, z for example ; the first of equations 
(363) will then be sufficient to ensure the equilibrium (Arts. 
132 and 133). 

619. The velocities lost or gained are here indicated by the 
letters Z, i', T, &c. ; but to express these quantities in fimctions 
^ the incessant ftxroes vhich solicit the ^e^end material 
points, we shall first ooneider the particle n, and 6iip|N)ee that 
the forces acting upon this point hftve been nedaoed to three, 
X, Y, and Z, respectively parallel to the co-ordinate axes. 
The velocity of the particle m, parallel to the axis ofs, at the 

expiration of the time t^ will be expressed by -y- (Art. 430) ; 

and at the end of the time t+dij this velocity will become 

dx dx M 

\-dry-\ this will be the expression for the elective 



di dt 

velocity of the particle m. 

But if the particle m were perfectly free, the incessant force 
X wouM communicate to it in the time cfr, a Telocity repre- 
sented by Xi& (Art. 391), and the velocity of m «t the expira- 

Ax 
tion of the time /+€ft, would be expressed Jby -i--+Xcft; 

bence, the velocity lost or gained by the paHide m will be 
equal to 

and by reduction, we shall find that Xi^—cl^^will exprev 

the velocity lost or gained %y tfie particle m, in the direction 

of the axis of x. 'Hiis vc/locity'bemg tnirltipKed 'by the nuM 

My gives 

Y2 




3i0 



("-4)- 



fiyr the quantity of motioo lost or gmined bf ai, in the diiee- 
tioQ of the axis of x : we shall therefore hafe 



-•' — ("-^) 



(354). 



In like maimer^ by oonsidering the Telocities lost by ai, m 
directions parallel to the axis of y and z^ we shall find 

■/.cos^=«(yA^^) (366). 

m/.cosy=«(zA— ^) (356). 

Similar expressions may be obtained for the qnantities of 
motion lost or gained by the particles w", mTy Ac ; and by 
faiduding their sums under the sign 2, the equations (362) 
and (363) may be reduced to 

i(m-j^f =I(mY) ^67), 

lt^^<y^^;-^^'y>J=4m(Zy-Yz)] 



(368> 



Such are the most general forms of the equations expressing 
the circumstances of motion of a system. 

620. The expressions Yor— Xy, Xz — Zx, Zy— Yjzr, &c. 
become equal to zero under the following circumstances : V. 
when the incessant forces acting on the particles m, m', m", 
&c. are equal to zero ; 2®. when all the forces are directed 
towards the origin of co-ordinates : 3°. when the forces are 
such as arise from the mutual atUactions of the differmt parts 
of the system. 
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In the first case, the incessant forces being equal to zero^ 
their components must likewise be equal to zero ; and hence 

X=0, Y=0, Z=0, X'=0,&c,: 

the second members of equations (358) will therefore dis- 
appear. 

621. The second members will likewise disappear, when 
the forces are directed towards the origin of co-ordinates. 
For, it has been shown (Art. 436), that when the fixed point 
towards which the forces are directed does not coincide with 
the origin of co-ordinates, if we represent by a, 6, and c the 
co-ordinates of this point, and by p, p', p'\ &c. the distances 
of the several particles from the fixed point, the components 
of the forces P, F, P', &c., in the directions of the co-ordi- 
nate axes, will be expressed by 

P V P 

9 V V 

p^nf. p ^~"^ p'fLzf AiA.* 

bat, by hypothesis, the origin coincides with the fixed point 
towards which the forces are directed, and we therefore have 

a=6, 6=0, c=0: 

hence, the preceding expressions are reduced to 

Vx Py PV . 

-ri "ZTt "^ZjT'^ "^^> 

V V P 

Py Py' P'y^ 

V V v 

Pz P^ PV . 

p p p 

And by substituting these values of the components for X| 
X', X", Y, Y', Y", Z, Z', Z", &C. in the expressions 

Y:r— Xy, X;r-Zir, Zy-Ya?, YV-Xy, &c (369), 

we shall find each of these expressions equal to zero. Con- 
sequently, when the incessant forces which act upon the 
several particles are constantly directed towards the origini 
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the expressions (369) became equal to zero, and the seoond 
members of equations (358) will therefore disappear. 

622. The same consequences may be deduced when the 
material particles are subjected only to their mutual attrac- 
tions. For, by putting the second members of the equations 
(358) under the following forms : 

m(Yar— Xy) + in'(YV-X'yO+&c. i 

m{Xz-Zx) -f m'(XV-Z'jO + &C. > (360), 

m(Zy-Yz)+m'(Zy-Y'zO+&c3 

and considering the material points two by twOi it is eTidenl 
that the moving force exerted by the point m upon m' ia equal 
to that exerted by m' upon m. Henoe, if X, Y, Z, X, Y', Z', 
d&c represent the components of the inceasaat ibices P, P, 
P'l &C., we shall have 

m'X=— f»X, m'Y'=— mY, m^Z'^— mZ, &c: 

eliminating X' and Y' by means of these values, the first of 
the expressions (360) becomes 

mY(ar-3:0 -»»X(y-yO (361) : 

but the force whose components are X, Y, and Z being 
denoted by P, and the distance between the points m and m' 
by Pj the cosines of tlie angles formed by the direction of the 
force P with the co-ordinate axes, will be represented respect* 
ively, by 

P ' P ' P ' 
and we shall have 

Xr^p^nf', Y^v^-^, z=p^i:^. 

p p p 

Substituting these values in the expressions (361), we obtain 
mP . ^^{x-x^-mP . ?Z£'(y-y) ; 

p p 

a quantity evidently equal to zero. 

In like manner, it may be proved that the other terms of 
the expressions (360) destroy each other ; it therefore follows, 
that when the material particles f», m\ m!\ &c. are subjected 
only to their mutual attractions, the second members of the 
equations (358) will disappear; and since this result is inde- 
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pendent of the position of the origin, that point may be 
selected arbitrarily. 

623. When either of the three cases just considered 
presents itself the equations (358) will reduce to 

dp "' 



i[m {zd'x—xd^ z )] _^ 



2[m(t/d'z—zd'y)] _Q 
dt' 
The quantities included within the brackets being exact dif- 
ferentials, these equations may be written under the form 

l[m . d{xdi/—j/dx)] _q 

dt* ' 

2[m . d{zdx—xdz)] _^ 

dt' ~"' 

l[m . d(ydz—zdy)] __ ^ 

dt' ■"^' 

And by multiplying by dl, and integrating with respect to the 
time, denoting the arbitrary constants by a, a', and a", we shall 
have 

l[m(xdy —ydx)] = cuU ^ 

x[m{zdx—xdz)]=^a'di > . . ^ . . (362). 
^m(ydz —zdy)] = a"d/ 5 

624. To understand the signification of these integrals, 
draw the three rectangular axes Ax, Ay, and Az (Fig. 217), 
and call AP=a:, PCl=y : let AQ, the projection of the radios 
vector. Am on the plane of x^ y, be denoted by r, and the 
angle formed by AQ, with the axis of ar by # ; the infinitely 
small arc QQ' described with the radius r will be expressed 
by rdi \ the right-angled triangle APQ, gives 

5P=r.co8#, y=r. sin #; 

and, by diflSsrentiating, we obtain 

dlr=— r .sin i .di+cos 0.dr, 
dy=r.co8 4. A+sin i ,dr. 

Rubetituting these values in the expression xdy —ydxj we find 

ir<:iy-yda:=r*d^=2x Jrxrd#=2.area aAQ'; 
and therefore, 
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m(^y— ydr)=2m(aiea OAQO- 
By forming similar products for the other m aases m', in", &c^ 
we shall find that the quantity T{m{xtfy —yds)] is composed 
of the sum of the products formed by multiplying each mass 
m, m', m", &c. by twice the area of the elementary sur&oe 
described by the projection of its radius vector Am on the 
plane of ir, y, in the time di, 

625. If we integrate again with respect to the time, the 
equations (362) will give 

/2[m(xdy— ydLr)]=a/+i i 

f^m{zdx-xdz)]==a't^b' \ (363) ; 

/3{m(ydz-zdy)]=a"t+b" ) 

and if the areas described be supposed to commence from the 
instant when /=0, the constants 6, 6', and b" will be equal to 
zero, and the preceding equations will reduce to 

/l[m{xdy—ydx)] = ai^ 
fj\fn(zdx — xdz)\ = a'/, 
fj\m{ydz — jzdy)] = a'7. 

These equations express that the swnsof the products formed 
by multiplying each mass by the projection of the area de- 
scribed by its radius vector^ are constantly proportional to 
the times employed in describing these areas. 

This enunciation contains the principle of the preservation 
of areas in its most general form. 

626. The system here considered has been supposed free ; 
but if it were retained by a fixed point, the equations (358) 
would only be applicable when the origin was taken at this 
point : the same may be said of equations (363), which result 
from (358). Thus the principle of areas then becomes less 
general, the origin being no longer arbitrary. 

627. It has been shown (Arts, 132 and 133) that when the 
system contains two fixed points, it will be necessary to sat- 
isfy but one of the general equations of equilibrium (67). 
The same is true with respect to equations (358) ; and there- 
fore but one of the equations (362) will be satisfied : thus, the 
principle of areas is only true in this case with respect to one 
of the co-ordinate planes. 

628. By comparing the resi^Its obtained in Art 155 with 
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those of Art. 163, we shall find that the quantities A, B, and C 
represent, in Art. 155, the sums of the moments of the pro- 
jections of the forces on the co-ordinate planes, these mo- 
ments being taken with reference to the origin. Thus these 
sums will be the same as those denoted by a, a\ a" in equa- 
tions (362). Hence, the sum of the projections on the prin- 
cipal plane given by equation (79), will, in the present instance, 
be expressed by 

V V dl* ^ ~dt^ ^ dt* / 

This expression may be simplified by putting it under the 
form 

^(a«-ha'«+a"»); 

and replacing the functions A, B, and C in equations (81) by 

their values a, a\ and a", we obtain the following expressions 

for the cosines of the angles formed by the principal plane 

with the co-ordinate planes : 

a a' 

^^*~-/(a«+a'«+a"0' ^^ y/{a^+a'*+a!'^y 

a" 
cosy =5 



v^(a>+a'*-ha"») 

The angles «, |S, y are constant ; and hence we conclude that 
the position of the principal plane remains invariable during- 
the motions of the several particles of which the system is' 
composed 

Oeneral Principle of the Preservation of the Motion of the 

Centre of Gravity. 

629. In discussing the circumstances o.f motidn of a sys- 
tem of material particles, acted upon by incessant forces, it 
was proved that the centre of gravityof the entire system 
has the same motion as though the several forces were 
applied directly to that point. Thus, denoting by x^ y„ and 
Zf the variable co-ordinates of the centre of gravity, we shall 
have, as in Art. 614, 

MX =x(mX), MY,=2(wY), MZ =2(mZ) (366). 
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and, 

tli^T ^'=Y ^'=Z /36r> 

630. If the material points which compose the system be 
subjected only to the action of forces arising from their mutual 
attractions, the equations (367) will reduce to 

^=0 ^'=0 '?l^=o- 

these equations being integrated give 

dx^ dy. . dz, 

— i=a, -^=0. — i=Ct 
di ' di ' dt ^ 

and by a second integration we find 

ar,=a/+a', y,=6/+A', jr,=cf+c/. 

eliminating i^ we have 

c c 

These equations appertain to a right line in space, and the 
motion of the centre of gravity will therefore be rectilinear. 
This motion will also be uniform ; for we have the velocity 
of the centre of gravity expressed by 

which is evidently a constant quantity. 

631. If the masses m, m\ fn!\ ice. be subjected to the action 
of constant forces whose directions are parallel to a given 
line, we may adopt this line as otie of the co-ordinate axes, z 
for example, and the equations expressing; the circumstances 
of motion of the centre of gravity, then become 

^=0, ^=0, pi^Z; 

and it may then be proved, as in Arts. 618 and 519, that the 
trajectory described by the centre of gravity is a parabola. 

632. Finally, it may be shown that if two or more of the 
bodies composing the system impinge against each other 
during the motion, the velocity of the centre of gravity will 
remain unchanged. For, by the nature of the centre of grav< 
ity, we have 
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M:r,=2(mar), My, = 2(wy), ^Iz, = Ji{mz) : 
differentiating with respect to the time ^, we obtain 

Mp=l(m^\ m^Ji=:^(mf\ m^^=.2(m^^y 
dt V dtf' dt \ dt)' dt \ dt) 

And if we denote by a, a', a", &c. the velocities of the parti- 
cles my m', m", &c. before the collision, and by A, A', A", &c. 
the corresponding velocities after collision, these values, sub- 
stituted in the first of the preceding equations will give 

dx 
2(ma)= the value of M -- before collision, 

dt 

dtX 
2(mA)= the value of M -r-^ailer collision. 

dt 

Thus the sum of the quantities of motion lost by the impact, 

in the direction of the axis of x^ will be 2(ina)— z(mA). In 

like manner, the sums of the quantities of motion lost in the 

direction of the axes of y and z respectively, will be 

2(m6)— 2(mB), and 2(toc)— 2(mC) : 
but, by the principle of D'Alembert, these quantities should 
maintain the system in equilibrio ; and we therefore have 

2(OTa) — 2(mA) =0, 2(m6) - 2(otB)=0, 2(mc) — 2(mC) =0 ; 

Ax O/U OtZ 

hence, the expressions -7-', ^', -r-', which represent the velo- 

dt €U dt 

cities of the centre of gravity parallel to the co-ordinate axes, 

remain unchanged by the act of collision. 

633. This property of the centre of gravity, in virtue of 

which its motion is independent of the mutual actions of the 

parts of the system, constitutes the principle of the preservct- 

tion of the motion of the cetUre of gravity. 



PART THIRD. 



HYDROSTATICS. 

OF THB PRESSDKE OF FLUIDS. 



1 



634. A fluid is a collection of material particles, which " 
yield to the slightest effort, and which move freely among 

each other in all directions, 

Wiien the material particles adhere to each other in any 
degree, ihe fluid is said to be imperfect ; in the following 
pages ihe particles will be supposed entirely destitute of any 
adhesion. 

635. Fluids are divided into incompressible and compressi- 
ble or elastic fluids. 

Incompressible fluids are such as always occupy the same 
volume at the same temperature ; such are water, mercury, f 

wine, ice. * 

Elastic fluids are those whose volumes admit of change by 
the application of pressure ; such are the vapour of water, 
atmospheric air, and the difl"erent gases. 

G36. Let ABCD {Pig- 218) represent a vessel entirely closed, % 

and filled with a fluid destitute of weight : if two apertures . 

EF and HI, having equal surfaces, be pierced in this vessel, 
and if pistons K and L be applied to these apertures, and urged - 

by forces RK and SL, equal in intensity, and directed per- 
pendicularly to the siirfacea HI and EF, these forces will re- 
main in equilibrio. Hence, it is necessary that the pressure 
exerted upon the surface EF .should be communicated to Ihe 
surface HI, through Ihe intervention of the fluid medium ; 
and this can only happen provided ihe particles of Ihe fluid 
experience the same pressure at every point of ihe fluid mass. 
Adopting the result of this experiment as a basis, we can 
establish the following principle : 
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The characteristic property of fluids is thai they transmU 
a^ressure applied to thenij equally in all directions. 
' 637. To express analytically this property, which is 
* termed the principle of eqtuU pressure^ we shall consider a 
fluid mass enclosed in a vessel AL (i^. 219) having the 
form of a rectangular parallelopiped^ the base of which is 
horizontal. Let a piston be applied to the upper sor&ce 
EH of the fluid, and let it be luged downward by a force P, 
acting in the vertical direction : the base of the vessel will 
experience the same pressure as Iboug h the force were ap^ 
plied directly to it ; and each portion of the base will support 
a pressure proportional to its extent j so that if A denote the 
area ABCD, and a the area Abed, of a portion of this base ; 
and if p denote the pressure sustained by a, the value of p 
will result from the following proportion, 

A : a : : P : p. 

Let a represent the unit of surface ; we shall then have 

P 

henoe, if « vepmsettt she «atio between tke surftce JUetf, 
and the suriace Aicd assumed as tbs «nit, the pnoosnie P 
supported by the surface Ab'dd, will be expressed by 

P'^^ (381); 

and since all portions of the fluid mass must sustain equal 
pressures for the same extent of surface, it follows that if the 
surrace oontaining m units were situated in any other portion 
of the vessel, on the sides for example, it would still sustain 
the same pressure pu, 

638. When the surface pressed is indefinitely small, it may 
be represented by the elementary rectangle dxdy ; and the 
pressure exerted by the piston on this elementary portion of 
the surface of the vessel, will be expressed by pdrdy: this 
expreision will be equally applicable in whatever portion of 
the vessel the element may be situated, and whcfther the sur- 
face be plane or curved. 

639. In the preceding paragraphs, the fluid has leen sup- 
posed subjected merely to the action of the pressure applied 
at its sur&ce ; but when the particles of the^ fluid are acted 
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upbn by inoessant forces, the pvessure will cease to be con- 
stant throughout the mass. In this case, the pressure sus- 
tained by the fluid arises from two distinct causes : 1^. a 
pitssure resulting from the force P applied to the^surfacei 
a!nd equally distributed throughout the mass ; and, 2°. the 
pressure arising from the action of the incessant forces. The 
latter pressure is usually different in different parts of the 
fluid mass, since toch particle may be acted on by a force 
having any intensity. 

640. To offer an example of this second kind of pressure, 
let the fluid contained in the vessel ABCD {F\ff. 218) be con- 
sidered heavy : then we must regard each particle as acted on 
by the force of gravity. 

We shall find in the sequel, in discussing the properties of 
heavy fluids, that the principle of equal pressure is greatly 
modified by this circumstance. It follows from the preceding 
remarks, that the pressure p should in general be regarded as 
variable, in passing from one point to another of a fluid mass, 
when the particles are acted upon by incessant forces. In 
this tsase, the pressure p exerted. at any point whoee o»H>l4i* 
nates are jr, y, Zj when referred to the unk at SMrlace, mud 
be understood to denote the pressure whioh would be exerted 
upon a unit of surface, if every point in this' unit akkould siiS- 
tain a presMre equal to that exerted at the point <r^ y, u. 

General JBquatians of the Equilibrium of Fluids. 

641. Let a fluid particle solicited by inoessaaft foroes be 
aupposed to rest in equilibrio in a fluid mass, and let it be 
required to determine the equations necessary to establish the 
state of equilibrium. 

For this purpose, let the co-ordinate plane of i:, y be 
assumed horizontal and above the fluid mass, wlii(Ai we will 
suppose divided into infinitely small rectangular parallclo- 
pipeds by planes parallel to the co-ordinate planes. Let dSl 
represent one of these elements whose co-ordinates are x, y, and 
z : the volume of this element will be expressed by dxdydz ; 
and by multiplying this volume l^ the density D, supposed 
constant throughout th^ element, we shall have D . dxdj/iz 
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for the expression of the elementary mass of the fluid : h^ce^ 
ve derive the equation 

dM=D . dxdydz (382). 

If X, Y, and Z represent the incessant forces which act upon 
the element (fM, and which are supposed constant throughout 
the extent of this element, XcfM, Y^fM, and Z(JM will express 
the moving forces exerted upon the elementary paraHelopiped, 
and these forces, acting conjointly with the pressure sus- 
tained by the several faces of the element, should maintain 
this element in equilibrio. Let the superior surface dxdy of 
the parallelopiped be extended {Fig. 220) until itft area 
becomes equal to the assumed unit represented by BC ; and 
let the pressure p sustained throughout this unit be con- 
ceived constant, and equal to that exerted at each point of the 
face dxdy. When the ordinate* B1)=jz is changed into 
DE=5rH-d2r, the pressure p, which varies with z^ will become 

and will express the pressure exerted on the unit of surface, 
each point of which sustains a pressure equal to that sup- 
ported by the points in the base EP of the parallelopiped 
Consequently, to obtain the total pressures on the superior 
base BG and on the inferior base EP of the element, we 
must multiply the surfaces BG and EP, each of which is 
equal to dxdy^ by the respective pressures exerted upon their 
unit of surface : thus, we shall obtain for the pressures sup- 
ported by BG and EP, 

pdxdy, and {p+^dz)dxdy\ 

the first of these pressures is exerted downwards, and the 
latter upwards. Their difference will be a pressure exerted 
upwards, if we suppose the pressure to increase with the 
co-ordinate :r, and it will be expressed by 

■J-dzdxdy : 

and since this difference should sustain in equilibrio the ver- 
tical force ZdM, we shall have 
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substituting for dH its value given by equation 1^82), and 
reducing, we find 

*=DZ. 
dz 

In like 'manner, by denoting the lateral pressures on a unit 
of sinface exerted against the &ce8 dxdz^ dydz^ by q and r, 
we shall obtain 

dy dx 

It }\p been shown (Art. 640) that the pressures exerted upon 
any one of the faces is composed of the pressure uniformly 
distributed throughout ihp fluid, and of the pressure due to 
the incessant forces. ' Thus, to estimate the pressure qdzdz, 
exerted upon the face dxdzj it is obvious that this pressure 
may be considered as resulting from, V. The pressure exerted 
upon the superior base, which is transmitted equally through- 
out the parallelopiped ; and, 2®. The pressure due to the 
incessant forces exerted upon the particles which compose 
the parallelepiped. But the pressure exerted upon the upper 
base being pdxdy, it will be transmitted to the face dxdz^ 
exertfhg a pressure pdxdz proportional to the area of this 
fkce. 

The incessant forces being Xdiiy Y{2M, and ZdSiL respect- 
ively, the pressure arising from their joint action will be a 
function of their intensities, which we shall represent by 

^ P(XdM, Y^fflf, ZrfM) ; 

and we shall thus obtain 

qdxdz-pdxdz +FQLdm, Ydm, T^dm) : (383). 

The function represented by 

P(Xrfm, Ydm, Zdm) 

» 

must be such that it will disappear when the forces are sup* 
posed equal to zero : hence it is necessary that every term of 
the function should contain at least one of the factors X^Off, 
YdM^ or ZdM : and by arranging the terms with reference 
to the powers of dM, commencing with the least, we may 
suppose ' 
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F(XdM, YdM, ZdM)=LXiM+NY<OI+PZiM+&c 
Sahstituting this value in equation (383), we Aal\ haye 

and replacing dM by its equal Uth^fydz^ this eqnatioa will 
become 

qdxdz^pdxdz + TiLLdxdfdz+VNYdxdydz 

ditiding bj dxdg, there results 

y=j)+DLXrfy+DNY<fy+DPZrfy+&c (384). 

The terms DLXdy, DNYdjy, DPSUy, &c. being infinitdy 
small with respect to p, it follows that the equation (384) 
nay be reduced to 

In like manner, it may be demonstrated that r=p \ and 
hence, the equations of equilibrium wiU become 

*.DZ. |=DY. 4=DI (386). 

If we multiply these equations by dr, djfy and dx respectiTdy, 
and take their sum, we shall obtain an e3q>re6sion for the 
differential of the pressure, when the co-ordinates Xj y, and 
z are suppoeed to vary together ; thus, 

<^H^(ir+^+ j£te=D(Xifcr+Ydy+Zd:r) (386). 

Such is the equation which, when intq^ted, will determme 
the pressure upon the unit of surface at any point of the 
fluid. 

Applicaium of the General EqucUums of Equilibrium to 

Incompressible Fbiide. 

642. Let us suppose an incompressible homogeneous fluid 
to be in equilibrio in a vessel capable of opposing an indefi- 
nite resistance to pressure : the pressure p exerted upon the 
unit of surface, at a point whose co-ordinates are a;=a, y=ft} 
^=0, will be determined by substituting the values a« 6, and c 
tbT ;r, y, and z^ in the integral of equation (386) : and if the 
density D be supposed constant, the determination of the 
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^' value of p will depend on the possibility of integrating the 

I. foimula 

[i Xdx+Ydy-^-Zdz • . . . . (387). 

^ This int^ation will always be possible, when the pre- 

ceding expression is an exact differential of the variables 
dT, Vj and z. 

Let it be supposed that this condition is fulfilled, and that 
the pressure at any point on the sides or bottom of the vessel 
has been determined ; this pressure will be destroyed by the 
resistance of the vessel. But if we consider a point in the free 

t: surface of the fluid, and suppose that no exterior pressure is 

rx: applied to the fluid by means of a piston or otherwise, it is 

obvious that the pressure at such point will be equal to zero* 
The same being true for every point in the free surface of the 

^ fluid, it follows that in passing from any point in the surfiioe 

of the fluid to a consecutive point in the same sur&ee, the 
pressure /» will remain invariable, being equal to zero at each 

i of these points ; hence £i{p=0, and the equation (386) con- 

dered as applicable to points situated in this surface, wifl 
reduce to 

XAr+ Y<tyH-Zrf5r=0 (388). 

This equation will likewise appertain to the surfiuse of the 
fluid when this surface experiences a consteant pressure, that of 
the atmosphere for example, since we shall still have dp^(L 

It will also subsist for those pointe within the fluid mass 
which sustain equal pressures. 

643. When the expression (387) is an exact differoitialt 
and the equation (388) is satisfi^, we shall have d^saO, audi 
the pressure, if it exist, must be constant. But, in this case, 
in order that the equilibrium may be {Nreserved, it is neoes* 
sary that the resultant of the forces exerted upon each paji^ 
tide in the surface, and directed towards the interior of the 
fluid, should be normal to the surface of the fluid : for if it 
were not, we might decompose this resultant into two forces, 
one normal and the other tangent to the siir&ce ; and it is 
evident that tlie latter would impart a motion to the fluid par- 
ticle. 

644. This condition iS' likewise indicated by the equation 

Z 2 
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(388) ; for, let a/, y',and 5/ represent the co-ordinates of a par- 
tide in the surface of the fluid, and X, Y, and Z the incessant 
forces applied to this particle. The general equations of the 
normal to a curved surface at the point a:', y', z\ are 






(389) ; 



and if we substitute in these equations the values of -7— and 

-J-- determined by equation (388), the equations (389) will 
ay 

become those of the normal to the surface of which (388) is 
the equation. But by regarding X, Y, and Z as functions 
of the co-ordinates x, y, and z, and employing the usual nota- 
tion, the equation (388) will give 

_rfz^_X dz* _Y 

"rf2r'""Z' '^dt/^ Z' 
Substituting these values in (389), we find, for the equations 
of the normal at the point x', y', z'^ 

X Y 

a:-z'=—{z-^z% y— y'= — (z— ar'). 

These equations are precisely similar to those of the result- 
ant cf the forces X, Y, and Z, found in Art 57. 

645. The equation (388), when susceptible of being inte- 
grated, leads to several remarkable consequences. For, if we 
represent the integral of this equation by F(x, y, z)+Cf and 
make C=— A, we shall have 

F(x,y, 2r)=A. 
If we assign to A arbitrary values successively increasing, 
such as 0, a, of, a!\ &c., we shall obtain the equati<His 

F(^, y, ^)=0, 

F(x,y,2r)=a, 

F(x,y, 2:)= a', 

F(x, y, z)=a", 



P(ar, y, z)=a<->, 
d&c. tx/t. 
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Each of these equations being differentiated will produce 
equation (388), and among them will be found that apper- 
taining to the surface of the fluid, which is supposed to have 
.produced equation (388) by differentiation. 

Let this equation be represented by F(:r, y, z)^c^^ : then 
the other equations will appertain to different surfaces, each 
of which will possess the property, that the resultant R of the 
forces X, Y, Z, exerted upon any particle situated in such sur- 
face, will be perpendicular to the surface. 

The directions of .the forces being cut perpendicularly by 
the surfaces of constant pressure, such surfaces are said to be 
leveL If we suppose the arbitrary constants 0, a, a', a", &c. 
to differ by indefinitely small increments, the fluid mass will 
be divided by these level surfaces into a series of extremely 
thin layers, .which are denominated level strata, 

646. It follows, from the preceding remarks, that when the 
particles of the fluid are solicited by forces constantly di- 
rected towards a fixed point, its exterior will assume the 
spherical form. The same consequence may be deduced ana- 
lytically. For, let the origin be taken at the centre of attrac- 
tion, and denote by a:, y, z the co-ordinates of a particle dM. in 
the surface of the fluid: the distance of the points, y^z from the 
origin will be expressed by y^(ar« +y' +5r«). If this distance 
be denoted by r; and the force of attraction exerted upon the 
particle dUL by a, the cosines of the angles formed by the direc- 
tion of this force with the co-ordinate axes will be expressed 

by—, ^, and -; and the components of the force a will be 
r r r 

JL^ ^A— I X ^^ •"—A— » ^^— *-A— ! 

r r r 

the negative signs are prefixed to these components because 
they tend to diminish the co-ordinates of the particle dM. 
By substituting these values in equation (388), we shall 
obtain for the differential equation of the surface of the fluid 

^{xds'\-ydf/+zdz)=0 (390). 

r 

w 

Suppressing the common factor , and integrating, we find 
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an equation appertaining to a spherical sarfroe ; henoe the 
surface of the fluid will be spherical. 

647. If the radius of the sphere be very great in compari- 
son with the extent of the surface, as is the case when we 
consider a small portion of the earth's surface, the curvature 
will be insensible, and the surface may therefore be r^rarded 
as a plane. 

648. The integration of equation (390) was effected imme- 
diately in consequence of equation (388) becoming, in that 
example, a particular case of the theorem demonstrated in 
Art. 436, relative to forces directed to fixed centres. It is by 
virtue of this theorem that equation (388) will always be 
integrable in such cases as refer to the equilibrium of fluids 
resting upon fixed surfaces. 

649. If, in equation (386), we replace the quantity within 
the brackets by its equal d[P(ir, y, jt)], we shall obtain 

c(p=Dxd[F(jr, y, r)]j 
or, by division, 

g=d[P(r,y,;r)] (391). 

But d[F{Tj y, z)] being by hypothesis an exact differential, 
^ must likewise be an exact differential ; hence, D will con- 
tain no variable except j9 ; this condition may be expressed by 
the equation 

D=/p (392). 

If the pressure p be supposed constant, the density D will 
be likewise constant, and (391) will reduce to 

d[F(^,y,^)]=o. 

The integration of this equation will reproduce that already 
found in Art. 645, the properties of which have been dis- 
cussed. 

660. The fluid being still supposed incompressible, but 
heterogeneous, the density D will be variable ; and in order 
that the pressure p may be determinate, the quantity 
'D(S.dx+Ydy+Zdz) must be an exact differential : but if 



SLASTIC PLTJID8. , 369 

Xdx+Ydy+Zdz be likewise supposed an exact differential, 
it will appear, as in equation (392), that the density will be 
always a function of the pressure. Thus the pressure and 
density will become constant together, and will remain in- 
variable for all points situated in a level stratum. 

We conclude, therefore, that a heterogeneous fluid maas 
cannot remain in equilibrio, unless it be disposed in such man- 
ner that each of the level strata shall be of equal density 
throughout The law of variation in the density in passing 
from one stratum to another, will depend on the manner in 
which D is expressed in functions of x, y, and z : and since 
the nature of the function is entirely arbitrary, the law of 
the density will likewise be arbitrary. 

Application of the General Equations of Equilibrium to 

Ekutio Fluids. 

651. The characteristic property of an elastic fluid is its 
power of sustaining compression, and subsequently regaining 
its original volume and elasticity, when the compressing force 
is removed. 

Thus, a fluid which is elastic exerts in addition to the 
pressure due to the forces which act upon it, an effort arising 
from the elasticity of its particles. 

It has been ascertained experimentally, that this effort, 
which is called the elastic force oftkejluidj is proportional to 
its density, so long as the temperature remains invariable. 

Thus, if we suppose the temperature to remain constant, 
and represent by P that pressure exerted upon the unit of 
siirface which is necessary to produce a certain density 
assumed as the unit, this density will be doubled when the 
pressure becomes 2P; trebled when the pressure becomes 
3P, &c ; and hence, if the density be expressed by D, the 
corresponding pressure will be PD. This pressure being 
denoted byjti, we shall have 

;?=PD (393) ; 

the quantity j9 represents, as heretofore, the pressure exerted 
apon the unit of surface. 
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662. By combining equation (393) with the equation 

dp=D{Xdx+Ydy+Zdz), 
there results 

dp_Xdx+Ydy+Zdz .oqa\ . 

J p ^^^^ ' 

and by integration, we have 

663. The temperature being supposed constant throughout 
the mass, and the nature of the fluid particles everywhere 
the same, the quantity P will be constant, and may therefore 
be placed without the integral sign : thus, by representing 
the constant C by log (7, we shall have 

or, if we denote by e the base of the Naperian system, this 
equation will reduce to • 

/(Xito-hYtfy+Zdg) 

log p =log e ^ +log O : 
reducing, and passing from logarithms to numbers, we find 

/ (XiaH-Y < fH-24te) 

p=C'c ' 

This value being substituted in equation (393), we obtain 

be ^ 



P 

The pressure and density being both functions of the quan- 
tity /(Xcfcr+Yrfy+Zt^jz:), they will become constant at the 
same time ; and hence, the density of the fluid throughout 
each level stratum will remain invariable. The value of the 
density in any stratum results immediately from the pre- 
ceding equation. 

664. It should be remarked, that in the case of elastic 
fluids, the equation 

Xds+Ydy+Zdz=0 

cannot be deduced ^rom the hypothesis of p=0 : for, if w« 
suppose /i=0, the equation will give D=0; and henoe, we 
perceive that it would be necessary that the density of the 
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fluid should be likewise equal to zero ; a supposition which 
would destroy the existence of the fluid. 

We conclude, therefore, that in an elastic fluid, the pressure 
cannot be equal to zero at the surface of the fluid, as is the 
case with incompressible fluids. Thus, a mass of elastic 
fluid cannot he in equilibrio unless contained in a close 
vessel, or extended indeflnitely in space. 

Of the Pressure of Heavy Fluids. 

666. It is now proposed to examine the circumstances of 
equilibrium in fluids whose particles are acted on by the force 
of gravity. For this purpose, let it be supposed that a vessel 
is placed upon a horizontal plane, and filled with water, or 
dther heavy fluid, to a certain height. The surface of the 
fluid, as has been demonstrated, will assume a horizontal posi- 
tion ; let this surface be assumed hs the plane of Xy y, and let 
the co-ordinates z be reckoned positive downwards ; the force 
of gravity being the only force exerted upon the fluid parti- 
cles, we shall have 

X=0, Y=0, Z=g^; 

and the equation (386) will become 

dp=^Dgdz. 

The density of the fluid and the intensity of gravity being 
supposed constant, the integration of this equation will give 

p=Dgz+G (396). 

To determine the value of the constant C, we make z=Oj 
and since the pressure p is equal to zero at the same time, we 
deduce 0=0 : thus the equation (396) is reduced to 

p^Dgz (396). 

666. If a horizontal plane be drawn below the surface of 
the fluid, every point in such plane will have a common ordi- 
nate z ; and the pressure p^Dgz will therefore be constant 
throughout this plane. 

667. Let h represent the distance between the surface of 

the fluid and the horizontal base of the*vessel ; the pressure 

supported by the unit of surface of the base will be determined 

31 
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by equation (396), in which we replace z by A, and thai 
obtain 

p=jygh (397). 

Let p' represent the pressure supported by the entire base, 
which is supposed to contain b units of surfece : the quantity 
p will be contained b times in // : we therefore have 

p'=bp (398), 

and by substituting for p its value given in equation (397)^ 
we find 

p'=^Dghb (399). 

But bh represents the volume of a prism whose base is i, 
and height h ; and by multiplying this volume by the density 
D, we obtain bhD for the mass of the prism : therefore bghD 
will express the weight of such prism ; and hence, it appean 
that the base b supports a pressure equal to the weight of the 
column of fluid which rests immediately upon it. 

658. The pressure p', exerted by the same fluid, being 
dependent only on the base b and height A, it follows that the 
pressures supported by the bases of difierent vessels will be 
equal, whatever may be the forms of the vessels, provided 
their bases, and the heights of the fluid above them, be 
respectively equal. 

6^9. To determine the lateral pressure exerted against the 
sides of the vessel, let dm represent the element of this sur- 
£m^, and z the distance' of the element fr<an the surface of the 
fluid ; the pressure p (refe'rred to the unit of surface), which 
is supported by the element dm, will be determined by equa- 
tion (396) : this value being substituted in equation (399). 
and the area b being replaced by dm, we obtain D.gz.dm for 
the expression of the entire pressure on the element dm. A 
similar expression may be obtained for the pressure upon 
each element ; and since the pressures will be exerted in par- 
allel directions when the side of the vessel is supposed plane, 
we shall have, for the total pressure exerted against the side, 

p'=/Dgzdm. 
The second member of this equation contains two variables, 
one of which must be eliminated before the integration can 
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be effected. This elimination is readily accomplished wbett 
the figure of the surface m is knowu. 

66(). Let it be required, for example, to determine the pres- 
sure exerted against the inclined rectangle AGDB (2^. 221), 
whose sides AB and CD are parallel to the horizon. Denote 
by b and I the base AB and length BD of the rectangle, and 
conceive its surface to be divided into an infinite number of 
elements, by lines parallel to AB or CD ; the pressure will be 
the same upon every point of the same element. Let v denote 
the distance E)/' of any one element af from the base CD ; 
the height of this element will be expressed by dv^ae, and 
the surface of the element by 

abX€^=bdv] 

substituting this value for d* in the expression fDgzdm^ we 
obtain 

such will be the expression for the pressure exerted upon the 
surface ABDC. The integral should be taken between the 
limits i;=0 and i;=Z, the variable z being previously elimi- 
nated. To effect this elimination, let ^ represent the angle 
BDL included between the plane of the rectangle and the 
vertical line NL, and a the distance DN of the superior base 
CD from the surface of the fluid ; we shall have 

K/orLN=ND+DL; 

or, 

«a=a+v.cos^: 

hence, the pressure exerted upon the surface will be ex* 
pressed by 

j)'=/Dg"(a+i7 . cos ^biv ; 

and by performing the integration indicated, we find 

/i'=Dg^6(ai7 + iv« cos^)+C. 

The integral being taken between the limits i;=0, and t?=4 
we obtain 

;>'=Dg'6(a/+J/»cos^). 

661. To determine the point of application of the resultant 
of all the pressures exert^ upon the rectangle, we remark, 
in the first place, that this point must be situaited upon the line 
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EH, which bisects the sides AB and CD. We next r^ard 
the pressures exerted upon the different points of the surface 
ABDC as parallel forces, and determine their moments with 
reference to a vertical plane passing through the horizontal 
line CD : the pressure sustained by the element abfe being 
DgzbdVf its moment will be expressed by Dgzbdvxv . sin f ; 
and by denoting the distance EG of the point of application 
of the resultant from the line CD by v^ the principle of mo- 
ments will give 

p'v, sin ^=sin ^fDgzbvdv ; 

or, 

p*v^ =/Dgzbvdv, 

If, in this expression, we replace z by its value determined in 
the preceding Art., we shall obtain 

p*v=I>gbJ{avdv+co8 p . v*dv) ; 
whence, by integration^ 



^'t,=Dff6(^+cos<Py)+C. 



The integral being taken between the limits t;=0 and i7=^ 
there results 



p'v^Bgbf^-^+cos ^- j ; 



and by substituting for p' its value, we find, after redaction, 

al . Z« 

2+cosp^ 

^'= ~T 

a+cos^ - 

Having found the, pressures exerted upon the base and 
upon each of the sides of the vessel, we combine these pres- 
sures, and determine their resultant: such resultant will 
express the entire pressure produced by the fluid. 

662. We will next consider a body immersed in a homo- 
geneous heavy fluid : the pressure exerted by this fluid 
against any portion of the surface of the body may be deter- 
mined by the method for finding the pressure against the 
sides of a vessel ; but when it is required to consider the 
total pressure exerted against the surface of a body immersed 
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in a fluid, we commonly employ the following theoremS| the 
truth of which will be demonstrated. 

V. The pressures exerted upon (he surface of a body en- 
tirely immersed in a fluid have a single resultant, which is 
vertical and directed upwards, 

2°, TTie residtant of all the pressures is equal in intensity 
to the weight of the fluid displaced. 

3°. JTie lifie of direction of this resultant passes through 
the centre of gravity of the displaced fluid. 

4^. T%e horizontal pressures destroy each other. 

To establish the truth of these propositions, let us suppose 
a vessel ADE {Fig. 222) to be filled with a heavy fluid in 
equilibrio, and let a portion of this fluid KL be conceived to 
become solid, its density remaining unchanged : the state of 
equilibrium will not be disturbed by this change. But this 
solid is urged downwards by a force equal to its weight, 
applied at its centre of gravity. This force can only be 
destroyed by the resultant of all the pressures exerted by the 
fluid against the solid ; hence, it follows that these pressures 
must have a single resultant equal in intensity to the weight 
of the displaced fluid, and that this resultant must be applied 
at the centre of gravity of the displaced fluid, and be directed 
vertically upwards. , Moreover, as the direction of the result- 
ant is vertical, the horizontal pressures will mutually destroy 
each other. 

When a body is partially immersed in a fluid, an equilibrium 
cannot subsist unless the centres of gravity of the body and 
of the fluid displaced be situated upon the same vertical line : 
this condition will necessarily be fulfilled when the body is 
entirely immersed, provided it be homogeneous; since its 
centre of gravity will then coincide with that of the fluid 
displaced. 

The buoyant efibrt exerted by the fluid being directed along 
a line which passes through the centre of gravity of the dis- 
placed fluid, that point is called the centre of buoyancy. 

663. Let v represent the volume of fluid displaced, and tf 
that of the body ; D the density of the fluid, and IK that of 
the body : the weights of the volume of displaced fluid, and 
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of the body will be respectiyely Dgv and IVgt/. If the body 
be supposect to rest in equilibrio, we shall have 

and if we suppose it to be entirely immersed, the volumes v 
and f/ will be equal, and the densities D and D^ must likewise 
be equal, in order that the equilibrium may be preserved. 

But if the weight of the body be less than that of the fluid 
displaced, we shall have 

T)gv>D'gtf ; 

and the body will be luged upwards by a force equal to the 
difference Dgv—iygv^, 
If, on the contrary, we should have 



the body would tend downwards with a force equal to 

Of the Equilibrium^ Stability^ and (hdlUUions of Floating 

Bodies. 

664. The propositions demonstrated in Arts. 662 and 663 
establish two principles which serve as the basis of the theory 
of floating bodies ; these principles are, 

1^. When a body is partially or totally immersed in a 
fluid, an equilibrium cannot subsist unless the centre ^ 
gravity and centre of buoyancy be situated upon Ae same 
vertical line. 

V. If an equilibrium be maintained, the weight of the 
body uriU be equal to that of the fluid displaced. 

The latter principle is frequently employed for the purpose 
of estimating the weight of a ship either with or without her 
cargo. For this purpose, we measure the capacity of the 
part immersed, and allow a weight of one ton for every 36 
cubic feet which it contains. By taking the difference of the 
weights of the vessel with and without the cargo, the weight 
of the latter may be obtained. We can also arrive at the 
same tesult, by simply measuring the additional portion of the 
vessel immersed, when the cargo is introduced. 
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665. Tbe horizontal surface of the fluid is caUed-the plane 
of JloaUdioru 

666. If V denotB the volume of fluid diqilaced, D its den- 
sity^ and g the intensity of the force of gravity, the \reight P 
of the body ABC {Pig. 223), which floats upon the surface 
of the fluid, and is partially immersed, will be equal to l>gv. 

667. When the floating body and fluid are both homc^ne- 
ous, the centre of gravity of the part immersed will coincide 
with the centre of buoyancy. 

668. The fluid and body being homogeneous, the centre of 
gravity G {Fig. 283) will be situated above the point O, the 
centre of byo]rancy. For let ^r he the centre of gravity of 
that portion of the body which lies without the fluid : then, 
the centre of gravity G of the entire body will necessarily 
be situated upon the line gO^ and between the points g and O ; 
hence, it will be found above the point O. 

669. But if the floating body be heterogeneous, it may 
happen that the centre of gravity of the entire body will lie 
below the centre of buoyancy* For by supposing the density 
of the lower part of the body to be very much greater than 
that of the upper portion, the centre of gravity of the entire 
body may be situated extremely- near the lower surfkoe : but 
the position of the centre of buoyancy depends only on the 
figure of the part immersed, since the density of the fluid is 
supposed uniform, and it may therefore be situated at a 
greater distance from the lower surface of the body than 
die centre of gravity of the ehtire mass. 

Hence we ccmclude, that the centre of gravity of the float* 
ing body is sometimes 3ituated above, and sometimes below, 
the centre of buoyancy. 

670. When the body is but partially immersed, the weight 
of the immersed portion is less than that of the fluid dis^ 
{daced, and the equilibrium is maintained by the weight of 
that portion of the body whidi lies without the fluid : this 
weight is equal to the difference of the weights of the fluid 
displaced and of the part of the body immersed. If the weight 
of the body be increased, it will sink to a greater depth, until 
the weight of the additional quantity of fluid disfdaced ^all 

•be equal to the weight added. 



*■■ * 
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C71. IM us now suppose that a body floating upDn tbe 
surface of a fluid {Pig- 224) is cleritpged in a very slight de- 
gree ironl its position •£ equilibrium^ by the application of 
any foree, and let us exanune whether" the body will tend to 
return to its original position, or, on the contrary, tQ deviate 
farther from it Let ADB represent the immersed part of the 
body before derangement, and abD that immersed after de- 
rangement : we suppose the new position of the body to be 
such, that the weight of the fluid displaced shall still be equal 
to the weight of the body, or that ABD=a6D. The centre 
of gravity G may be regarded as fixed during the rotation, 
since the forces will tend to turn the system about that point, 
as though it were immoveable. The centre of buo]rancy 
will not retain its position O, but will be found nearer to the 
portion CBb, which, by the rotation, has become immersed in 
the fluid : and if W4^ suppose,'for the sake of sympUiying the 
question, that the body is divided symmetrically by the plane 
ABD, the centre of buoyancy will obviously be found in this 
plane after the derangement. Let o represent the centre of 
buoyancy in the deranged position, and through o and G let 
perpendiculars oi and GA: be demitted upon the line ab. If 
an equilibrium subsist, the weight of the body and the up- 
ward pressiure of the fluid will be equal and directly opposed* 

The first condition will necessarily be satisfied, since we 
have supposed the volume of fluid displaced to remain un- 
changed: the second condition will be fulfilled when the 
points i and k coincide with each other : but if this coinci- 
dence should not take place, the point t may Mi either to the 
right or to the left of the point k. In the first case, the pres- 
sure of the fluid applied at o and acting upwards, will evi- 
dently tend to restore the body to its primitive position, or to 
render the line DG vertical. But if the point t should fall to 
the left of k, this pressure would tend to turn the body in a 
contrary direction about the point G, and would thus cause 
it to deviate farther from its original position. 

If the body, when deranged in a very slight degree from itg 
position of equilibrium, should tend to resume its former posi- 
tion, the equilibrium is said to be stable ; but if, on the con- 
trary, it should tend to depart sull fittther from this position, 
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the equilibrium- is called vnsiable y- *when the bftdy neither 
tends to return to i^ original position/nbr to deviate farther 
from it, the equilibrium is said to be one of ind%ffer,€nce, 

672. By examining tl^ directions of the pressures before 
and after derangement, we shall find that the lines OG and 
Of perpendicular to AB and ab respectively, are inclined to 
each other, and being contained in the same plane, they will 
intersect in some point m {Fig, 226). 

This point is called the metacentre ; and it appears from 
Art. 671, that when the point G is situated below m, the 
extremity k of the perpendicular GA: will fall to the left of the 
point i, and the equilibrium will be stable ; but if the point G 
be situated above the point m, the extremity k of the perpen* 
dicular GA: will fall to the right of the point i, and the equi- 
librium will become unstable. If the points t and k coincide, 
the equilibrium becomes one oTindifiereQce. 

673* Let it now be required to determine the position of 
the metacentre. This point being found upen the line con- 
necting the centre of gravity and centre of buoyancy in the 
primitive position of the body, it will be sufficient to determine 
its distance from the point G, or the point O. 

For this purpose we remark, that when the body is slightly 
inclined, the line AB (Fig, 226) which represents the profile 
of the plane of floatation in the primitive position, assumes a 
position inclined to the new plane of floatation ab in a certain 
angle #, the portion AGa being at the same time withdrawn 
from the fluid, and the portion BGb being immersed. Hence, 
the immersed portions of the body in the two positions will be, 

aCBD+ACa in the primitive position, 

aCBD+BCb after the derangement. 

But if 7, g, and g* represent the respective centres of gravity 
of the volumes aCBD, aCA, and iCB, the centre of gravity 
O of the volume ABRD will be found by dividing the line g^ 
in the inverse ratio of the volumes aCBD and ACa ; and in 
like manner, we may find the centre of gravity o of the 
volume abBD : thus, we shall obtain the proportions 

vol aCBD : vol aCA xiOgiOy (400), 

vol aCBD : vol fcCB iiog^ioy (401) ; 

Aa 
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but the.secand tonns of these proportions are equal to each 
other : for, the floating body being supposed to displace the 
same quantity of (Lixid after it has been deranged as it did in 
its primitivie position, the Toluma^ ABRD and abKD will be 
equal to each other i and if from these equals we subtract 
the common part aCBD, there will remain the volumes aCA 
and BC6 equal to each other. Hence, we deduce from the 
proportions (400) and (401), 

which proves that the lin^ gy and g'y are cut proportionally 
l^ the right line Oo, which line is therefore parallel to gg'. 

Bat, the derangement of the body being, by h3rpolfaeBiB, 
extremely slight, the line gg' may be considered as nearly 
coincident with the primitive plane of floatation ; and since 
Oo is parallel to gg'^ this line may be regarded as parallel to 
the same plane. 

674 To determine the value of Oci we deduce, from the 
proportion (400), 

vol aCBD+vol oCA : vol aCA : : Og+Oy : Oy, 

vol ABRD : vol aCA : : fiv : Oy. 
But the similar triangles gg'y and Ooy give 

and by comparing this proportion with the preceding, we 

obtain 

vol ABRD : vol oCA :: gg'tOo (4|0S); 

wheno% 

vol aCAxge^ /40» 

^ vol ABRD ^*^'^- 

676. Having determined the value of Oq^ we can readily 
obtain that of Om {Fig- 227) ; for, the lines Om and ofk 
being respectively perpendicular to CA and Co, the angles at 
C and m will be equal ; and since these angles are exceed- 
ingly small, we may regard the triangles ACa and Omo as 
similar and isosceles : hence, we shall obtain the proportion 

Aa : Oo : : Ca : mO ; 
and therefore, 

mOsss — (404), 
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676. To oblaia tlie analyiical expressions for Oo and mO, 
we remark, that the plane of floniation AR {Fig- 328), which 
limitu the iraniersed pari of the body in ita primitive position, 
is replaced by the plane ab after llie derangement : tliese two 
planes, being intersected by a vertical plane perpendicular to 
their common intersection, will exhibit the section ACa rep- 
resented in Pig. 226 ; and if we continue to draw other par- 
allel vertical planes, wo shall divide ttie solid inclnded 
between the planes KAL, KaL. {Fig. 228) into an infinite 
number of elementary lamtnse parallel to the plane ACa. 

But it is evident, that when the plane KAL, which in the 
primitive position of the body coincided with the surface of 
the fluid, shall have been detached from the surface, revolving 
around the line KL, each ri^ht line in this plane, as CA, will 
have described the sector of a circle ; so that the sections of 
the sohd included between the planes ALB and aLb {Pig. 
228) by ihe system of parallel vertical planes, will be repre- 
sented by the sectors ACa, A'Ca', A"C"a", &C. (Pig. 229). 
But if we assume the line of intersection KL as the axis of 
T, and place the axis of y in the plane KAL, the ordinafes y 
will be the perpendiculars AC, A'C", A"C", &.c. The infinitely- 
small angle formed by the planes KAL and KaL being every- 
where the same, let the arc described by a point at the distance 
unity from the line KL be expressed by * : the arc described 
by the point A will then be determined by the proportion 

1 : ■ : : AC or y : arc Aa ; 
whence, 

arc Ka=iy (405). 

This arc being multiplied by the half of the radius y, we 
shall obtain \uy' for the area of the sector ACo; and this 
area being multiplied by CG'=dx, the portion of the line KL 
intercepted between two consecutive sectors, we shall have 
for the volume of the solid 

A n a' A' = ^«>y * rf J, 
which will express the element of the solid included between 
the planes KAL and KoL. Hence, we shall have {Fig. 226) 

vol K.Oa = \ify^dx (406). 

Such will be the analytical expression for the second term of 
the proportion (402). 
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To detennine the value of the third term, we remark thai 
the line C^ {Fiff* 226) being the distance of the axis KL 
{Pig. 229) from the centre of gravity of the solid KaLA, we 
shall detennine this distance-, by dividing the sum of the mo- 
ments of the elementary solids by the volume KaLA. 

If we consider the elementary sector ACa {Pig. 229), the 
centre of gravity g of this sector will be found upon the 
radius CRssCA {Pig* 230), at a distance from the point C 
(Art. 184) expressed by 

chordAa 
arc Aa 
but the angle C being supposed extremely small, the arc Aa 
may be r^arded as equal to the chord ; and since CR is equal 
to CA or y {Pig* 228), the preceding expression will give |y 
for the distance of the centre of gravity from the axis EL. 
Multiplying the elementary solid ^my^dx by tliis distance, tlie 
moment of thi^ solid with reference to this axis KL will 
become {my^ttx : thus, we shall have 

/\my'dx=ithe sum of the elementary solids, 
fi^^dx^the sum of the moments of the elementary solids : 

and from the property of the moments, the distance Cg of the 
centre of gravity of the small solid CAa {Pig. 226), or 
KALa {Pig, 229), will be expressed by 

the quantity # being constant, this expression may be re- 
duced to 

^ Zfy^dx 
677. The value of Cg will result from the integrations here 
indicated ; and that of C^ {Pig* 226) may be obtained in a 
similar manner ; but, if the floating body be synunetrical with 
respect to a vertical plane passing through the axis KL, as 
will always.happen in the case of a ship, we shall have 

and therefore, 
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The volume of the part immersed, which likewbe enters 
into the etiuation (403), can be calculated directly, when the 
fig'Ure of the vessel is supposed known. Let this volume be 
denoted by V, and let its value and those of the volume AC* 
and gg', given in equations (406) and (407), be substituted in 
equation (403) : we shall thus obtain 

and lastly, by substituting in equation (404) this value, and 
that of the arc Aa, given by equation (405), replacing Co by 
y, we find 

Such is the formula expressive of the distance of the meta- 
cemre from the centre of buoyancy. 

678. When the floating body is homogeneous, and of such 
figure that its parallel sections will be similar, we may rea- 
dily determine the position of the metacenlre, without the 
necessity of performing an integration- For let a' represent 
the area of the section AEB {Pig. 231), which is supposed to 
have been determined by direct measurement, and let b repre- 
seut the half-breadth CA of this section : the half-breadtlis of 
the sections A'E'B', A"E"B", ifec. will be represented by C'A', 
C"A", &.C. or by the ordinates y of the curve KAL, These 
sections being by hypothesis similar figures, they will be 
proportional to the squares of their homologous sides ; and 
hence, we shall have 

section AEB : section A'E'B' : : AC : A'C», 
or, 

a' : section A'E'B' : : 6' : y'; 



The distance CC between two consecutive sections being 
denoted by dx, we shall have 

for the expression of the elementary solid. 
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679. liBt g repraient the centre of grayity of the eectioD 
AEB, whioh, in ooneequeooe of the sfinmetiy of the fif(Qie, 
will be found on the vertical GE. The centre of gravity of 
<hiB section having been determined, let its distance from the 
suriaoe ef ihe fluid be denoted by n : we shall then have, 
from the similarity of figures, 

- ^ ^ ^ . J ^^® distance of the centre of gravity of the J _ 

' ^ " ** * / section A'E'B' firom the surface of the fluid \ "" ' 
vheoci^ 

Multiplying this distance by the elementary solid, we shall 
obtain for the moment of this solid, taken with reference to 
the surfiice of the fluid, 

b ^ b* 
and therefore the expression -T^/y'd!r will represent the 

sum of the moments of the elementary solids taken with refer- 
ence to the surface of the fluid. This sum being equal to 
the product of the volume Y of the solid immersed by the 
depth HG of its centre of gravity, if this depth be denoted 
by O, we shall have 

whence, 

Y.b\J^ 
But it has been shown (Art, 677) that the distance tnO of 
the metacentre from the centre of buoyancy is given by the 
formula 

wo — 3v--; 

and if we compare these two expressions, we shall find 

or, 

G:mO::3na':26*; 
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whence^ 

"*=ii <««>• 

680. For the purpose of applying this formula, let it bi 
required to find the metacentre of a rectangular parallelo- 
piped ML. Let AF represent the intersection of the body 
by the surface of the fluid {F^* 232), supposed parallel to 
the base NL. The depth AN, to which the body must be im- 
mersed in order that it may be sustained in equilibrio, will 
depend on the weight of the parallelepiped and the density of 
the fluid (Art. 664) : this depth may be considered as deter- 
mined by experiment : the quantity a', which represents the 
section BN, and which will be constant for all parallel sec- 
tions, will be determined immediately ; for we have 

a«=ABxCE, 
Again, the semi-breadth of the section being equal to j^AB^ 
there results 

»=4AB=AC; 

and since the centres of gravity of all the sections are equally 
distant from the surface of the fluid, the centre of gravity 
of the fluid displaced will be situated at the same distance ; 
so that we shall have 

By substituting these values in formula (408), the distance 
of the metacentre m from the centre of buoyancy will be 
found equal to 

2A0» 



mO= 



SABxCE 



or, by reduction, 






For example, if the semi-breadth of the parallelepiped be 
supposed equal to 9 feet, and the depth of the part immersed 
4 feet, we shall find the height of the metacentre above (he 
centre of buoyancy equal to 6| feet ; if, therefore, we subtract 
from this height, 2 feet, the depth tif the centre of buoyancy, 
there will remain 4| feet, for the height of the metacentre 
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aboTe the surface of the fluid. Hence, the centre of gravity 
of the parallelepiped should not be more than 4| feet above 
the surface of the fluid, if we wish the equilibrium to be of 
the stable kind. 

681. As a second example, let us consider a vessel whose 
vertical sections below the surface of the fluid are equal right- 
angled isosceles triangles, such as AEB {fHg- 233). 

If the perpendicular EC be demitted upon the base, the 
triangle AEC will likewise be isosceles, and the height EG 
will therefore be equal to one-half the base AB : thus, the 
quantities which enter into the formula (408) will be, in the 
present case, 

a* =area of the triangle AEB = AC* , 

n=G=iCE, 

6=AC=CE ; 

consequently, by substituting these values in formula (408), it 
will reduce to 

mO=iCE: 

and if from this value we subtract that oi the distance of the 
point O below the surface of the fluid which is equal to |CE, 
there will remain ^CE for the distance of the metacentre 
above the surface of the fluid. Hence, in a prismatic vessel 
whose vertical sections are right-angled isosceles triangles, 
the metacentre will be found at a distance above the surface 
of the fluid equal to the distance of the centre of buoyancy 
below the surface. 

682. If we suppose the body to be slightly deranged from 
a position of stable equilibrium, and conceive the resultant of 
all the upward pressures of the fluid to be applied on its line 
of direction, at the metacentre, we can determine the circum- 
stances of oscillation of this body about the centre of gravity, 
by a method entirely analogous to that employed in consider- 
ing the motion of the compound pendulum. For this pur- 
pose, let the origin of co-ordinates be placed at the centre of 
gravity, and let the proper value of y^ be substituted in for- 
mula (337), which may be put under the form (338) 
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This formula admits of simplification in the present case, 
from the consideration that the oscillations are performed 
about the centre of gravity ; and the general expression of 
the moment of inertia M{k'+a^) is therefore reduced to 
Wc^ : hence, we obtain 

s=t ^'^^ 

This equation, when integrated, will serve to determine the 
angular velocity, and the time of performing a complete oscil- 
lation. 

683. To determine the value of y„ which represents the 
perpendicular distance from the axis passing through the cen- 
tre of gravity, about which the oscillations are performed, to 
the line of direction of the upward pressure, we remark, that 
the distance of the metacentre from the centre of buoyancy 
O is expressed by 

Let this distance be denoted by A, and the distance GO (Fig» 
234) by B ; we shall tlien have 

G«n=A+B; 

or, since the point G may fall above O, we may likewise have 

Gm=A— B ; 
hence we may comprise the two cases under the double sign, 
by writing 

Gm=A±B. 

If the angle LmG {Fig. 234), formed by the vertical mL with 
the new direction of the line GO, be represented by ^, we shall 
have the relation 

GL=Gm sin I; 
or, replacing the sine by the arc, since the arc is supposed 
extremely small, and substituting the value of Gm, this equa- 
tion will become 

GL=(A±B)^; 
and by introducing this value of y, in . formula (409), we 
shall obtain 

d»_£(A±B)l 
dt k^ • 
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684. But the angular velocity # being that which corre^ 
porids to the arc described with a radius unity, thia velocity 

will be expressed by -r- ; and since the arc ^ (f^* ^34) is a 



decreasing function of the time /, di abould be affected wi 
the negative sign ; hencoj 

"-^ (*io)- 

Multiplying the corresponding terms of these equations toge- 
ther dt will disappear : and there will result 

Putting, for brevity, 

^^^=E (411). 

and multiplying by 2, we obtain 

2Eidi'\-2md4,=0. 
Integrating, we have 

whence, 

Substituting this value in equation (410), we obtain 

dt ^l_; 

or, by reduction, 

di 



dt^ 



^Ev/(|-..) 

and, by integration, 

from which we deduce 

'-^=cos[(r-O0v/E]: 

and, finally, 

^l v^C.cos[(/-CVE] 

685. When E is negative, the value of becomes imagin- 
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ary, aiid the oscillatory motion cannot take piaoe ; but in 
order that E may be negative, the first member of equation 
(411) must likewise be negative ; and consequently, 

A d: B=a negative quantity : 

this case occurs when B exceeds A, and is affected with the 
negative sign ; and since A± B represents the distance of the 
centre of gravity from the metacentre, it follows that the meta- 
centre will then be situated below the centre of gravity, and 
the equilibrium will be unstable. On the contrary, if A±B 
be positive, the metacentre will be found above the centre of 
gravity, the value of E will be positive, and the values of i 
and m will be real : thus, the oscillations can be performed, 
and the equilibrium will be of the stable kind. 

686. The time of oscillation being determined by a method 
entirely similar to that employed in investigating the circum- 
stances of motion of the compound pendulum, we may con- 
clude that this time will be independent of the extent of the 
arc through which the oscillations are performed, provided 
the arcs be extremely small. 

iSpecific Oraviif — HydrostcUie Balance — Hydrometer, 

GB7. Let P represent the weight of a body M : if this body be 
immersed in a fluid, the buoyant effort exerted by the fluid will 
tend to support the body, and the force F necessary to sustain 
it will be less than P, that required previous to the immei^ 
sion, by a quantity equal to the weight of the fluid displaced 

For example, if M be supposed a sphere of lead whoso 
weight is equal to eleven pounds, and if it be found to weigh 
but ten pounds when immersed in water, we should conclude 
that the weight of an equal volume of water would be one 
pound ; and therefore that the weight of lead was to that of 
water as eleven to one, 

688. The specific graioity of any snbstence is the ratio 
between its weight and the weight of an equal volume of 
some other substance assumed as the standard. 

Thus, in the preceding example, if water be adopted as the 
standard of comparison, the weight of the sphere of lead 
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being eleven times greater than that of an equal volume of 
water, the specific gravity of lead will be represented by the 
number 11. 

The density of a body has been defined (Art 161) to be the 
ratio between the quantity of matter contained in the body and 
that contained in an equal volume of some other substance 
assumed as the standard ; and since the weights of bodies are 
proportional to the quantities of matter which they con- 
tain, it follows that the ratio of the weights of two bodies 
will be equal to the ratio of their quantities of matter. 
Hence, the number expressing the specific gravity of a body 
will be the same as that which expresses its density, provided 
we refer the density and specific gravity to the same sub- 
stance as a standard. 

In practice, it is usual to adopt water as the standard in 
determining the specific gravities of solids and incompressible 
fluids ; and for the purpose of rendering the comparison more 
exact, the water is first deprived, by distillation, of any im- 
purities which it may contain. The specific gravities of 
gases and vapours are generally referred to that of atmo- 
spheric air. 

689. The dimensions of all bodies being more or less 
affected by changes of temperature, it becomes necessary to 
adopt a standard temperature, at which experiments for the 
determination of specific gravities may be performed. A 
convenient temperature for this purpQse is that corresponding 
to 60^ of Fahrenheit's thermometer, it being easily obtained 
at all times : and the tables of specific gravities are usually 
calculated for this temperature. When circumstances will 
not permit the experiments to be performed at the standard 
temperature, the results obtained must be reduced to this tem- 
perature, by introducing a correction for the change of vol- 
ume which the substance would undergo if reduced to the 
standard temperature. This correction is readily applied 
when the law of dilatation has been previously ascertained. 

690. If we wish to determine the specific gravity of a fluid, 
as olive-oil, we may immerse successively the same solid in 
water and in this fluid ; we shall thus be enabled to deter- 
mine the weights of equal volumes of the two fluids ; and a 
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comparison of these weights will give the specific gravity 
of the oil. For example, if the sphere of lead weighing 
eleven pounds have its weight reduced to 10.0861b. when 
immersed in oil, the weight of the fluid displaced would be 
equal to 0.9161b. ; and since the weight of an equal bulk of 

water was found equal to 1 lb., we shall obtain -^ — =0.915, 

for the ratio of the weights of equal bulks of the two fluids : 
this number wUl therefore represent the specific gravity of oil. 

From the preceding remarks, we may infer that if two 
bodies of unequal volumes, suspended from the arms of a 
balance, sustain each other in vacuo, the equilibrium will not 
be maintained when the bodies are similarly suspended in the 
atmosphere ; the weight of the larger body being most sup- 
ported by tlie buoyant effort of the atmosphere. 

691. The instrument usually employed for determining 
with accuracy the specific gravities of bodies, is the hydrth 
static balance. This consists merely of a delicate balance, 
having a small hook attached to one of its scales, by means 
of which the body can be suspended, for the purpose of deter- 
mining its weight when immersed in a fluid. The body is 
connected with the hook by a hair or slender thread, whose 
weight is inconsiderable. 

When we wish to determine the specific gravity of a solid, 
we place it in the scale to which the hook is attached, and add 
weights in the opposite scale until an equilibrium is produced. 
The weights thus added will represent the weight of the body 
in air. The body is then attached to the hook and im- 
mersed in water ; and the weight necessary to be placed in 
the opposite scale to produce an equilibrium will give its 
weight in water : the difference between the weights in air 
and water will be equal to the weight of an equal volume 
of water, and by comparing this <lifference with the weight 
in air, we shall obtain the specific gravity of the substance 
under consideration. 

This process is slightly inaccurate; since the buoyant 
efforts exerted by the atmosphere upon the body when im- 
mersed in it, and upon the weights introduced into the 
opposite scale, have been neglected. But as the density of 



\' 



38> HTDBOSTATICfl. 

the atmosphere is very small, this omiastoii will not aflbct tha 
resuita materially. 

When the givea substanoe is aoluUfe vbl irattir, we dater- 
mine its specific graviCy with referents to aeona fluid in wbick 
it is inaoIuUe, and then compare the specific gnanAn of the 
two fluids. If the body be lighter than water, we can con- 
nect it with a heavier body, which will cause it to sink. 
Then, having the weights o^ the hoanriar and ligbtec bodies^ 
and that of the compound in air, and hamng ascentained the 
loss of weight sustained by the haavier badjr and the com- 
pound whoi immersed, we can readily deduce the: wdght of 
the fluid displaced by the lighter. 

The specific gravity of a fluid may be determined by 
weighing suooessively the* same body in this fluid and in 
water, and comparing the weights of the equal volumea 
displaced Or it may be aacertnined by weighiDg the same 
vessel when filled witfi watei, and with die fluid uadef coU'^ 
sideration ; these weights, being dimioished by that of the 
vessel when empty, will give the Delation between the specific 
gravity of the fluid and thaC of water. 

692^ The hydromBt9r is an instrument usually desigoed to 
determine approKiknaitivriy the specific gravities of fluids. It 
is composed of a cylinder of glass or metal, to tha lower 
extremity of whiA a eup is attacfaed* loaded with shot or 
mercury, and terminated at top by a ^ndar graduated wire. 

When the hydrometer is plunged into a fluid, tfie weight 
with which its lower extremity is loaded^ causes it to assume* 
a vertical position, and it sinks to a greater or less depth, 
aocording to the speetfte gravity of the fluid. Hence, that 
division on the- graduated stem whidi corresponds to the 
surface of the fluid will serve to indicate the specific gmvity 
of the fluid. 

For example, if the hydronMter be imatiersed in distilled 
water whose temperature corresponds to 00^ Fahrenheit, the 
surface of the water will intersect the stem at a certain 
division, which we shall' suppose to* be that marked 10 : if 
plunged in wine, it will sink deeper, say to the 11th, 12th, 
or 13th division ; and if in brandy, to a still greater dqitfa. 
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the diyision indicated being dependent on the quantity of 
alcohol which the brandy contains. 

The use of this instrument evidently depends upon the 
prineiploi that when a body is iouuersecf' in a flijud, a portion 
of its weight equal lo that of the fluid displaced will be sup- 
ported by the buoyant effort of the fluid : thus, the heavier 
the fluid) the less the depth to which the hydrometer will 
sink. 

693. The hydrometer, as improved by Nicholson, will 
serve to determine the specific gravities of solids or liquids. 
The instrument consists of a hollow copper ball A {Pig- 236), 
to the lower part of which is attached a brasa cup of suflident 
weight to maintain the hydrometer in a vertical position 
when immersed in a fluid. The upper part of the baJi 
cairies a slender wire D, which supports a small dish C des- 
tined to receive the weights. The weight of the hydrometer 
is such diat the addition of 600 grains in the dish C will 
just sink the instrument in distilled water, at the temperature 
60^, until the surface of the water intersects the stem at its 
middle point D. If^ therefore, a body be placed in tba dish 
Oy and weights be added until the point D shall coi^espond to 
the 8urfiu» of the water, the di&rence between $00 grains 
and the weif^ added will espvess the weight of tfie.body. 
The body being then tmosferred to the lower dish B^ it will 
be found necessavy to. place additional weights in. the dish G, 
in order to sink the hydrometer to the seme depth: these 
additional weights will be equal to the loss of weight. 9uar 
tained by the body when imm^osed. Hecioe>. the specific 
gravity of the solid may be readily detemuaed^ 

When we wish to determine the specific gravity of a fluid 
with this hydrometer, we immerse the instmrnent succea- 
sively in distilled water and iii> the given fliiid, andi ascertain 
the weights necessary to be added m each caeeto the dish C, 
in order to sink it to the same level. Tbes^ the known 
weight of the instrument added to the weights introduced 
into the upper dish will give die weight of the fluid dis- 
placed. Thus, we can compare the weights of equal volumea 
of the two 
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OftliB Pressure and ElasiicUy of Atmospheric Air. 



694. The weight of the atmosphere was first recognised by 
Galileo. Torricelli, his pupil, demonstrated the existence of 
this weight by the following experiment. Let AB {FSg. 236) 
represent a glass tube, 3 feet in length, filled with mercury, 
closed at the lower extremity and open at the upper : let the 
finger be applied to the open, extremity, and let the tube be 
inverted, and its open extremity plunged in the basin of mer- 
cury : on withdrawing the finger, the mercury will be found 
to descend in the tube, leaving a certain portion of it BE (/^. 
237) unoccupied. If the experiment be tried with tubes of 
different lengths or different diameters, the height of the 
column of mercury sustained in the tube will be found, in 
each case, to be about 29 or 30 inches above the level of the 
fluid in the basin. This column of mercury is sustained by 
the pressure of the atmosphere, arising from its weight; 
which pressure, being exerted upon the surface CD, is suf* 
ficient to counterbalance the weight of the column. 

If the experiment be performed with fluids of different 
densities, the heights at which they will be supported will be 
found to differ : thus, if the fluid be water, whose density is 
to that of mercury as 1 to 13|, the height of the column will 
be found equal to 30 in. x 13| =34 feet, nearly ; the weight 
of such column being equal to the weight of the column of 
mercury. 

695. The operation of the common siphon is also to be 
referred to the pressure of the atmosphere. 

The siphon is a bent tube having its two branches of 
unequal lengths. The shorter branch EF {Pig. 238) being 
plunged into the fluid contained in the vessel ABCD, and the 
air being withdrawn from the siphon, the pressure of the 
atmosphere exerted upon the surface BG will cause the fluid 
to rise in the siphon ; and if the height of the point F be less 
than that at which the atmospheric pressure can sustain the . 
given fluid, it will pass into the longer branch, and will be 
delivered at the point C. The current having commenced 
in the siphon, it is maintained in consequence of the superior 
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weight of the fluid in the longer arm overcoming; in part, the 
pressure of the atmosphere at the point C, an& thus permitting 
the equal pressure of the atmosphere exerted upon the surface 
BC to force the fluid up the shorter branch. Hence, it is 
obvious that the point C must always be below the surface 
of the fluid in the reservoir ABCD, in order that the siphon 
may be efiective. 

696- Air is an elastic fluid, which is susceptible of being 
compressed into spaces which bear to each other the inverse 
ratio of the forces applied. 

This may be established experimentally as follows : Let 
A'BCE {F^g* 239) represent a curved tube closed at E and 
open at A' : let mercury be introduced into the tube until it 
shall stand at the same leyel CC in' the two branches : the 
air contained in the space CE will then be of the same density 
as the exterior air. If mercury be now poured into the tube 
until the part ABCD be entirely filled, the length AB being 
equal to 30 inches, the column of air DE will be found reduced 
to one-half its original bulk CE : if mercury be again intro- 
duced until it extend from A' to c/, the length A'b being equal 
to 60 inches, the volume of air will be found reduced to a 
space Ed=ziCE. 

This experiment establishes the law of compressibility ; 
for, before the introduction of the mercury, the air^contained 
in the space CE, being pressed by the weight of the atmo 
sphere, must support a pressure equivalent to 30 inches of 
mercury. When the same volume of air is caused to sustain 
the additional pressure of a column of mercury AB=30 
inches, it is reduced to one-half its original bulk ; and by the 
further addition of 30 inches, the air is reduced to one-third 
of this bulk. Thus, it appears, that the spaces occupied by 
the same mass of air are inversely proportional to the pressures 
applied ; and since the densities of the air are inversely pro- 
portional to the spaces occupied by the same mass, it follows 
that the densities will be in the direct ratio of the pressures. 

If the mercury be withdrawn from the tube, the air will 
expand and occupy the same space as it did previous to 
compression. 

33 
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Of Pumps for raising Wetter. 

■ 

697. The pump is a machine employed for the purpose of 
raising water, l^ere are three principal kinds of pumps, 
▼iz. the sudcing pump, the lifting pump, and the fardtig 
pump. 

The sucking pomp, represented in Fig. 240, consists of 
two tubes ABDC and DCHL, of unequal diameters, connected 
together ; the first of these is called the sucking pipe, and the 
second the body of the pump. Within the body of the pump, 
an air-tight piston MN, having a valve opening upwards, is 
moved through the space MH, which is called the play of the 
piston. At the lower extremity of the body of the pump, a 
second valve k^ called the sleeping valve, is placed, which 
likewise opens upwards. 

The lower extremity AB of the sucking pipe being im- 
mersed in a reservoir containing water, and the piston MN 
being raised from the position MN to HL, the air contained 
in the space CN will expand and fill the space CL, its density 
and elastic force being both diminished : at the same time, 
the air contained in the pipe AD, having a d^isity equal to 
that of the exterior air, will, in virtue of its elasticity, exert 
upon the trdve A, a stronger pressure than that arising from 
the elasticity of the rarefied air contained in the space CL: 
hence, the valve k will be forced open, and the air contained 
in the interior of the pump will acquire a density that is uni- 
fonn throughout, but less than that of the exterior air : then 
the pressure exerted upon the sur&ce of the water AB bung 
less than that exerted by the atmosphere upon the sm-fkoe at 
other points of the reservoir, the water will rise in the suck- 
ing pipe to the level A'B', such that the weight of the column 
A'B, together with the pressure of the rarefied air contained 
in the pump, shall be equal to the {Hressnre of the exterior 
air. The densities of the air in the body of the pump and in 
the sucking pipe having becona eqvud, the valve k closes by 
its own weight 

The piston being then depressed from the position HL to 
MN, the air contained in the space CL will be compressed 
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into th6 space CN, and its density and elestie ibroe will 
become greater than those of the air cotflained in the sucking 
pipe : the pressure on the upper surface of the valve k being 
now greatest) this valve will continue closed during the de- 
scent of the piston, and will intercept the communication he* 
tween the sucking pipe and body of the pump; hence, the 
density of ttie air in the sucking pipe will remain unchanged, 
and the water will retain the level A'B'. When the piston 
shall have regained the position MN, it will have compressed 
into the space CN, not only the quantity of air originally con- 
tained in CN, but likewise that portion which was introduced 
into the body of the pump from the sucking pipe. The den- 
sity of the air contained in the space CN will therefore exceed 
that of the exterior air, and its elastic force will Qpen the 
valve I : the air contained in ON will thus be restored to jts 
original density. The piston being raised a second time, the 
air in MD will be again rarefied, a portion of that con- 
tained in A'D will pass into the body of the pump, and the 
equilibrium will be lestored by the water rising to a new 
level A"B". 

The same operation being repeated, the water will rise 
through the valve k into the body of the pump, will pass 
through the valve I in the piston, and will finally be delivered 
by the spout QK 

698. We will next examine the mechanism of the lifting 
pump. In this pump, the piston JMN {Pig. 241) is situated 
below the fixed valve Ar, and being depressed fuemi the posi- 
tion MN to HL, is supposed to {/^ss below the surface tfb' of 
the water contained in the reservoir : the piston contains a 
Valve opening upwards, through which the water passes^ 
regaining its level a'b'. The piston being then elevated, the 
column of water oTi, which rests upon its supefior base, being 
prevented from returning through the vahre, will be raised 
through a height equal to the play of the piston, and will oc- 
cupy the space aN : at the same time, a vacuum being formed 
below the piston, the water will be compelled to follow the 
piston in its motion by the pressure of the afMO^here on the 
surface of the water in the reservoir. But the Air Contained 

hi fbe space a't) being <fofiit'ff^ei by therfewrSon- df the 
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pistoD, its elastic force will become greater than that of the 
exterior air, and the valve k will open, restoring the air below 
k to its original density. The circumstances will then be 
the same as before the first stroke of the piston, with the ex- 
ception that a portion of water has passed above the piston. 
When the piston is.agaiu depressed, the column of water aN, 
which rests upon it^ will also descend, and the air contained 
in the space C6 will therefore be rarefied. The descent of 
the water will continue until the elastic force of tlie rarefied 
air contained between the valve k and the surface of the 
water, together with the weight of the column of water raised, 
shall be equal to the pressure of the atmosphere: the valve 
in the piston will then open, and an addilional quantity of 
water will pass above the piston. By repeating tlie process, 
a certatM portion of water will pass above the piston at each 
stroke ; and reaching the valve X:, will pass into the body of 
the pump, and may be delivered at any height. 

699. Tiie forcing pump is a combination of the sucking and 
liflTing pumps. In this pump, the piston MN {Pig^ 242) is 
without a valve, but the lateral pipe HE is provided with one 
at I, opening upwards ; and there is a sleeping valve at L, as 
in the sucking pump. The piston being raised, the water rises 
into the space MCDEF, for the reasons assigned in describing 
the sucking pump : when the piston is depressed, the water is 
forced through the valve I into the tube HG ; and by con- 
tinuing the process, it may be delivered at any height. 

700. If the dimensions of the sucking pump be improperly 
choseu, it may happen that the water will rise only to a cer- 
tain height. For the purpose of discovering in what cases 
this will occur, we shall simplify the question, by supposing 
the pump to be of uniform bore throughout. Let the water 
be supposed to have been raised to the level ZX {Pig. 243), 
and tlie piston to move through the space ML : call 

asLN, the play of the piston, 

6^ LB, the height of the piston at its greatest elevation 

above the surface of the water contained in the 

reservoir, 
jrssthe distance LX. 
When the piston is raised ftom the position MN to HL, the 
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air which was previously contained in the space ZN will 
occupy the space ZL, and its elasticity will therefore be 
diminished in the ratio of LX to NX ; so that if R represent 
the elastic force of the air contained in the space NZ, and R' 
the elastic force of the rarefied air contained in LZ, we shall 
have 

LX:NX::R:R'; 

or, • 

X : x—a : : R : R' : 

whence, 

X 

But the air contained in the space NZ being of the same 
density with the exterior air, its elastic force will be, properly 
measured by the weight of a column of water whosrbase p is 
equal to the surface MN, and whose height is equal to 34 feet. 
Let thi^ height be denoted by h ; the density of water being 
supposed equal to unity, and the force of gravity being denoted 
by g^ we shall have 

R=cAg^. 

This value, substituted in the preceding equation, gives 

R'=?:i^gr. 

But it is evident that wiien an equilibrium subsists, the elastic 
force of this rarefied air, together with the weight of the 
column of water BZ, must be just sufficient to counterbalance 
the pressure of the atmosphere, which tends to produce the 
ascent of the water. The weight of the column of water 
ABXZ will beexpressed by gc X BX, or gc X {b—x) ; and the 
pressure exerted by the atmosphere will be expressed by the 
column gck ; hence, we shall have, in case of an equilibriumi 

-^^^gch + (b—x)gc=gch ; 

X 

or, by suppressing the common factor gc, 

X 

But, if it were required that the water should rise above the 
level ZX, it would then be necessary that the atmospheric 
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pressure should exceed that arising from the weight of the 
column Zi^ mi the elastic force of the air contained in the 
space ZL : we shall consequently hare 

s 

Let z represent the excess of the second member of this in- 
equality; then 

X 

or, by reduction, 
whence. 
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If we make 2r=0, the water will cease to rise, and we shall 
then ha^e 
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A' 
These two values of x will be real so long as — exceeds ah : 

if, therefore, this condition be fulfilled, there will be two points 
at which the water will stop : but if, on the contrary, ak 

should exceed — , the values of x will become imaginary, and 

4 

there can be no point at which the water will cease to rise. 
Such is the condition requisite to ensure the effective per- 
formance of the sucking pump. 

701. With the lifting pump, the water can b^ raised to any 
height, provided sufficient force be applied to the piston* 
For, let the water be supposed to have risen to the level EP 
{Fig. 241), the water in the reservoir standing at the level oi, 
above the piston. Then, the column included between the 
surfaces ah and MN being supported by the pressure of the 
contiguous fluid, the piston MNP will be loaded only with 
the weight of the column extendirig from ah to EF. 

702. But if the level of the fluid \\\ the reservoir be sup- 
posed at a'h' below the piston, th*> weight P of the column of 
water included between MN and a!h' must be supported by 
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the pressure of the atmosphere exerted upon the surface of 
the water in the reservoir. Heace, the pj-essure of the atmo- 
sphere exerted upon the upper base of the piston, through the 
column EN, will exceed that which is exerted upon tiie lower 
base through a'N, by the weight of the column o'N ; for this 
weight counteracts in part the pressure exerted by the atmo- 
sphere upon the water in the reservoir. Thus, the piston MN 
being urged downwards by the weight of the column MF 
situated above it^ and likewise by the difference of the atmo- 
spheric pressures, which is equal to the weight of the column 
a'N, the effect will be the same as though the piston sup- 
ported a column of water whose base is ^N, and whose 
altitude is equal to the distance between the levels dV 
and EP. 

It thus appears, that with a sufficient effort, the water may 
be raised to any height by the lifting pump, the fixed valve 
k being supposed near the surface of the water. 

The same principles will serve to estimate the force neces- 
sary to raise the water in the sucking pump. 

Of the Air-pump. 

703. In examining the properties of various substances, it 
is frequently necessary to withdraw them from the action of 
the atmosphere, and it therefore becomes desirable that we 
should have it in our power to exhaust the air from a vessel 
in which the substance has been deposit^. This vessel is 
called the receiver, and is usually constructed of a transparent 
substance, such as glass,*iu order that we may have an opportu- 
nity of observing the effecrs produced on the substance under 
consideration by the withdrav al of the atmospheric air. 

704. The machine employed to exhaust the air is called 
an air-pump, and the term vacuum is applied to the space 
from which the air has been extracted. 

705. The general principles upon which the operation of 
this machine depends, will be readily understood by a refer 
ence to Pig. 244. A represents a section of the glass receiver 
which rests upon the plate BC, the lower edge of the receivei 
and the plate being ground exactly plane, so that their con- 



992 

tict may be as perfect as possible. The edge of the reoeirer 
beijig pre%'iousIy «meared with a little sweet oil, the air will 
be effectually preveaied from penetrating between the 
receiver and plate. 

The plate BC is perforated by a cavity DEI, which commu- 
nicates with the cylindrical barrel CF, in which an air-tight 
piston, having a valve opening upprards, is worked by means 
of a handle IL At the bottom of the barrel is placed a second 
valve E, likewise opening upwards. 

706. Let it now be supposed that the piston has been 
depressed until it has reached the valve E ; the air in the 
receiver, barrel^ and communicating pipe being of the same 
density as the exterior air, and the valves being closed by 
their own weight. Then, if a force be applied to raise the 
piston, the valve P will remain closed, and a vacuum would 
be left between the piston and the valve E, provided the 
weight of the valve E were sufficient to overcome the pres- 
sure exerted upon its under surface by the elastic force of 
the air contained in the receiver and communicating pipe : 
this, however, not being the case, the valve E will be forced 
open, and a portion of the air contained in the pipe and 
receiver will pass into the barrel, until the density of the air 
becomes uniform throughout. This effect will continue until 
the piston has reached its highest position, and the valve E 
will then close by its own weight. The piston being then 
depressed, the valve E will remain closed, and the air con- 
tained in the barrel being compressed into a smaller space, its 
elastic force will be increased, will become greater than that 
of the exterior air, and will finally overcome the weight of 
the valve P, causing it to open, and thus reducing the density 
of the air contained in the barrel to an equality with that of 
the exterior air : this effect will only cease when the piston 
has been forced to the bottom of the barrel. 

It thus appears that by a single ascent and descent of the 
piston, a portion of air has been withdrawn from the receiver 
and pipe of communication. The portion withdrawn will 
obviously bear the same ratio to the quantity originally con- 
tained in the receiver and pipe that the capacity of the bairel 
bears to the sum of the capacities of the barrel, pipe, und 
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r&2eiver. By a repetition of the same process, a second 
quantity can be withdrawn, and the operMion may be con- 
tinued until the exhaustion has been carried to the desired 
extent. 

707. Since the quantity of air withdrawn at each ascent 
and descent of the piston forms but a part of that previously 
contained in the receiver and pipe, it is obvious that a perfect 
vacuum can never be produced by the operation of the pump. 
The weight of the lower valve likewise opposes an obstacle 
to the entire exhaustion ; for, whenever the air contained in 
the receiver and pipe shall have had its elastic force so far 
reduced as to be incapable of raising the valve E, the pump 
will necessarily cease to exhaust. This difficulty may, how- 
ever, be obviated, by causing the valve E to open by means 
of a mechanical connexion with the piston. 

708. As it is frequently necessary to produce a very high 
degree of exhaustion, it becomes interesting to ascertain the 
density of the air remaining in the receiver after any given 
number of strokes of the piston ; and since the portion with- 
drawn at each double stroke bears a constant relation to that 
remaining, this density may be readily estimated. Thus, if 
we denote by 6, /), and r the respective capacities of the 
barrel, pipe, and receiver, and by d the original density of the 
air, we shall have the proportion 

6-l-p+r : p+r :: rf : d -^- =density after the first double 

stroke. 
In like manner, 
b+p-^-rip^-r-.id— 1 : di-r^ )» =density after the 

second double stroke. 
And generally, 
5+P+, :^+, : : rf {J^^ : d {^^ = density 

after the nth double stroke. 

For the purpose of illustrating the rate of exhaustion, we will 
suppose that the capacity of the barrel is one-fourth of the sum 
of the capacities of the receiver and pipe ; then, we shall have 
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6=j(p+r)={(ft+;>+r); 
and the density after the first double stroke will be 

b-^-p+r 5b ' 
Thus, by the first double stroke of the piston, one>fi(lh of the 
air contained in the receiver and pipe will be withdrawn, and 
the quantity remaining will be four-fiflhs of the original 
quantity. The density after the second stroke will, in like 
manner, be four-fifths of that afler the first, or ^f of the ori- 
ginal density ; and after the third, the density will be reduced 
to yVi) or nearly one-half. It thus appears that every three 
strokes will reduce the density nearly one-half; and conse- 
quently, that after twenty-seven strokes, the air would be 
reduced to about one-five-hundredth of its original density. 

709. The preceding calculation is based upon the suppo- 
sition that the relative capacities of the barrel, pipe, and 
receiver have been accurately ascertained, and that the 
mechanical construction of the pump is perfect, neither of 
which conditions is strictly fulfilled: and as it is frequently 
necessary to know the precise degree of exhaustion that has 
been attained, it becomes important to have a gauge, or index, 
by the aid of which we may ascertain the density of the 
remaining air at any moment. The instruments commonly 
employed for this purpose are, 

V. The barometer gaiiffe^ which consists of a straight 
glass tube about thirty-two inches in length, and open at 
both extremities. The tube is placed in a vertical position, 
its upper extremity communicating with the receiver of the 
pump, and its lower being immersed in a basin of mercury. 
When the process of exhaustion has been commenced, the 
air in the tube being rarefied, the pressure of the atmosphere 
upon the surface of the mercury in the basin will cause the 
mercury to rise in the tube, and the height at which it stands 
will indicate the difference between the exterior and interior 
pressures. These pressures are in the direct ratio of the 
densities of the air. The principal inconvenience of this 
gauge arises from the necessity of having a barometer with 
which to ascertain the pressure of the exterior air at the same 
time. 
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2^. The short barometer gauge is formed of a tube eight 
or ten ioches in length, open at one extremity, and filled with 
mercury. This tube being inverted, and immersed at its 
open extremity in a basin of mercury, the pressiue of the 
atmosphere upon the surface of the mercury in the basin will 
retain the tube entirely full. This apparatus being placed 
under a receiver which communicates with that of the pump, 
and the rarefaction being commenced, the short tube will 
remain full until the density of the air in the receiver has 
been so far reduced that its elastic force is insufficient to sup- 
port a column of mercury of a length equal to that of the tube. 
The mercury in the tube will then fall, and its height at 
any moment will indicate the pressure of the air within. 
This gauge is evidently unfit for use when only a moderate 
degree of exhaustion is required. 

3^. TVie siphon gauge is composed of a short bent tube, 
having two parallel branches, one of which is closed, and the 
other open. The closed branch being filled with mercury, 
and the tube being placed with the bend downwards, the 
mercury will be supported in that branch by the pressure of 
the exterior air. The tube is then placed beneath a receiver, 
and acts upon the same principle as the short barometer 
gauge, the bend in the tube serving as a substitute for the 
basin of mercury. This, also, is only applicable when a con- 
siderable degree of rarefaction is required. 

710. The working of the piston being opposed by the 
pressure of the atmosphere on its superior surface, and this 
difficulty constantly increasing as the rarefaction proceeds, it 
has been found advantageous to adapt a second barrel to the 
pump, whose piston shall descend whilst that of the first 
barrel ascends, — and the reverse. I'he rods of the pistons 
have the form of a rack whose teeth engage in those of a 
wheel which is turned by a winch. The pressures on the 
pistons are thus caused to oppose each other, and the pump 
works with much greater ease. The rapidity of the exhaus- 
tion is likewise doubled by this arrangement. 

711. If the construction of the pump be such as to require 
the lower valves to be opened by the elasticity of the air 
remaming in the receiver, the operation of the pump will evi« 
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detitly cease whenever the rarefaction has been carried so far 
that the weight of the lower ralve is sufficient to overcome 
the elastic force of the air within. To obviate this inconve- 
nience, the lower valves are opened and closed by the motion^ 
of tlie piston, as shown in Mg, 245, which represents a sec- 
tional view of one of the most approved pumps. The dis- 
position of the several parts has been somewhat altered, for 
the purpose of exhibiting them more clearly. 

A represents the glass receiver resting upon the ground 
glass plate BC, and communicating by the cavity DFG with 
the two pump barrels VR and V'R'. The receiver Hkewise 
communicates by the cavity srp with the barometer gauge 
y^;, immersed in the vessel of mercury M, and with the siphon 
gauge vx. E is a stopcock for cutting off the communication 
between the receiver and the barrels when the exhaustion has 
been effected, and E' a second stopcock for re-admitting the 
external air. In the best pumps, the barrels are made of 
glass, to prevent the corrosion which would take place by the 
action of the oil with which the pistons are lubricated to 
render them air-tight : for similar reasons, the pistons are 
sometimes made of steel. The racks L and U of the pistons 
are worked by the wheel W, which is turned alternately to 
the right and left by the winch H. The lower valves V and 
V are metallic, and have the form of a conic frustnim. To 
the back of the valve is attached a slender rod VR, which 
passes through an air-tight hole in the piston P, and carries 
near its upper extremity a small projection or shoulder. 
When the piston is raised, the friction of the valve-rod which 
passes through it causes the rod likewise to rise, opening the 
lower valve V: but this upward motion is soon checked by 
the shoulder coming into contact with the top of the barrel, 
and the rod then slides through the hole in the piston. 
Again, when the piston is depressed, it carries with it the 
valve-rod RV, closing the valve at the bottom of the pump, 
and the descent of the piston is then continued by sliding 
along the rod. 

712. The valves of the pistons are variously constructed. 
In some instances they are metallic, resting; upon a metallic 
bed ; and in others, they are composed of strips of oiled silk, 



Aia*puMP. 397 

bladder, or parchment, stretched across an opening in the pis* 
ton, and alternately allowing and preventing the communica- 
tion between the air beneath the piston and the exterior air. 
During the ascent of the piston, the valve remains closed by 
the stronger pressure of the atmosphere on its upper surface, 
and when the piston descends, the compressed air beneath it 
will force open the valve. This latter condition will always be 
fulfilled, whatever may be the degree of exhaustion, provided 
the piston can be forced into actual contact with the bottom 
of the barrel. 

713. The pistons are usually composed of two metallic 
plates, which carry between them a packing of leather soaked 
in oil. The distance between these plates can be varied by 
means of a powerful screw ; and by the application of a proper 
degree of pressure, the packing is caused to fit the barrel 
with accuracy. 

714. By the aid of the air-pump we are enabled to exhibit 
many of the most important properties of atmospheric air: 

1°. The weight of the air may be shown by screwing a 
vessel provided with a stopcock to the air-pump, and ex- 
hausting the air from within it. The weight of the vessel 
will be diminished by about ^^ of a grain for every cubic 
inch of air that has been withdrawn. 

2\ The pressure of the atmosphere is rendered evident by 
the difiiculty with which the receiver is removed from the 
plate of the pump afler the air within it has been withdrawn. 

A small strip of bladder being stretched across the mouth 
of an open receiver, and the air exhausted from beneath, (he 
bladder will be ruptured by the pressure of the exterior air. 

Two brass hemispheres, being ground so as to fit accurately 
to each other, and attached to the pump, cannot be separated 
without great difficulty after the air has been exhausted from 
the space enclosed by them. The pressure of the atmo- 
sphere is found to be equivalent to about 15 lb. for each 
square inch of surface exposed to its action. 

3^. The dasticUy of the air may likewise be shown by 

various experiments. If, for example, a bladder containing a 

small quantity of air be enclosed in a receiver, from which 

the air can be extracted, the elasticity of the air contained in 

34 
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the bladder will cause it to distend when the exterior pres^ 
sure is removed ; and on the re-admission of the air into the 
receiver, the bladder will again collapse. 

If a light glass bulb, having an opening in its lower surface, 
be loaded with weights so that it will just sink in a vessel of 
water when the bulb is partially filled with water ; upon 
withdrawing the air from the receiver in which the vessel of 
water has been deposited, the portion of air contained in the 
bulb will expand, expelling a portion of the water through 
the orifice in the bottom of the bulb. The bulb and weight 
will thus be rendered specifically lighter than water, and will 
consequently rise to the surface of the fluid in the vessel : 
upon re-admitting the air into the receiver, a portion of water 
will be forced into the bulb, and it will again sink. 

4^. The resistance of the air to the motion of bodies may 
be exhibited by allowing two bodies of very unequal den- 
sities to fall in the exhausted receiver of the air-pump, and 
in the same receiver after the re-admission of the air. When 
the bodies fall in vacuo, they will reach the bottom of the 
receiver at the same instant ; but when the receiver contains 
air, the denser body being least retarded by the resistance 
which the air offers, it will fall through the height of the 
receiver in much less time than that required by the rarer 
body. 

Many other experiments may be contrived to illustrate the 
properties of air, but it is unnecessary to notice them in this 
place. 

0/ the Barometer, 

716. The barometer is composed essentially of a bent tube 
ABC {Pig. 246), closed at A, and open at C, and filled with 
mercury throughout the portion NMBEP, The air is sup- 
posed to have been exhausted from Che space AMN, and the 
column of mercury inchided between the planes MN and 
DPE is supported by the pressure of the atmosphere upon 
the surftoe FB. This column is usually about thirty inches 
in length, when the barometer is placed at the level of the 
ocean. 
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716. This instrument serves to indicate the changes which 
are constantly taking place in the pressure of the atmosphere ; 
for, when the pressure becomes greater, the length of the 
column of mercury which it can sustain is necessarily 
increased, and the mercury therefore rises in the tube AD : 
but if, on the contrary, the pressure of the air should dimin- 
ish, the length of the column will undergo a corresponding 
diminution. 

The pressure of the atmosphere at any point being that 
due to the weight of a column of air extending from that 
point to the top of the atmosphere, it follows that this 
pressure will decrease as we ascend above the earth's surface, 
and consequently, that the height of the mercurial column 
will diminish. 

717. This principle has been employed to determine the 
difference of level of two places situated at unequal distances 
above the surface of the earth. For the purpose of investi- 
gating a formula which shall be applicable to this object, we 
shall denote by 

A' .... the height of the mercurial column at the lower station, 
A .... the height of the mercurial column at the upper station, 
ly and D the corresponding densities of the atmosphere at 
the two stations. 

Then, if we suppose the axis of 2r to be vertical, the general 

equation of equilibrium of heavy fluids as obtained in Art 

666, will be 

dp=Dgdz* 

Let the origin be assumed at the lower station, and let the 

co-ordinates z be reckoned positive upwards ; then, as we 

ascend in the atmosphere, the pressure arising from the 
weight of the superincumbent strata will diminish, and the 

* This naalt may be obuined diivetlj by ooiuiideriiig a coluna of ihe aUn^ 
•phere, whose base AB {Fig. 247) is the unit of surface : the pressure su^ 
tained by this base is measured by the weigbl of the column of air ABDC 
exteiidiog to the top of the almoephere ; and the eteo w ntaiy pressure dp will be 
represented by the weight of a column having the same base, and a height equal 
to dz. The base of this elementary column being equal to unity, its toIium 
will be expreeaed by 1 xdz, or dtf tod its mass by Ddx : thus, gDdz represent* 
the weight which will measure the elementary pressure dp. This result will 
obviously be independent of the particular form given to the base AB whkh 
^M bnen tMOOMd 9M th* eopeffcM ■■it» 
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density of the air will undergo a corresponding decrease. 
Thus, the pressure p being a decreasing function of the alti- 
tude 2r, dp and dz will be affected with contrary signs: 
hence, the preceding equation should be written 

dp^^Dgdz (412). 

If the difference of level of the two places be but slight, the 
force of gravity g may be regarded as constant ; and hence 
we shall obtain, by integration, 

—i/i (*«)• 

But it has been shown (Arts. 651 and 696) that when the 
temperature is supposed constant, the pressure and density 
are proportional to each other ; hence, if P denote the pressure 
capable of producing a density represented by unity, we shall 

have 

i»=PD; 

and therefore, 

rfp=P(/D: 

fliis value substituted in equation (413) gives 

P /•dD 

and by effecting the integration indicated, there results 

;r=-?logD+C. 
g 

To determine the constant, we remark, that when ar=0, the 

density becomes that which we have supposed to exist at the 

lower station, and which has been denoted by !>. Thus, the 

preceding equation becomes 

0=:--?logD'+C; 
g 

eliminating C between this equation and the preceding, we 
find 

iir^^Oogiy-logD), 
or, 

p, ly 

z=— loe-=r. 
g *D 

But the densities being proportional to the pressures, they 
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will likewise be proportional to the observed altitudes of the 
mercurial column : hence, 

A : A' :: D : IKjor^^^; 
X AD. 

this value of yr being substituted ip that of 2r, we obtain 

P, A' 

5r=— log— . 

A' 
The logarithm of—, which appears in this expression, apper- 

« A 
tains to the Naperian system : if therefore, we represent by 

A' A' 

Log J-, the tabular logarithm of—, and by M the reciprocal of 

the modulus, we shall have 

MLog-=:log-; 

and, by substitution, 

MP, A' ,---, 

718. To determine the value of the constant P, which 
represents the pressure exerted upon the unit of surface, and 
capable of producing a density of air represented by unity, 
we remark, that the density D' at the lower station corres- 
ponds to the pressure exerted by the atmosphere at that 
point : this pressure is measured by the weight of a column 
of air whose base is the superficial unit, and whose altitude 
is equal to that of the atmosphere: but this column of air is 
equal in weight to the mercurial column whose height is A' ; 
if therefore D'' denote the density of mercury, the mass of 
the column will be expressed by IxA'D", or A'ly^: and by 
multiplying this product by g, we shall obtain the expression 
h'I)"gj for the weight of the column supported at the lower 
station. Such will be the pressure capable of producing the 
density D'. To obtain the pressure P corresponding to the 
unit of density, we make the proportion 

ly : 1 :: hiy'g : P; 
whence, 



f 
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substituting thia value in the formula (414), there lesiilte 

*=-^5r-Log-j (415). 

719. The intensity of the force of gravity being difierent 
at different places on the surface of the earth, the weight of 
the same column of mercury will likewise vary when it is 
transported from one place to another : thus, if the force of 
gravity be denoted by g at one station, and by (1— /)§' at a 
second, the mercurial column whose height is A' will become 
heavier or lighter at the second station than it was at the 
first, according as / is negative or positive. 

Let the quantity I be considered positive : then 1 — ^ will be 
positive, and less than unity, since the variations of gravity 
are exceedingly small. But a column of mercury whose 
height is K becoming lighter at the point whose gravity is 
denoted by (l--/)s'> it will correspond to a less pressure of 
the atmosphere, and hence, the density of tiie air correspondk 
ing to this pressure will be less. 

The densities of the air being proportional to the pressures 
exerted, and these pressures being meaauaed by the we^hts 
of the column of mercury whose heigbt is A', it foUowa that 
the intensities of gravity, which are represented respectively 
by g and (1— ^S" ^ the two places, will be pmportHNMl ^ 
the densities ooriesponding to the same height hf ^(^ke mer> 
cuiial column : thus, if we denote by d thm density of the 
air at the place where the intensity of gravity is r^reseiited 
by (1— J)^i we shall have 

g:gr{l^ii::iy:di 
whence^ 

d=iy(l— ;). 

This value of the density must be substituted in the for- 
mula (415), in order that it may become applioable to the 
plaioe at which the gravity is represented by (l^^)g: the 
fovmola will thus become 

D"MA' - k' ^-^, 

*=sxr^ ^ A ^^^^ 

From a comparison of the results obtained by causing pen- 
dulums to oscillate in different htitudes, it has been ascer- 
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tuned that if the intensity of gravity be denoted %y g At Che 
latitudeof 45'', the quantity I will be expressed by 0.002837 X 
cos 2^, when the latitude is supposed to become equal fo ^. 
Hence, by substitution in the preceding formula, we obtain 

TyWi! Log^' 

^"^D^l- 0.002837 cos 2+)' 
The quantity I being always extremely small, we may 

replace y— r in equation (416) by its development 1+^+^ 

+i^+6cc. and neglect the terms J«, J*, dec. as extremely 

minute with reference to / : we thns obtain- — ^ = 1 + ' ; hence, 

\ — # 

the value of z will become 

;r =il^(l+0.002837 cos 31^) Log ^ (417), 

720. This formula has been obtained upon the supposition 
that the temperature remains constant in passing from the 
lower to the higher station. To adapt the formula to. the 
case in which the temperature is variable, it will be necessary to 
know the law according to which air expands when subjected 
to a change of temperature. The experiments of Gay Lussae 
and other philoeophers demonstrate conclusively that atmo- 
spheric air wlien perfectly dry, and when subjected to a con* 
stant pressure, expands for each degree of Fahrenheit^ 
thermometer, between the temperatures of 32^ and 212^, jj^ 
of its volume at the temperature of 32^. Thus a volume of 
air represented by unity at the temperature of 32^, will be- 
come 1+7q77 when its temperature has been raised to 

32°+^° : and since the densities are in the inverse ratio of 
the spaces occupied by the same mass, it £>llows that the 
density d! of the air, at the temperature 32^+fi^, will be ex* 
pressed by 

^480 

ly bemg the density at the temperataw 32*. 

Cc2 
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■ 

The coefficient of the number n being very sHudl, the enor 
which will be introduced by assigning to n a value which 
shall not differ greatly from its real value will always be ex- 
tremely small ; and since the variations in temperature whidi 
occur in passing from a lower to a higher station are nearly 
uniform, we may, without sensible error, r^nard the temper- 
ature as constant, provided we assign to it a value equal to 
the arithmetical 'meam between the temperatures t and t at 
the higher and lower stations ; we shall thus have 

and the density <f of the air, which was previously represented 
by ly, will become 

' I 77T75 r^ 4if^tkA • • • • (*^")- 



^+4g6C|-'-'2) 1^ 



/ + /'-64 



950 

But the density of mercury being increased by a diminution 
in the temperature, the height of the mercurial column at the 
collier station will be less, for the same pressure, than it would 
have been if the temperature had remained constant, and 
equal to that at the warmer station ; and since mercury is 
found to expand about jj\j part of its bulk for every degree 
of Fahrenheit's thermometer, it will be necessary to increase 
the height A, which is supposed to correspond to the colder 

station, hy the quantity ^=-7^ taken as many times as there 

are degrees of difference between the temperature^ of the 
mercury at the two stations, in order to reduce this height h 
to what it would have been, if the temperature had remained 
constant, and equal to that at the warmer station. Let T 
and T* represent the temperatures of the mercury at the two 
stations as indicated by thermometers in contact with the 
barometers ; then the quantity h in equation (417) should be 
replaced by 

^ 9742 • 
hence, bf substituting this value for A, and that of (f (418) 
for ly, in formula (417), we find 
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'~'^Er V 960 / 
X (1 +0.002837 cos a^) I^ 



721. Let it be supposed th^t the observations which deter- 
mine the height A' are made in the latitude «f 45"", and at the 
level of the ocean ; we shall have 

cos 24^=0; 

and the preceding formula will give 

D"MA' z 






(419). 



If the height z be measured trigonometrical! y, and the quan- 
tities A, h\ t, f, T, T' be determined by taking a mean result 
of a great number of observations, the second member of this 
equation will become entirely known, and therefore the con- 

MA'D" 
stant ■ ■ will likewise be known. This constant has been 

thus found to be equal to 60346 feet : if its value be substi- 
tuted in that oi z^ we shall obtain the following formula : 

;3=60345 ft. (l + ^"'"q~^ ) (1 +0.002837 cos 2^) 

A' 
xLog— rrT—HW (4l9a). 



' /, T'-T\ 



722. The second member of this equation may be put 
under a more convenient form ; for, we have 

l±^^=.001042(<+<'-64) ; 

and if we denote by t the difference between the temperatures 
T and T', and change the form of the last factor in equation 
(419 a), there will result 



Log — 
h 



-^— ^3^=LogA'-LogA-Log(l+g-^) ; 
V 9748 / 
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or; by developing the last term of the second member, retam- 
ing only the first term of the development, we shall have 

in which M' repiesents the modulus of the system. The 
numerical value of the coefficient of # is .000044 Hence, the 
equation (419 a) may be reduced to 

;r =60346 ft. [H-.001042(<+^-64)](l+.002837 cos 2^) 
• x(LogA'-Log A-.000044I). 

723. To apply this formula to the determination of the dif- 
ference of I^vel of two stations, it will be necessary to observe 
carefully the altitude of the mercurial columns at each station, 
and the temperature of the atmosphere as indicated by a 
thermometer placed in the shade, and at some distance from 
the barometer. The temperature of the mercury as shown 
by a thermometer in contact with the tube of the barometer 
should likewise be noted« These observations should be 
made at the same instant, by different observers, at the two 
stations, in order to avoid the errors which might arise from 
a change of pressure or temperature during the interval be- 
tween the observations. When the condition of simultaneous 
observations becomes impracticable, it will be advisable to 
make observations at one of the stations, the lower for ex- 
ample, at equal intervals before and after the time of observa- 
tion at the other station. Then, an arithmetical mean 
between the first and last results may be considered as nearly 
equivalent to an observation made at the instant corresponding 
to the mean between the two times, provided the interval be 
but short, and the difference between the results of the two 
observations inconsiderable. 

724. The general formula for the difference of level of 
two stations having been obtained upon the supposition that 
the atmosphere is in equilibrio, the results given by it are to 
be relied on most con6dently when the observations have 
been made in calm weather. 
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HYDRODYNAMICS. 

OF THE DISCHARGE OF FLUIDS THROUGH HORIZONTAL ORIFICES. 

725. Experience has shown, that when a fluid issues 
from a small orifice in the bottom of a vessel, the superior 
surface of the fluid maintains itself in a position sensibly hori- , 
zontal, during the discharge of the fluid. Hence, if we con- 
ceive the fluid divided into horizontal strata, these strata may 
be regarded as preserving their parallelism during their 
descent, and the particles may be considered as descending in 
vertical lines. This hypothesis, however, can only be re 
garded as approximating to the truth ; for, if the form of the 
vessel be not prismatic, it will be impossible for any one 
stratum to occupy the place of that immediately beneath it 
without undergoing some change in its dimensions ; its par- 
ticles will therefore be subjected to horizontal motions. More- 
over, the particles situated in the immediate vicinity of the 
orifice, being without support, yield to the pressure exerted 
against them by the adjacent particles, and thereby tend to 
deflect the latter from their vertical directions : but, in what 
follows, we shall omit the consideration of these circum- 
stances, which would greatly complicate the question, and 
which are found to produce but a slight effect when the form 
of the vessel is nearly prismatic. The accuracy of the 
hypothesis may be rendered evident by mixing with the fluid 
an insoluble powder of nearly the same density : the particles 
of this powder will be carried along with the fluid, and the 
paths which they describe may be readily observed. In this 
manner it will be found that the particles descend nearly in 
vertical "ines until they approach very near to the orifice. 
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726. Let it be supposed that the ordinate z measures the 
distance mo {Fig. 248) of one of^the fluid strata from a hori- 
zontal plane AB, which will be assumed as coinciding with 
the surface of the fluid. The form of the vessel being deter- 
mined by the equation of its interior surface, /(z, y, 2:,)=0, 
we can deduce fVom this equation the area ^ of the section 
which corresponds to the ordinate z, and by multiplying this 
section by dz^ the thickness of a stratum, we shall obtain sdz 
for the volume of the stratum* This being premised, it is 
obvious that all the particles composing a single stratum will 
have a common velocity ; but the particles of difierent strata 
will have different velocities ; for, the fluid being supposed 
incompressible, any one stratum in descending through the 
height dz, in the time di, will cause a volume of fluid equal 
in volume to the stratum to issue through the orifice. But 
if we denote by u the velocity of the fluid at the orifice EP, 
and by k the area of the orifice, the space described by a par- 
ticle issuing from the orifice, in the time dtj will be expressed 
by udt, and the quantity bf fluid discharged in the same time 
will be represented by kudi. Equating this value with that 
of the stratum, we shall obtain 

sdz^kudt (420) ; 

whence, 

ku=:S'-j- (421). 

dt 

727. At the expiration of the time /, the velocity of the 

stratum whose section is s will be equal to —- , and if this 

dt 

velocity be represented by v, the equation (421) will reduce to 

ku=.sv (422); 

whence we conclude, that the velocities v and u are in the 
inverse ratio of the sections s and k. This result might 
have been anticipated; for, the velocity must evidently in- 
crease in the same ratio that the area of the section is dimin- 
ished, in order that the quantity of fluid passed through the 
section may remain constant. 

728. At the expiration of the time t+dt^ the velocity v will 

become V'\"j-dt: but if the motions of the particles were 
dt 
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independent of their action upon each other, the incessant 
force g, wliicli solicits them, would communicate, in the 
instant dty the velocity gdt ; hence, the velocity lost by the 
stratum wliose section is s, and velocity v, in the time dt, 

wm beexp™^ by^*-**,.„dco„»,„.n,ly.U..,n«»- 

ut 

sant force due to this velocity will be represented by 

dv 
^^dt' 

But by the principle of D'Alembcrt, an equilibrium would sub- 
sist in the system if each fluid stratum were acted upon by 

the force lost I ^— _- j which corresponds to it. This sup- 
position will convert the equation dpz=Dgdz (Art. 666) into 

dp=D(g-^)dz..... (423), 

The quantity dp represents the differential of the presstire 
at that stratum of the fluid which corresponds to the ordi- 
nate z, whilst the fluid is in motion. For, the force g, which 
acts on each stratum, being resolved into two components, 

di) 
one of which j- is just capable of producing the motion 

dv 
assumed by the stratum, the other component g^—^ will 

obviously be alone effective in producing a pressure on the 
other strata ; and the expression for dp has been obtained 
upon the supposition that these second components were 
alone applied to the fluid particles. 

The differential dv which enters into the preceding equa- 
tion must be replaced by its value deduced from formula 
(422) ; from that formula we obtain 

t;=^ (424). 

s 

729. The second member of this equation contains the 
two variables u and s : the quantity?/, which expresses the 
velocity at the orifice, is a function of the time, and the sec- 
tion ^ is a function of the ordinate z. ^^ 
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The differential of v i^garded as a function of z expi 
the difference between the velocities of two consecutive 
tions, these velocities being considered at the same instant 
But if the differential be taken with refer^ice to < as a varia 
ble, we shall obtain the difference between the velocities of 
two consecutive strata which pass in succession through the 
same section of the vessel. And, lastly, if we wish to obtain 
the difference between the consecutive velocities of the same 
stratum, we must differentiate v with reference to the two 
variables / and z, regarding the latter as a function of the 
fbrmer. 

This last supposition should be adopted in finding the value 
of dv as employed in equation (423). We shall therefore 
differentiate the second member of (424), regarding t< as a 
function of /, and sbs a. function of z, which is itself a func- 
tion of /. But the differential of (424) being in general 

dv = -du + kud-,4 
s 9 

or, 

, kdu , d9 
dv=i* ku . — , 

it will become, when modified according to the hypothesis 
assumed, 

dv^ - X -r-rf/ — - X — X —A. 
s dt s* dz dt 

dv 
If we deduce the value of -p from this expression, and sab* 

dt 

stitute it in equation (423), we shall obtain 

dp=U[gdz — ,-^dz+ — .'--.-^dz) : 
^ \^ s dt s^ dz dt J 

eliminating -— by means of equation (420), there results 
dt 

730. This equation must be integrated with reference to z. 

We remark, however, that s will necessarily vary with jr, but 

dti 
that the quantities u and — , which represent the particular 
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values of v and -j- corresponding to the orifice, not being 

at 

functions of the quantity z, they may be regarded as con- 
stant in effecting this integration. 

731. If we regard u and — as constant, it is obvious that 

all the integrals will be taken with reference to Zy and there- 
fore apply merely to the dimensions of the vessel. But, when 

these integrals have been obtained, we may regard u and 3- 

at 

as variables, and functions of /• . 

732. By effecting the integration, we obtain 

The velocity u which enters into this equation is equal to 

dz 

the value -j- corresponding to the orifice, and will obviously 

at 

be a function of the time. Ck)nsequently, as the quantity u 
has been supposed constant in the preceding integration,' the 
time t must be constant likewise. Hence, the constant G 
will in general be a function of the time. 

733. To determine this constant, let P represent the 
pressure sustained by the superior surface CD of the fluid 
(Fiff» 249), the area of this surface being denoted by y. If 

/dz 
— be taken in such manner that it shall be 

equal to zero when s becomes equal to y, this section s^ wih 
correspond to an ordinate z'= OL, and the equation (425) 
will give, upon this hypothesis. 

This value being substituted in (425), we obtain 

p=P+D [^(z-.')--A:|?/^^+i«. (^-^) ] . . . . (426). 

734. This pressure is exerted at every point of the stratinn 
whose distance from the plane AB is equal to z. If we wish 
to obtain the pressure Q at the orifice, we denote by z" the 
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corresponding value of the ordinate z which will be equal to 
On, and observe that the section s will, at that point, be equal 

— being then taken between the liniit^ 

2?=2r' and z=z", we shall obtain, by representing this inte- 
gral by N, and substituting these values in equation (426), 

735. This equation makes known the pressure at the ori- 
fice : the first member expresses the difference between the 
pressures at the orifice and at the surface. Let these pressures 
be supposed equal, as is the case when they arise from the 
weight of the atmosphere: then, d — P will reduce to zero 
the common factor D will disappear, and there will remain 

but the area k of the orifice being alwajrs supposed less than 

k^ 
the area s' of the su|:)erior surface, the fraction — will be less 

than unity ; if therefore, we wish to render the coefficient of 
ii* positive, we may write this equation under the form 

g>(V'-50-AN^-iu« (l-^) =0 (427). 

736. If in this equation we introduce the vertical distance 
of the orifice below the surface of the fluid, making 

z^-^z'^h (428), 

we shall have 

The quantity A, which represents the distance EP {Fig^ 260), 
will be constant if the surface of the fluid be supposed to be 
maintained at the same height ; but it will be variable if the 
vessel be supposed to discharge its contents without being 
replenished. 

737. In the latter case, if we make EO=a, POs=jr, and 
EP=A, we shall have the relation 

h^a-^z (430) : 
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and the equation (429) will become 

g-(o-«)-/:N^-i«» (l-^) =0 (431). 

738. If the surface of the fluid be constantly maintained 
at the same height, the quantity h will have a constant value, 
and the integral N, which will then be a function of constant 
quantities, will likewise be invariable. Thus, equation (429)9 
containing no other variables than t and i^, maybe put under 
the form 

a— 6-7:— CM* =0: 
eft 

from which we deduce \, 

J. bdu 
at^ — , 

This equation can be readily integrated by the method of 
rational fractions; for, if we make fr=fr'c, and a=a'*c, the 
quantity c will become a factor of the numerator and de-* 
nominator, and may be stricken out ; whence we obtain 

The second member of tliis equation being resolved into 
&ctors, we shall have 

., 2a' , 2a: 

^^—n — 7 » 

a'+u a — u 

which, being integrated, gives 
or, 

The constant C is determined by the condition that the ve- 
locity u is equal to zero at the same instant as the time / ; 
thus, the supposition of w=0, and /=:0, reduces the preceding 
equation to 

g^logl+C«0; 
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tihis eqpatum wiU detenniiie i% if we mippoM c^ 

739. If we denote ly e the base ef the Naperian syitai^ 
and pan fiom logarithms to numbersi we shall obtain 

and bf lesoliing the equation with reference to % there 
resnlts 



oYc* -1) 

(« ' +1) 
or replacing a* and 6' by their values (Arts. 737 and 738^ ths 
ezpieasioQ for the velocity will become 

But, if the area of the orifice, which is denoted by jt, be sup- 
posed extremely small, the exponent of e, increasing with the 
time /, will become exceedingly great after the expiration of a 
▼ery short time. Hence, we may neglect unity in the nume^ 
lator and denominator of the last factor, as very small with 
reference to the term which precedes it, and the value of u 
will then be reduced to 

by neglecting k* vitTi niference to y*. 

Thus, it appears that the expression v^(%'A) is a limit 
which the velocity of the fluid at the orifice never attains, but 
to which this velocity becomes very nearly equal after the 
expiration of an exceedingly short time. 
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The value of the velocity being thus determined, we sab- 
stitute it in equation (426), and thence deduce the pressure oB 
the unit of surface. 

740. If the vessel be supposed to empty itself, the upper 
surface will be depressed as the fluid is discharged, and the 
quantity A, or (a—z) must therefore be regarded as variable 
in equations (4i29) and (431). 

The equation (431) will thus contain the three variables 
t, u, and z, and will consequently be insufficient for the soht* 
tion of the problem : but a second relation may be obtained 
by means of equation (420) in which we replace s by y, and 
thus obtain 

ifcM=:y J (432). 

741. This equation likewise contains three variables, and 
we are therefore unable to integrate it ; but it will serve to 
eliminate z. For this purpose, we differentiate equation 
(431), which gives 

^di di* di\ s'^f ' 

and by eliminating — , we obtain 

This equation, which can only be integrated by approxima- 
tion, makes known the relation between the time and Ifte 
velocity. 

742. When the orifice is snpposed extremely small, th» 
terms containing k may be neglected, and the equation (426) 
will be reduced to 

but Z'-z! is represented by On— OL {Fig. 249) ; and it will 
Aerefore express the distance of the point n, whose ordinate 
is equal to z^ beneath the surface of the fluid. Hence, the 
pressure f exerted upon the unit of surface at the point n is 
equal to the pressure P at the sur&ce of the flnid, pins the 
pressure arising from a column of a fluid whose height is 
equal to the distance of this pomt below the surface. 



416 HYDRODYNAMICS. 

It should be remarked, that this pressure i; precisely that 
which would be exerted at the point n if the fluid were sup* 
posed at rest. 

743. If the terms containing k in equation (429) be neg- 
lected as mfiuitely small, it will reduce to 

whence, 

u^^(2gh) (433): 

and we therefore concUide, that when a fluid escapes from an 
infinitely small orifice in the bottom of a vessel, the velocity 
will be the same as that acquired by a heavy body in failing 
through a distance equal to the height of the surface of the 
fluid in the reservoir above the orifice ; and since it has been 
shown (Art. 405) that a body projected vertically upwards 
will rise to a height equal to that through which it must fall 
to acquire the velocity of projection, it follows, that if by 
means of a curved tube, the jet of fluid be directed upwards, 
it will rise to the level of the surface of the fluid in the 
reservoir. 

744. The expression for the velocity with which a fluid 
will issue from an extremely small orifice in the bottom of a 
vessel may be investigated in a more elementary manner, as 
follows. Let EF {Pig. 261) represent a very small orifice 
in the bottom of a vessel ABCD, which is filled with a fluid 
to the level AB, and let GF represent an infinitely thin stra- 
tum of the fluid diriectly above the orifice EF. Denote the 
height of this stratum by dhy the entire height of the fluid 
FI being represented by A. Then if the stratum of fluid GF 
be supposed to fall through the height HF under the influ- 
ence of the force of gravity, it will acquire a velocity v, ex- 
pressed by 

t,=^(2g^xFH)=^(2gX<tt). 

But if the stratum be supposed to descend through the same 
height, being urged by its weight and the pressure arising 
from the column of fluid GI, which is directly over it, the 
incessant force ^, which is then exerted upon it, will be to 
the force of gravity, as FI to FH. Hence, we shall have 

g FU dli 
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^ain, if xf denote the velocity acquired 'by tne stratum in 
descending through the space FH, when urged by the force 
^, we sh^ have 

»'=\/(2S?'xPH)=^(2g^XdA) ; 
and by comparing this value with that of v, we find 

or, by substituting the value of C, and reducing, there results 

S 

This expression is precisely the same as that which would 
be obtained for the velocity of a body falling freely through 
the height FL 

746. When the orifice, which is still supposed exceed- 
ingly small, is pierced in the vertical face of a vessel, the 
fluid will issue in a horizontal direction, and will describe the 
arc of a parabola, if the resistance of the air be neglected. The 
angle of projectioli denoted by « in equation (289), being in 
tlie present case equal to zero, we shall have tang «=(), 
cos flissl : these suppositions reducethe formula (289) to 

4Aysar' ; 
an equation of a parabola whose axis is vertical, and whose 
vertex coincides with the origin of coordinates. 

746. The distance to which the fluid will spout uptai a 
horizontal plane situated at any distance below the orifice 
may be readily determined. For, let O (i^. 252) represent 
an orifice in the vertical side of a vessel which is filled with a 
fluid to the level EF ; and let AB represent the horizontal 
plane upon which the jet is allowed to fall. Then, the quan- 
tity h will represent the distance OF, and the ordinate CD of 
the parabola OD will be determined by making y=OC : we 
thus obtain 

CD=:r=^(4Ay)«2v/(OFxOC). 

But the expression ^^(OFxOC) is equal to the ordinate OG 
of a semicircle described upon OP as a diameter. Hence, 
we derive the following rule : The hmzwUal distance to 
wliich aJluidfM spent from an crifieein the vertical side of 

Dd 
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a ve$9elf is equal to double the ordinale of a jcm ic trcfe de- 
scribed upon the distance inUrcepted belween the upper sur- 
face of the fluid and the horizontal plane upon which the 
fliuid falls; this ordinate being drawn through the point 
which corresponds to the orifice, 

Whea the orifice is pierced at the middle of the line CF, 
the ordinate OG will be a maTimnm, and the distance to 
which the fluid will spoat will therefore be the greatesL 

747. Hie velocity u having been determined, we can 
readily ascertain the quantity of fluid discharged in the time I. 
For this purposci we remark, that whilst the stratum of fluid 
CD (F^. 250} sinks to the level MN, a volume of fluid 
equal to that contained between the planes CD and MN must 
pass through the orifice. But if we represent by ^ a section 
of the vessel, and by dz the thickness of an elementary 
stratum, the integral fsdz taken between limits CD and MN 
will express the volume of fluid discharged. If this volume 
be denoted by Q, we shall have 

a=/sdz (434) : 

but the equation (420) gives 

sdz=^kudt\ 

whence, by substitution, we obtain 

a^fkudt. 

The value of the quantity discharged may be deduced imme- 
diately fiY>m that of the velocity. For, if de represent the 
space passed over by the fluid filament in the time <b, upon 
leaving the orifice, we shall have 

udt=de: 

and if this expression be multiplied by A:, the area pf the on- 
fice, we shall obtain fcudt for the volume discharged in the 
time dt. Taking the integral fkudtf we shall find the quan- 
tity discharged in the time /• 

To effect the integration, we replace u by its value y/0igh) 
given in equation (433) : we thus find 

748. Two distinct cases may now be presented, viz. when 
h is constant, and when h is variable. The first occurs 
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when the fluid in the reservoir is constantly maintained at 
the same height, and the preceding equation can then be 
integrated without difliculty, since the quantity h may be 
replaced by a constant a. 
Thus, we shall have 

The constant C may be determined by the condition that the 
quantity d is equal to zero at the commencement of the time, 
or Cl=0, and t^O ; hence, 

C=0; 
and the equation therefore reduces to 

Ci^kt^{2ga) . (436). 

749. If the orifice k be supposed circular, its radius being 
represented by r, we shall have 

and the formula will become 

a=»^(2^)/rV« (*37). 

The quantity if^{2g) wUl be the same for all problems which 
may be proposed, and its value may be immediately deduoedi 
since we have 

«-r=3.14169, s^==:32.169& 

The quantity g being expressed in feet, the values of r and a 
must be expressed in units of the same kind, and the ^ftaur 
tity discharged will then be expressed in cubic |eet. 

760. The time t must be expressed in seconds, since the 
second has been adopted as the unit of time in determining 
the value of ^. 

751. If the fluid be water, the weight of the quantity dis- 
charged may be determined by allowing 62^1b6 for every 
cubic foot. 

762. The formula (437) likewise serves to determine the 
time necessary for a given quantity of fluid to be discharged 
from an orifice in a vessel, when the fluid is maintained at a 
constant height ; for the formula gives 
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Hence it ap^pears, that the q%frm:i:ies discharged m the same 
iimej/rom crifires of difertmi sizes, and situated at different 
depths^ are directly proportional to the areas of those orifices 
and the square roots of their depths, 

755, From the fonnula (43b' we can dedaoe another con- 
renient theorem relathre to the quantity of fluid discharged. 
For, let s repreaent the space through uriiich a body wouU 
fall in the time/; we shall haTe 



or. 
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'=Vf 



Substituting this value for / in equation (436)| we obtain 

and since y/{as) is equal to a mean proportional between the 
distances a and s^ we deduce the following rule : 7%6 volume 
of fluid discharged from an orifice'kjin the time t,is equal 
to twice the vdume of a cylinder whose base is the area of 
the orificej and whose height is a mean proportional between 
the dqffth of the orifice behw the siwrface and the diHanei 
through which a body wovldfaU in the time t. 

766. Let the vessel be now supposed tb discharge itself, 
without receiving an additional supply of fluid : the quantity 
A in equation (433) must then be regarded as variable, and 
being replaced by (a— ^), that equation will become 

This value of u substituted in (432) gives 

or, 

rf/« ^ (439). 

The quantity sf represents the section of the vessel which 
corresponds to the upper surface of the fluid. This section 
will be a function of the variable z^ and may be eliminated by 
means of the equation of the interior sur&ce of the vessel. 
Thus, the value of s' in terms of z being introduced into 
equation (439) will render that equation susceptible of inte- 
gration, and the relation between z and / will therefore 
become known. If we subtract the value of z thus obtained 
from the constant a, we shall obtain an expression for h in 
terms of /, which substituted in (436) will give, after integra- 
tion, a relation between the time t and the quantity dis- 
charged Q. 

767. Let us take, as an example, a vessel whose interior 

surface has the form of a paraboloid of revolution. This 

36 
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surface being generated bf the rwrolution of the parabobe 
arc AD {Pig' 253) about the vertical axis AB ; if we denote 
by a the distance AB between the orifice and the surfiu» of 
the fluid in its primitire position, by at the distance FB; 
and by y the ordinate PlI, we shall have the relation, 

f*=sp(a^z) the equation of a parabola referred to its 

vertex A, 

[- Hence^ if w represent the ratio of the circumference to the 

diameter^ the area of the circle described with the radius PM 
will be expressed by «y' =«p(a--2r) ; and consequently, 

tfz=zwp{a^z) (440). 

Lst this value be substituted in (439), and we shall obtam 



or, by reduction, 



dt=z ^ — (a— jr)W 



768. For the purpose of integrating this equation, we make 
a— 2r=x; whence, 

replacing x by its value, we have 

/(a-5r)*<te=-f(a-5?)*-|.0,- 
and consequently, 

'=-*^^/"-"^*-''' ("*'> 

T%e constant C is determined by making j;=Oaiid/=:0: 
this supposition gives 

and the equation (441) can therefore be reduced to 

'k^{2gy ^ ^ J 

To determine the quantity discharged in a given time, we 
find in this equation the value of 



a-z={J-^^ty 
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and substitute it for A in £>nnul9 (435) : we thus obtain the 
relation 

This equation may be integrated by a process entirely similar 
to that adopted in finding the relation between z and t 

759. Let it be required to determine the time in which the 
water contained in a vessel having the form of a right cyl- 
inder will be discharged through an orifice in the bottom of 
the vesseL Let h represent the radius of a section of the 
cylinder by a plane perpendicular to its axis : then, y =flr6*, 
and the equation (439), when applied to the present case, wil. 
give 

Making a—z—x, then integrating the tranrfoimed equation, 
and replacing x by its value, ^re find 

The constant is determined as in the last example, by making 
z»0 and /=sO : whence we deduce 

The integral being taken between the limits z^O and 2^=0, 
we find, for the time of emptying the vessel, 

'=t^/' <*^- 

If we suppose, as in Art. 749, that the orifice is a circle whose 
radius is equal to r, we shall have A;=irr' : this value reduces 
(443) to 

By comparing this result with that obtained in Art. 753, it 
will appear that the time necessary for the entire discharge 
of the fluid when the vessel empties itself, is double that in 
which an equal quantity of fluid would flow through the 
same orifice if the vessel were kept constantly fiill. 

760. The formulas (442) and (443) will serve as a guide in 
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the construction of a clepeydra, or water^lock. This instra- 
meat consists merely of a vessel from which the wat^ is 
allowed to escape through an orifice in the bottom, and the 
intervals of time are measured by the deprrasions of the 
upp^r surface. Thus, if we wish the clock to run 12 hours, 
we reduce the time to seconds, which gives 12x(6(Q'i or 
12x3600; and by substituting this value of ^ in formula 
(443), we can then assume arbitrarily two of the three quan- 
tities kf 6, and a. Let the values of i^and b be assumed; 
that of a, the height gf the clepsydra, will then result from 
foi^ula (443). 

To discover the manner in which this height should be 
divided in order that the superior surface of the fluid may 
be depressed through the several divisions of the scale in 
equal intervals of time, we deduce from equation (442) the 
value of (a— z), which is 



— (^«-^rr= 



and by making / successively equal to 1 hour, 2 hour?, 3 
hours, &c., we can determine the corresponding values of 
a—z, which should be laid off from the bottom of the vessel. 
We can, however, readily discover the general law according 
to which the scale must be divided : for, since the vessel is 
supposed to discharge itself in 12 hours,if we make t^l2 bm^ 
we shall have a—z^O ; and consequently, 

• *(12hrs.)^(2g-) ,^. 

or, 

(12hrsOV(^) ,^ 
giS^ -'^''• 

When /=11 hrs., we have 

t > k^{2ff) (llhr8.)V(2Sg-) 

w = aSi **^'' ' 

and therefore, 

a-2;=(^a-H%/«)' =(T'f)' Xo. 
In like manner, when /=10 hrs. we shall find 
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Thus the successive values^^of a— jz;, which correspond to the 
several hours, will bear to each other the same relations as the 
terms in the series 

Wi)'i Wf)% (A)', &c. • 
These terms are to each other in the same ratio as the 
squares of the natural numbers 1, 2, 3, &c. Hence, if we 
divide the whole height a into 144 equal parts, and lay off 
from the bottom of the vessel distances which shall be equal 
respectively to 1, 4, 9, &c. of these parts, we shall obtain the 
points of division in the scale which will correspond to the 
upper surface of the fluid at the expiration of the seveml 
hours. The form of the vessel being prismatic, the figure 
of its base may be assumed arbitrarily. 

761. When the surface of the fluid shall have arrived 
nearly at the bottom of the orifice, the quantity discharged 
will be influenced by the formation of a hollow tunnel, which 
is then found to be produced directly above the orifice : it is 
therefore advisable to employ only the first eleven divisions 
of the scale. 

762. It usually occurs that the condition of the particles 
descending in vertical lines, and with velocities which are 
equal at every point of the same stratum, ceases to be fiil- 
fiUed when the surface of the fluid has arrived within 4 or 6 
inches of a horizontal orifice. The fluid particles then 
assume directions which are more or less inclined to the hori- 
zon, and the tunnel spoken of in the last article is then 
formed. When the orifice is found at a considerable depth, 
the upper surface of the fluid remains sensibly horizontal, 
and the tunnel above the orifice is no longer formed, in con- 
sequence of the greater velocity with which the fluid par- 
ticles near the orifice are compelled to flow into the vacancy 
which has been left by those immediately preceding them. 

763. This tunnel becomes much less perceptible when the 
orifice is formed in the side of a vessel. But when the upper 
surface of the fluid has nearly attained the level of the orifice, 
a slight depression on the side of the orifice begins to be 
observed. 

764. This tendency of the fluid particles towards the ori 
fice,' occasioned by their sustaining less pressure in that direc* 
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tion, gives rise to a contraction ia the jet of fluid, which, in 
issuing from the orifice, assumes the form of a truncated 
pyramid or cone, whose greater base corresponds to the ori- 
fice. This diminution in the size of the jet is called the con 
traction of the vein. 

With a circular orifice, the smallest section of the fluid vein 
is found at a distance from the orifice equal to the radius of 
the orifice. Beyond this^int the diameter of the section 
again increases, so that the entire jet has the form of two 
truncated cones which are united by their smaller bases. 

765. The contraction of the vein« likewise takes place 
when the orifice is pierced in the side of a vessel ; but if the 
orifice be large, and be placed at a short distance below the 
surface of the fluid in the reservoir, the jet will be found to 
be more contracted in the vertical than in the horizontal 
direction. 

766. When a conical tube whose interior surface corres- 
ponds to the form of the contracted vein is adapted to an 
orifice pierced in a thin plate, the quantity discharged is found 
to be very nearly the same as though the fluid issued directly 
through the orifice. Hence, we may regard the vessel as 
continued to the point at which the greatest contraction of 
the stream takes place, and consider the least section as 
forming the real orifice. 

It is proved by experience, that the quantity actually dis- 
charged may be' deduced from that calculated according to 
the theory, by simply changing the value of the constant k. 
Thus, if we represent by MA the area of the orifice which has 
been calculated from a knowledge of the quantity actually 
discharged, the theoretic formula 

must be modified by substituting TAk for k : we shall thus 
obtain, for the actual discharge, 

767. When the orifices are pierced in thin plates, th6 ratio 
M is found to be independent of the size of the orifice, and of 
its depth below the surface, provided that depth be not very 
small. Hence, if we represent by GC the quantity discharged 
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from an orifice K at the depth a', we shall have the pro* 
portion 

and we therefore conclude, that the quantities discharged from 
two such orifices are to each other as the products of the areas 
of those orifices, and the square roots of their depths. 

768. The number M has been found'by Bossut to be about 
0.62, and the orifice k must therefore be multiplied by this 
fraction, in order that the quantity given by the formula may 
correspond with the results of experiment. Thus, the cor- 
rected expression for the quantity discharged will be 

a=(0.62)V(%-)-V«- 
This formula is alike applicable, whether the orifice be 
pierced in the side or bottom of a vessel. 

769. When the vessel is allowed to empty itself, the cir- 
cumstances of the discharge become very complicated after 
the upper surface of the fluid has fallen to within a short dis- 
tance of the ori^ce. If, however, we only consider the ex- 
penditure previous to the arrival of the u^per surface within 
a few inches of the orifice, the same correction may be 
applied to formula (439), which will thus become 

and will serve to determine the time necessary for a given 
quantity of fluid to be discharged. 

770. In applying the preceding correction to the theoreti- 
cal discharge, it has been supposed that the orifice was 
pierced in a thin plate : when a similar orifice is pierced in a 
thick plate, the quantity discharged is found to be consider- 
ably greater. Hence it occurs, that when the fluid is dis- 
charged through a thick plate, or through a cylindrical tube 
applied to the orifice, the coefficient 0.62, which has been em- 
ployed in calculating the discharge through a thin plate, is 
no longer applicable. In this case the fluid adheres to the 
sides of the tube, and the contraction of the stream is in a 
great measure avoided. The lengths of such tubes, accord- 
ing to Bossut, should be at least twice the diameter of the 
orifice, in order that the contraction of the vein may be pre- 
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Tented There will however be a limit to the length, proper 
to be given to such tubes, since the friMion of the fluid 
against the sides of the tube will necessarily increase with 
Us length. 

771. The quantities discharged by cylindrical tubes are 
proportional to the products of the orifices by the squase roots 
of their depths, as in the case of apertures pierced in a thin 
plate ; but the coefficient M, by yrhich the area ctf the orifice 
must be multiplied for the purpose of reducing the theoretical 
discharge to that given by experiment, has been found by 
Bossut to be about {^f or, more accurately, 0.81, when a shoit 
cylindrical tube is applied to the orifice. Thus, the formala 
(436), which serves to determine the quantity discharged from 
a reservoir in which the fluid is maintained at a constant 
height, will become, when corrected for the case of a cylin* 
drical tube, 

Cl=(0.81V(2g-) . kt^a ; 

or, if we replace A; by its value irr', r denoting the radius of 
its section, the formula may be written 

Oi={0.8l)^{2g).irr*ty/a. 

772. When the vessel is supposed to empty itself by an 
orifice to which a cylindrical tube has been adapted, we can 
still employ the coefficient (0.81), provided we only consider 
the circumstances of discharge previous to the arrival of the 
upper surface of the fluid at such a level that the tunnel 
begins to be formed above the orifice. 

773. By adapting tul«s of diflerent forms to an orifice 
pierced in the side or bottom of a vessel, the quantity of fluid 
discharged is generally found to be more or less increased. 

The following table presents a view of the relative quan* 
tities discharged in some of the simplest cases. 
1^. Theoretical discharge in a given time through 

an orifice pierced in a thin plate .... l.OQ 
2^. Actual discharge in the same time through the 

same orifice ..^i.- - 0.62 

3^. Discharge through a cylindrical tube, whose 

length is equal to two diameters of the 

orifice ..-.-- 0.81 
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Discharge through a conical tube having the 
fi>rm of fbe contracted vein, the larger base 
being regarded as the orifice 0.62 

Discharge through the same tube, regarding the 

smaller base as the orifice LOO 



Of the Motim of Water In Pipes. 

m 

774 Let AB {Fig. 264) represent a cylindrical pipe^ by 
means of which the water contained in the reservoir R is 
transferred to the reservoir R', and let it be supposed that 
thf current has assumed a uniform motion : it is proposed to 
investigate a formula by means of which the quantity of ^ 
water delivered at the point B, in a given time, may be 
estimated. 

Let C(7D'D represent an elementary stratum of the fluid 
included between two consecutive transverse sections. « Then^ 
since the motioQ is supposed to have become uniform, the 
forces which tend to accelerate the motion of the element CD' 
must be precisely equal to those which are exerted upon the 
element in a contrary direction. The force exerted upon 
CD', urging it in a direction from A towards B, is the com-* 
ponent of the weight of this element, in a direction parallel 
to the axis of the pipe : and the forces which urge it in an 
opposite direction are, V. the difference of the pressures 
exerted upon the faces CC and DD' ; and, 2^. the resist- 
ance arising from the friction of the fluid against the sides of 
the pipe. 

775. If p denote the mean pressure, referred to the unit of 
surface, in the section CC, the corresponding pressure in the 
section DD' will be expressed hyp+dp^ and if we denote by 
a the area of the transverse section of the pipe, the entire 
pressures upon the sections CO and DD' will be respectively 

adp^ a(p+dp). 
These pressures being exerted in contrary directions, the ele- 
mentary stratum CD' will be acted upon by a force equal to 
their difference adp. 

The resistance arising from the friction against the sides 
of the pipe will be directly proportional to the surface of the 
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fluid in contact with the pipe, and will likewise be dependent 
upon the velocity of the current H^ioe, if v denote the 
velocity, c the circumference of the section, and s the distance 
of the section CC from the extieniity A, the distance CD will 
be expressed by cb, and the resistance experienced by the 
element CD', in consequence of friction, will be 

• cda.p{v); 
in which ^v) represents a certain function of v, to be asoer* 
tained by experiment 

776. To obtain an expression for the fdrce which acts in 
the direction from A towards B, we shall suppose the density 
of water to be equal to linity, and resolve the weight of Ae 
^element which is expitMsed by g . tula into two components, 
respectively parallel and perpendicular to the axis of the pipe. 
Then denoting by i the angle included between the axis and 
the horizon, the component of the weight parallel to the axis 
will become g.mni.ads. But if z represent the vertical 
co-ordinate of the point C referred to A as aa origin, dz will 
represent the difference of level of the points C and D ; and 
we shall have 

dz * 

-j^ =sin I, ^ . sin # . ads^gadz 

And since an equilibrium mus& subsist between this force and 
the forces exerted in an opposite direction, we have 

gadz^adp^cds.^v)] 

and by integration, 

gaz^ap+ca . ^i?)-|-C. 
To determine the value of the constant C, we suppose the 
pressure at the origin A to be equal to a known quantity P : 
we shall then have p=P, «=0, ssaO; and therefore 

Eliminating C between these two .equations, we obtain 

gaz=^a(p-'V)+cs .p{v). 

And by taking the integral between the limits «=0, and 
*=AB=/, the entire length of the tube, denoting by F the 
pressure at the lower extremity, and by s^ the co-ordinate of 
the point B, there results 

^. az'=o(P-P)+cZ.^(t;) (444). 
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777. It has been found by experiment, that the function 
p{v) may be expreised by two terms which are respectively 
proportional to the first and second powers of the Telocity : 
thus, we shall have 

b and V representing constant quantities. 

This value of ^(v), being substituted in equation (444), 
gives 

cl 
but if the diameter of the pipe be denoted by D^ we shall 
have 



and therefore, 



?=:1D- 



w 



778. The pressure P at the upper extremity of the pipe 
may be regarded without material error as that due to the 
depth EA of the point A below the surface of the fluid in the 
reservoir R. Strictly speaking, the pressure P is somewhat 
less than that due to the depth BA, since these pressures be- 
come equal only when the orifice is infinitely small (Art. 742) ; 
but the difference iis inconsiderable when* the velocity of the 
fluid is not great. In like manner, the pressure at the point 
B may be supposed due to the depth E'B of the point B below 
the surface of the fluid in the reservoir R' : hence, if h and h' 
represent the respective depths EA and E'B, we shall have 
(Art. 666) P=g'A, V*=^gh* ; and by substitution we obtain 

If we divide each member of this equation by g^ and put, 
for brevity, 

-=«, -=ft «A:, 

g g * 

we shall obtain 

«r+l8t>«=iD* (446). 

The values of « and /b may be regarded as known, since 



r 
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a 

they result iznmediately from those of a audi^; which aiesnp- 
posed to be determineciP by observation ; and the value of k 
' will likewise be given when the length of the pipe, the differ 
ence of level of its two extremities, and the diflhrence of the 
pressures at those points ate previously given. Hence, the ^ 
-velocity v in a pipe of a given diameter can be readily eal- *l 
culated. 

^ ' 

779. The numerical values of « and /3 have been found by 
Prony to be 

•=:a00017, /^O.OOOlOff; 

and the preoBding equation theoefore becomes 

0.00017V + 0.000106i;» = jDifc. 

If we neglect the first term,' which is generally admissible 
when the velocity v is not extremely small, the formula will 
reduce to 

t;=48:66^(DA). 

780. Let Q denote the quantity delivered at the point B 
in a second of time, afad w the number 3.1416 ; iv» shall have 

^ ,D« _ 4Q 



4^' "^^D^' 
«nd by substituting this valijie of v in equation (445), thoe 
results 

4Cl^l6Cl» ,T... 

or, if we neglect the term containing the first power of v, and 

648 
mske iq.sis's, we shall obtain 
«•■ 

P » 

1 

The numerical value of -- is 38.12 ; and the formula there- 

fore reduces to 

a=38.12y^(D'i). 

In this investigation the dimensions are supposed to be 
expressed in English feet. 

THE END. ' 
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